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PREFACE 


An acquaintance with the principles and methods of 
Projective Pure Geometry is well-nigh indispensable to one 
who wishes to extend his mathematical studies into modern 
fields. For the more elementary student, an introduction 
to projective methods and some knowledge of the results 
obtained by their easier applications will add an interest to 
geometric study wliich is not readily developed by other 
means. In preparing the present text it has been my pur- 
pose to provide an approach to the study of projective 
geometry wluch will be found inviting and to present so 
much of the geometric mat<»rial which may lx? most readily 
treated by projective methods as will stimulate the student 
to pursue his studies beyond the limits usually prescribed 
for undergraduates. 

The definition adopted for the projective relation between 
two forms is that of Von Staudt, this being selected as the 
most elegant and, moreover, as placing most emphasis 
on purely geometric concepts. Free use has been made of 
Reye’s Geometrie der Lage, the first part of which was 
translated into English by the present WTiter, with the 
author^s approval, some thirty years ago. The order of 
presentation is largely that of Rcye, but the subject matter 
has been entirely rew'rittcn and, it is hoped, has been 
made more usable for textbook purposes. Many illustra- 
tive examples have been added and such theorems on 
conics and tlieir properties have been selected as furnish a 
working knowledge of these curves and give an indication 
of the wide reach of the method.s of pure geometr5^ A few 
space figures, as cones and ruled surfaces of the second order, 
have come naturally into consideration, but besides these, 
not many three-dimensional forms have been included 
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although space conceptions have been emphasised through* 
out. 

It has not seemed desirable to include in the present 
text a discussion of the logical foundations on which modem 
geometry rests, but rather to assume the properties com- 
monly assigned to geometric elements and proceed with 
the superstmcture in the most direct way. The choice lay 
between this procedure and an extended presentation of 
foundations for which the student for whom the text is 
dsci^ned is seldom ready. 

Much of the difficulty experienced in the study of 
projective geometry lies in the tenninology employed and 
in the use of unfamiliar fonns of statement. An effort has 
been made to relieve these hindrances by avoiding technical 
phraseology wherever colloquial language would serve the 
purpose. The temiinology employed, for the most part, 
is in accord with standard English usage. 

Projective Pure Geometry, or Modem Synthetic Geomo' 
try as it is frequently called, is a development of the past 
one hundred years. The foundation theorems and concepts 
of this study, such as harmonic division and the notion of 
infinitely distant elements, go back to earlier times; in fact, 
they antedate the beginnings of analytic geometry and 
some of them are to be found in the works of Apollonius 
and Pappus. But, following a lapse of a cimtury and a 
half in which the new analytic methods held sway, it 
was not till the early years of the nineteenth amtury that 
interest in pure geometry began again to command the 
attention of creative minds. 

Beginning with Monge (1746-1818) and Carnot (1753- 
1823), the outstanding names in this modern revival are 
Poncelet (1788-1867), Chasles (1793-1880), Steiner (1796- 
1863), and Von Staudt (1798-1867), whose publications 
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take rank m classics in pure geometry. To these may be 
added two others whose interpretations of the writings of 
the great masters have oj^ened the way for more recent 
students to the beauties of geometric theory. I refer to 
Cremona (1830-1903) whose Ekmenti di geometria projettiva 
was first pul >li shed in 1873 and traaslated into English in 
1885, and Ilc^ye (1838-1919), of whom earlier mention has 
been made. It is to the unritings of these tw'o that the 
greatest indebtedness is felt in the preparation of this text.. 

For an early interest in the subject and for suggestions 
in the manuscript I am indebted to Professor Henry S. 
White of Viissar College, for many years my colleague in 
Northwestern Univci'sity, 

Thomas F. Holgate 


Evanston, Illinois 
January, 1930 
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PROJECTIVE PURE GEOMETRY 

CHAPTER I 


PRIMITIVE FORMS— PROJECTION AND SECTION— 
INFINITELY DISTANT ELEMENTS 

1, Introduction^ Pure geometry is characterized by the 
fact that in its study the geometric concept is kept always 
in mind, while in analytic or coordinate geometry the 
geometric notions with which we start are expressed in 
algebraic language, then certain algebraic operations are 
performed, and the results are interpreted as new geometric 
relations. 

Anal}i;ic geometry makes use of measurement or magni- 
tude at every step. It is wholly metric, while pure geometry 
may be metric, as in the elementary geometry of Euclid, 
or it may be non-metric, as in the geometry of position of 
Von Staudt.' 

For the most part, the present text will follow the method 
of Von Staudt as interpreted by Reye,* and will introduce 
metric relations only as it may seem desirable for the purpose 
of identifying the more general results found in the geometry 
of position with well-known particular properties developed 
by other methods, 

2. Elements. The point, the straight line, and the plane 
are accepted as simple undefined elements of pure geometry. 
Each of them may be given consideration quite independ- 

* Karl Georg Chriistian von Staudt (1798-1867), for many years professor 
in the Uiuversity of Erlimgen, is generally seknowUrdged to be th€i foundcsr 
of pur© geometry on a Imsis free from metric considerations. His monu- 
mental work, Oeometrie der Lao«, published in 1847, at Kttmberg. 

•Theodor Key© (1838-1919), professor at the Unh’^rsity of Straasburg, 
extended and clariSed the work of Von Staudt in bis Owmstru der Loffe, 
fixist pubiiahed in 1866» at Hannover. 

X 



3 PBOJBCTIVIS riTBl QIOMI^ 

Mitly of tbs otbiBB and their pmpertiBa are th« aame as am 
oommoaly aadgned to them in ^mentary geometry. 

Throoghoot the text we shall designate points by ei^tal 
letters, A, B, C, • ■ lines by small italics, o, 6, c, • • • ; 
and pl^es by Greek lettere, a, A % • • •. Whenever the 
term Une is used without further description, it will mean 
straigU Urn. The term ray will have the same significanoo. 

The straight line mid the plane are assumed to be un- 
limited in extent. 

3, Primitive Forms. While each of the elements may be 
thought ti apart from the others, each is the hose or 
support of an indefinite or unlimited number of the others. 
An unlimited number of lines or points lie on a given plane, 
the plane being the support of the points or lines; an un- 
limited number of planes pass through a given line and an 
unlimited number of points lie on a given line, the line being 
the base or support of the planes or points; any given point 
is likewise the support of an unlimited number of lines or 
idanes paming through it. The elements may thus be com- 
laned into certain primitive forms which occupy an import- 
ant place in the modern study of geometry. 

Definitions, (o) The totality of points on a line is 
called a roi^e of points or a point-row. The individual 
points are the elements of the range and the relative posi- 
tions of the elements are unchanged when the straight line 
mr base is moved from one position to another. 

(6) The totality of planes passing through a line is called 
a pencU of planes or an axird pencil. The line is the eras 
oS the pendl. This form is sometimes called a shettf of 
pianes. 

(c) The totality of straight lines or rays passing through 
a point and lying in one plane (Fig. 1) is called a pencil of 
tt^s or a, flat pencil; it is also sometimes called a sheqf of 
tags* The point is the center of the pencU. 
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(dl) llie totality of i^ys in space tbrough a pcdnt ia called 
a btmSl9 cf ray** Ilie point is the center of the bundle. 

(e) The totality of planes through a point is called a 
bwtdte of plem*. The point is the center of the bundle. 

CO The totality of points 
in a plane is called a jfSehf 
of points. 

(fif) The totality of lines 
or rays in a plane is called 
a field of rays. 

(A) The pmnt* of space, 
planes of space, and lines 
of space are primitive forms 
constituted, as their names 
imply, of the totality of 
points, lines, or planes, of 
unlimited space. 

There are thus ten primitive forms consisting of the 
elements in various aggregates. 

4. Projection and Section. When one looks at an object 
— a building, a picture, a geometric figure — every visible 
point of it sends a ray of light into the eye, and from the 
aggregate of these rays the observer obtains an image of the 
object. If a plane should be interposed between the eye 
and the object, each of these rays would mark a point on 
this plane, and from the aggregate of these points the ob- 
server would receive the same image as from the object 
itself. By such a process the object is said to be projected 
from the eye on the intervening plane, and the figure in the 
plane resulting from the aggregate of points is a projection 
of the object. Each ray is a projecting ray for some point 
of the object, and its intersection with the plane is the 
trace on the pjane df the observed point. The aggr^te of 
projecting rays may be <udled the projector of the object and 
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of this projeotor the interoeptiiiK plane makes a ttcHon, 
This method of studying an object is called the method of 
projection and section and of this method large use will be 
made in the following pages. 

Since the projecting rays in this process converge to a 
point, the eye, the method is spoken of as central projection 
and the point is the center of projectioru Parallel projeo* 
tion and orthogonal projection, u^ch are much used in 
descriptive geometry and engineering, are special cases of 
central projection. 

5. The Field of ProjectiTe Geometry. The process of 
central projection and section yields, on the plane of section, 
a trace or projection of the object under consideration in 
which shapes and magnitudes may be radically changed but 
in which certain properties are preserved. For example, 
those points of the object which lie on a straight line will 
give rise in the projector to rays lying in one plane, and the 
trace of these on the plane of section will lie again on a 
straight line; namely, on the line of intersection of the two 
planes. The projection of the points of a curved line will 
ordinarily be a curved line in the section, though the form 
and dimensions of the curve may be whoUy changed. If a 
circle is projected from any point not in its plane, the pro- 
jector is a cone with the point as vertex, and the section by 
any plane is some sort of conic section. If in the original 
figure a straight line cuts the circle in two points, or is 
tangent to the circle, the same relation between the straight 
line and the conic will appear in the projection. It is with 
|ux>pertie8 such as these, which are unaltered by projection 
and section, that projective geometry is chiefly concerned. 

6. Derivation of Primitive Forms from Each Other by 
Ptojeetton and Section. If a range of points is projected 
from any pmnt outside itself, the projector is a pencil of 



INFINITELY DISTANT ELEMENTS 6 

rays (Fig. 2), and any section of a pencil of rays by a 
straight line is a range of points. 

A pencil of rays is projected from any point not in its 
plane by a pencil of planes whose axis is the ray joining the 
point and the center of the given Sat pencil; any plane sec* 
tion of a pencil of planes is a pencil of rays. 



A plane section of a bundle of rays is a field of points; and 
a projection of a field of points is a bundle of rays. 

A plane section of a bundle of planes is a field of rays; 
and a projection of a field of rays is a bundle of planes. 

7. Infinitely Distant Elements. The assumption that 
straight lines are unlimited in extent makes necessary some 
sort of understanding regarding their inaccessible points. 



Suppose there are given, in a plane, two straight lines 
a and b which intersect at a point A (Fig. 3). If one of 
these lines o remains fixed, while the other b rotates steadily 
in a given sense about a fixed point different from A, the 
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point of int^fieotion will move steadily along tbe line o in a 
given sense until it is lost to view. If the point A moves 
aloi^ the line to the right as indicated in tbe figure, and the 
rotation of h oontinuee, the point of intersection of a and b 
disappears far to the right and presently re-appears far to 
the left, stil] moving to the right along a. Its passage from 
the extreme right to the extreme left, or vice versa, is subject 
to an assumption; namely, that for only one position of the 
line b is the intersection of a and b inaccessible. 

For this position of the line b the pmint of intersection of 
a and b has become purely ideal. It is a postulated point 
which makes the line a such that it may be traversed from 
any one point of it to any other point of it in either sense 
without leaving the line. This point is spoken of as the 
ideal t»r infinitely distant point of the line, or as the 
point at infinity on the line, and it is treated in all our dis- 
cussions like any other point of the line.* This conception 
is expressed in the following postulate which may be re- 
garded as the fundamental assumption of projective 
geometry. 

PosTCXATE. On any siraigM line there is one and only 
one ideal or infinitely distant point. This point nmkes the line 
such that it may be traversed either way along the line, from 
any one point of U to any other point of it without leaving the 
line. 

8. Parallel Lines. On the basis of tbe above assumption 
we are permitted to make a general statement regarding 
the intersections of lines in a plane which without such 
assumption would require that exceptional cases be recog- 
nised. This statement is that any two straight lines in a 
plane intersect either in an cuduod point or in an ideal or 
infinitely distant point. 

‘The notion of infinitety diitant pointo and their introduotion into 
aeoxBotry ii attiibated to Girard Deaarguee (1503-1002). 
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DsFiiinTioN. Two straight lines which intersect in an 
infinitely distant point are said to be parattel.^ 

Since on any line there is one and only one ideal or 
infinitely distant point and since through two points only 
one straight line can be drawn, it follows that through any 
given point not lying on it there can be drawn one and only 
one line parallel to a given line. 

A system of parallel lines in a plane all pass through the 
same ideal point; such a system is therefore a pencil of 
rays whose center is infinitely distant. 

The infinitely distant point of a line is said to determine 
its direction. Parallel lines therefore have the same direc- 
tion and two lines intersecting in a finite pmint have different 
directions since their infinitely distant or ideal points are 
different. 

9. Points on a Line Separated by Other Points. Since 
a straight line is continuous through the infinitely distant 
point, any two points of it, A and B, divide the line into two 
segments, one of which contains the infinitely distant point. 
That segment of the line on which the infinitely distant point 
lies is called the major segment; the other, the minor seg- 
ment. 

* Eut'lid’a vlefimtioii of parallel Uiic» iff purely negative; namely, they are 
lines lyinjk^ in ih© mune plane which prcniuced over so far either way do not 
meet. In his getimetry the plane was limited in extent and a statement that 
two linw in a plane always intersect must be qualified by tJie provision that 
they are not paranel. To make progress in the theory' of parallel lines there 
was ntH'd for some positive quality to be afi^rmed and hence his famous 
twelfth loiiom: 

// a Mmii/hi liru! nu’rU tvxf »traioht Hnm in the mrm plane, eo at io moks 
the ttvo inU rior angka on one. side of it together lee» than two right angles, these 
straigiht iirim if produced will ffieei tm that side on which are the angles which are 
IcM than two right angles. 

Ha\iug dernoaMtrattKi from earlier definitions and assumptions that any 
two angles of a triangle are together less than two right angles (Bk.I, 
Prop. 17). in other words, that if a straight line meets two intersecting lines, 
the interior angles on one side are together leas than two right angles, EucUd 
assumed the truth of the oonverse theorem and stated it as an aadbm. 
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Dxrxmnoir. Two points, A and R, of a straight line 
are said to be separated by other pdnts on the line when it 
is not possiUe to para along the line from A to 19, traversing 
either segment, without crossing one or more of those 
points. 

A single point chosen in one segment of the line, there* 
foie, will not separate A and B. It reqiiires two points, one 
in each segment, to separate them. 

If four points, A, B, C, D, are chosen in any manner on 
a straight line, each of these points is separated from one 
other, and from only one other, by the remaining two. 
Thus, in Fig. 4, the point A is separated from C by B and 
X>, but is not separated from either R or D by the remaining 
two; so also B is separated from 2> by A and C, but not from 
A or C by the remtuning two. 

A B C P 

Fio. 4. 

10. Infinitely Distant Points of a Plane Lie on a Straight 
line. If a straight line rotates in a plane about a fixed 
point, for each position of the line there is an infinitely 
distant point on it. The locus of such points has the 
property that one and only one point of it lies on any actual 
line of the plane. The locus, therefore, may consistently 
be considered a straight line, since any path which can have 
only one point in common with a straight line is itself a 
straight line. 

Definition. The infinitely distant points of a plane lie 
on a straight line, the so-called infimtely diitant line of the 
{dane. 

A line which has on it more than one infinitely distant 
point can have no actual points, since any line through an 
actual point has only one infinitely distant point. Such a 
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line, therefore, lies wholly at infinity, and is the infinitely 
distant line of any plane through it* 

That the infinitely distant line of a plane is purely ideal 
will be emphasized by the consideration that under the 
definition of parallel lines this line is parallel to every line 
of the plane since any line of the plane intersects it in an 
infinitely distant point* 

Two intersecting planes have a straight line in common 
and if tliis line is infinitely distant the two planes are 
parallel. 

11. Infinitely Distant Points of Space Lie on a Plane. 

Considerations similar to those of § 10 will fijc all the in- 
finitely distant points of space on a plane, the so-called 
infinitely distant or ideal plane. For, whatever may be the 
nature of the locus of those points, it has one and only one 
point in common with any actual ray of space and it is 
intersected by an actual plane in a straight line. The locus 
therefore poss^isses the essential properties of a plane. 

Any system of parallel planes is a pencil of planes whose 
axis is an infinitely distant line, and to such a pencil the 
infinitely distant plane itself belongs. 

EXERCISES 

1. If two intersecting lines are projected from any point not in their 
plane, the projector coneists of two intersecting planes. How can a 
section of those planes be taken to consist of two parallel lines? In 
other words, how can two intersecjting lines be projected into two 
parallel lines? 

2. Show that any quadrangle may be projected into a parailelogram. 

3. Given two lines not lying in the same plane and hence not inter- 
secting, through a given point construct a plane which is parallel to 
both of them. 

4. If the faces of a tetrahedron, or those faces extended, are cut by 
a plane not passing through a vertex, the resulting %ure consists of four 
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lines and tlie six |>omts in whidb tliey intersect, two and two. How can 
the plane of section be chosen so that the hgure of section will be a 
parallelogram? 

5. If the vertices and edges of a tetrahedron are projected from a 
point not lying on any of its faces, the projector consists of four rays 
and six planes through the center of projection, two rays in each plane 
and three planes through each ray. A section of this projector consists 
of four points and the six lines joining them, two and tw^o. 

ft, A circle is projected from a point outside its plane by a cone, 
any plane section of which, not passing through the vertex, will contain 
two infinitely distant points, or one, or none, according as the plane of 
section is parallel to two rays of the eone, or to one, or to none of those 
ray^s. 

7. If a triangle lying in a given plane is projected on a second plane 
from a fixed point, each side of the triangle will intersect its projection 
on the second plane, and the three points of intersection are collinear. 

8. If a line is parallel to a plane, their common point is infinitely 
distant. Any jilane tlirough one of two parallel lines is parallel to 
the other. 

9. If a line is parallel to each cf two intersecting idanes, it is 
jmrallcl to their line of intersection. 

10. Through two given Enes in space which do not intersect, draw a 
pair of parallel planes. 



CHAPTER II 


THE PRINCIPLE OF DUALITY— SIMPLE AND COM- 
PLETE RECTILINEAR FIGURES 


12. Reciprocity in Geometric Forms. Among the proper- 
ties assigned to the elements in pure geometry, a certain 
reciprocity or duality may be observed which will have an 
important bearing on many subsequent developments. 

For example, if we confine our attention to the elements in 
a single plane, the following statements are true and when 
placed side by side they call attention to an interesting relar 
tion. 

(а) Two points determine a line. 

(б) Two lines determine a point. 

If the words poirii and line in either of these statements are 
interchanged, the other statement is the n^sult. There is, 
therefore, a certain reciprocal relation between the state- 
ments, and the elements point and line appearing in them 
may be considered reciprocal or dual elements. 

In the following parallel columns, examples are given of 
reciprocal geometric forms in a plane, the forms (a) and (b) 
being reciprocals. 


1(a). Two points on a line. 

2(a). The totality of points 
on a line — a range of points. 

3(a). Three points not on 
the same line and the lines 
through them, two and two. 


1(6). Two lines through a 
point. 

2(6). The totality of lines 
through a point — a pencil of 
rays. 

3(6). Three lines not 
through the same point and 
their points of intersection, 
two and two. 
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4(a). Four poiats, no three 
of which lie on the same line. 

5(a), Pour points and the 
six lines determined by them, 
two and two. 

6(a}. A sequence of points of 
which not more than two lie on 
any line. 


4(5). Four lines, no three of 
which pass through the same 
point 

5(5), Four lines and the six 
points determined by them, 
two and two. 

6(6). A sequence of lines of 
which not more than two pass 
through any point. 


13. Duality in a Plane. Whenever a statement is made 
or a theorem is announced on the relative positions of points 
and lines in a plane, a reciprocal or dual statement or 
theorem may be obtained by interchanging the elements 
p&ifU and Ime, and if the original statement is true, the 
reciprocal statement is likewise true. This principle, which 
is known as the principle of dualitu ^ and which plays a large 
part in the pure geometry of position, may be stated as 
follows. 

Principle of Duality in a Plane. From any theorem 
on the relaiim positions of points and lines in a plane, another 
theorem equally valid may be obtained by interchanging with 
suitable connectives the words point and line. 

The following theorems, of which the proofs will appear 
later, are illustrations of duality in a plane, the theorems 
(a) and (6) being reciprocals. 


1(a). If two vertices of a 
variable triangle move on fixed 
lines while the sides pass al- 
ways through three fixed col- 
linear points, the third vertex 


1(6). If two sides of a vari- 
able triangle pass througli fixed 
points while the vertices lie 
always on three fixed con- 
current lines, the tliird side 


* The piincipl® of duality waa fimt aa$®rted in definite form by Gergonna* 
AnnaJUM <k MaiMmatigue9, Vol. 10 (1820), though Pouwlet had x>roviou«iy 
abown. Train prvpriSUs pro^etMvm de^ (Paria, 1S22), tWto any 

figure in space a polar reciprocal figure may be constructed. 
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will Mkawise move cm a fixed 
line. 

2(a). If three points, A, C, 
Ef are chosen at random on a 
fixed line p and likewise three 
points B, D, F, at random on 
a fixed line the intersections 
of the lines AB and DE, BC 
and EFf CD and FA, lie on 
one straight line. 


win likewise pass through a 
fixed point. 

2(6). If throe rays, a, c, e, 
are drawn at random through 
a fixed point P and likewise 
three rays, 6, d, /, at random 
through a fixed point Q, the 
lines Joining the points (a6) ' 
and (de), (6c) and (ef), icd) and 
(fa), pass through one point. 


14. Duality in Space. In forms not confined to a single 
plane the reciprocal relations among the elements take on a 
different aspect. For example, in three-dimensional geom- 
etry, the following statements are true. 


l(o). Three points not lying 
on the same line determine a 
plane, 

2(a), Two points determine 
a line; namely, the line passing 
through them, 

2(a). On any line there lie an 
unlimited number of points. 

4(a). A line and a plane not 
passing through it determine a 
point. 

5(a). Two lines which have 
a common point lie in one 
plane. 


1(6). Three planes not pass- 
ing through the same line de- 
termine a ix)mt. 

2(6), Two planes determine 
a line; namely, their line of 
intersection. 

3(6). Tlirough any line there 
pass an unlimited number of 
planes. 

4(6). A line and a point not 
lying on it determine a plane. 

5(6). Two lines which lie in 
one plane have a common 
point. 


In these statements, the duality is between poini and 
plane, on the one hand, and between line determined by two 
points and line determined by two planes on the other. In 

> Th 0 fliymbol (a6) here denotes the point ol intersection of the lines a and 6. 
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any of tba statements of the left-hand column, if the ele- 
ments poiM and plane are interchanged, and also line and 
linet the corresponding statement of the right-hand column 
is the result* 

In three-dimensional geometry, then, point and plane may 
be eonsidfired dual or reciprocal elements; also, line deter- 
mined by two points and line determined by two planes are 
reciprocal elements. 

As applied to three-dimensional figures, the principle of 
duality may be stated as follows. 

Pbinciplk of Duality in Space. From any theorem on 
the relative positions of points^ lines, and planes in a geomet- 
ric configuration in three dimensions,^ another theorem equally 
valid may he obtained by interchanging with suitable conned 
tives, the words point and plane. Urn and, line. 

The principle of duality either in a plane or in space is 
not, in general, applicable where metric relations are in- 
volved. It is only in respect to positional relations that it 
has significance. 

IS* Reciprocal Theorems in Space* As illustrations of 
the principle of duality in space, the following theorems will 
serve, reciprocal theorems being placed side by side. 


1(a). If four points, A, i?, C, 
D, are so situated that the lines 
AB and CD meet in a point, 
then the four points lie in one 
plane, and the lines AC and 
BD, also AD and BC, likewise 
meet in a point. 

2(a). If any number of 
straight lines are so situated 
that each intersects every 
other, then the lines must all 
pass through one point or they 


1(6). If four planes a, 0, y, 
hf are so situated that the lines 
(o^) and{76)Iie in a plane, then 
the four planes meet in one 
point, and the lines (ay) and 
(fi6), also (ad) and (<£? 7), like- 
wise lie in a plane. 

2(6). If any number of 
straight lines are so situated 
that each lies in a plane with 
every other, then the lines 
must all lie in one plane or they 
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must aU lie in one plane. 

8(a). Four points lying in 
one plane determine six lines; 
namely, the lines joining them, 
two and two. 


must all pass through one 
point. 

3(6). Four planes passing 
through one point determine 
six lines; namely, the lines of 
intersection of the planes, two 
and two. 


The solutions of the following problems are reciprocal. 


1(a). To draw a straight line 
through two given points. 

2(a). To pass a plane 
through a given line and a 
point not lying on it- 
3(a). Through a given point 
to draw a line intersecting two 
given lines which do not lie in 
the same plane. 

Solution. The given point 
with each of the given lines de- 
termines a plane. The line of 
intersection of these two planes 
will pass through the given 
point and will meet each of the 
given lines. 


1(6). To find the line of in- 
tersection of two given planes. 

2(6). To find the point of 
intersection of a line and a 
plane not passing through it. 

3(6). In a given plane to 
draw a line intersecting two 
given lines which do not pass 
through the same point. 

Solution . The given plane 
with each of the given lines de- 
termines a point. The line 
joining these two points will lie 
in the given plane and will 
meet each of the given lines. 


16. Duality in the Primitive Forms. If attention is con- 
fined to the geometry of a single plane, there are only four 
of the ten primitive forms which come under consideration; 
namely, the range of points and the pencil of rays, the field 
of points and the field of rays. Of these the &st two are 
reciprocals in the plane, as are also the last two. 

In three-dimensional geometry the dual or reciprocal 
relation between primitive forms appears in the following 
parallel columns in which reciprocal forms are placed side 
by side and are numbered (a) and (6), respectively. 
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1(a). Range of pomts— -the 
system of points on a given 
line. 

2(a). Pencil of rays — ^the 
S}n5tem of rays through a i>oint 
lying in one plane. 

3(a). Bundle of rays — the 
totality of rays through a point. 

4(a). Bundle of planes — the 
totality of planes through a 
point. 

5(a). The totality of points 
in space. 

6(a). The totality of lines in 
space, each determined by two 
points. 


1(6). Pencil of planes— the 
system of planes through a 
given line. 

2(6). Pencil of rays — the 
system of rays in a plane 
passing through one point. 

3(6). Field of rays — the 
totality of rays in a plane. 

4(6). Field of points — the 
totality of points in a plane. 

5(6). The totality of planes 
in space. 

6(6). The totality of lines in 
space, each determined by two 
planes. 


It will be observed that the pencil of rays and the totality 
of lines in space are self-reciprocai forms. 

17. Duality in the Regular Solids of Elementary Geom- 
etry. A study of the reciprocal relations among the five 
Bo-called regular solids of elementary geometry is interesting. 


Tbthahjedron. a tetrahe- 
dron, or tetragon, consists of 
four points (vertices) not lying 
in one plane and the planes 
(faces) determined by them, 
three and three; also the 
straight lines (edges) joining 
the points, two and two. 

The tetrahedron has four 
vertices, four faces, and six 
edges. The faces meet by 
threes in the vertices, and the 


Tetrahedron. A tetrahe- 
dron consists .of four planes 
(faces) not posing through 
one point and the {>ointa (ver- 
tices) determined by them, 
three and three; also the 
straight lines (edges) in which 
the planes intersect, two and 
two. 

The tetrahedron has four 
faces, four %’'ertices, and six 
edges. The vertices lie by 
threes in the faces, and the 



THE PRINCIPLE OF DUALITY 


17 


vertices lie by threes in the faces meet by threes in the 
faces; the edges lie by threes in vertices; the edges pass by 
the faces and pass by threes threes through the vertices and 
through the vertices. lie by threes in the faces. 

The tetrahedron is a self-reciprocal figure, determined 
either by its four vertices or by its four faces. 

Cube. A cube has eight Octahedrok. An octahe- 
vertices, six faces, and twelve dron has eight faces, six ver- 
edges. The vertices lie by tices, and twelve edges. The 
fours in the faces; the faces faces meet by fours in the ver- 
meet by threes in the vertices; tices; the vertices lie by threes 
the edges lie by fours in the in the faces; the edges pass by 
faces and pass by threes fours through the vertices and 
through the vertices. lie by threes in the faces. 

The cube and the octahedron are thus seen to be reciprocal 
or dual figures. 

A similar study wall show that the dodecahedron and the 
icosahedron are reciprocal figures. 

18. Primitive Forms of Different Dimensions. The recip- 
rocal relations existing among the geometric primitive 
forms and their derivation one from another by projection 
and section suggest a grouping of these forms into classes, 
the forms in each class having certain distinctive properties 
in common. 

The three forms, range of points, pencil of rays, and 
pencil of planes, may 1)6 derived from one another by projec- 
tion and section or by reciprocation, and for this reason they 
may properly be considered as belonging to the same general 
class. These three forms aie designated as primitive forma 
of the first orders or as one-dimensional primitive forms, and 
each of them may be said to consist of a single infinity of 
elements. 
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T%» field of pdnts, field of rays, bundle of n^, and bundle 
of {fianes are similarly related, being derivable, one from 
another, either by projection and section or by reciprocation. 
They are designated as primitipe form of the second order, 
or im-dimensional, and may be said to consist of a two> 
fold infinity of elements. 

The points of space and planes of space are reciprocal 
forms of the third order, or three-dimensional, and consist of a 
three-fold infinity of elements, while the totality of lines of 
space as a primitive form is self-reciprocal and of the fourth 
order, consisting of a four-fold infinity of rays. 

19. Rectifinear Figures. A plane rectilinear figure con- 
sists of a given number of straight lines lying in one plane 
and their points of intersection; or, reciprocally, of a given 
number of points in a plane and the lines determined by 
them. The given lines are the sides of the figure, and their 
intersections, two and two, are the vertices; or reciprocally, 
the given points are the vertices of the figure, and the lines 
joining them, two and two, are the sides. 

A simple rectilinear figure consists of a given number of 
lines and their intersections, two and two, in succession; or, 
reciprocally, of a given number of points and the lines 
joining them, two and two, in succession. The number of 
sides in a simple rectilinear figure is the same as the number 
of vertices, and the reciprocal of a simple figure is similarly 
composed. 

A complete rectilinear figtae consists of a given number 
of lines and all their intersections, two and two; or, recip- 
rocally, of a given number of points and all the lines join- 
ing them, two and two. 

Since a triangle consists of three lines and their intersec- 
tions, two and two, or of three points and the lines joining 
them, two and two, it is self-reciprocal in the plane, and it is 
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at the same time both a i^ple and a complete lectUinear 
figure* 

20* Simple and Complete Quadrangles and Quadri- 
laterals* The following figures are reciprocal to each other 
in a plane* 


A complei€ quadrangle con- 
sists of four points, A, B, C, B, 
and the six lines Joining them, 
two and two (Fig* 5). The 
four points are the vertices and 
the six lines are the sides of the 
complete quadrangle* The 
sides fall into three pairs of so- 
called opposite sides, the line 
joining two vertices and the 
line joining the other two form- 
ing a pair. 



Fia* 6* 

The pairs of opposite sides, 
by their intersections, deter- 
mine three additional points X, 
Y, Zf called diagonal points. 
Thus a complete quadrangle 
has four vertices, six sides, and 
three diagonal points* 


A com/dete quadrilateral 
consists of four lines, a, fc, c, d, 
and their six points of inter- 
section, two and two (Fig. 6). 
The four lines are the sides and 
the six points are the vertices 
of the complete quadrilateral. 
The vertices fall into three 
pairs of so-called opposite ver^ 
iices, the intersection of two 
sides and the intersection of 
the other two forming a pair. 



Fia, C. 


The pairs of opposite ver- 
tices determine three addi- 
tional lines, X, y, z, called 
diagonals. 

Thus a complete quadrilat- 
eral has four sides, six vertices, 
and three diagonals. 
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In either case the triangle XYZ (xyx) is called the 
diagonal triangle of the figure. 

A simple quadrangle consists of four vertices and the four 
lines joining them in succession; while a simple quadrilateral 
consists of four lines and the points of intersection of those 
lines in succession. 

A simple quadrangle and a simple quadrilateral are con- 
sequently like figm*es; each has two pairs of opposite ver- 
tices and two pairs of opposite sides. The line joining a 
pair of opposite vertices is a diagonal and the point of inter- 
section of a pair of opposite sides is a diagonal point 





Fig. 7. Fio. 8. Fig. 9. 

Three different simple quadrangles are determined by the 
same four points A, C, Z>, according as the points are 
taken successively in one order or in another. Thus, 
A BCD, ACJSD, ACDB, are different simple quadrangles 
having the same vertices. 

The simple quadrangle ABCD has AB and CD, AD and 
BC, as pairs of opposite sides; A and C, B and D, as pairs of 
opposite vertices; AC and BD as diagonals. The quadrangle 
ACBD has AC and BD, AD and C5, as pairs of opposite 
sides; A and B, C and D as opposite vertices; AB and CD as 
diagonals; while the quadrangle ACDB has AC and DB, 
AB and CD, as pairs of opposite sides; A and D, B and C as 
opposite vertices; AD and CB as diagonals. 
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Similarly, the same four lines a, 5, c, d, determine three 
different simple quadrilaterals according as they are taken 
successivt ’y in the order obcd, acbd, or acdb, 

21. Simple and Complete Plane Figures in General. 


A complete n-angle or n-gon 

consists of n points in a plane, 
no three of which lie on the 
same straight line, and the lines 
joining them, two and two. 

Thus a complete n-gon has n 
vertices and \n{n — 1) sides. 
Through each vertex there pass 
(n — 1) sides. 


A complete nAateral or n- 
side consists of n lines in a 
plane, no three of which pass 
through the same point, and 
the points in which they inter- 
sect, two and two. 

Thus a complete n-side has n 
sides and \n{n — 1) vertices. 
On each side there lie (n — 1) 
vertices. 


A simple n-angle or n-gon consists of n points and the 
lines joining them, two and two, in succession, while a simple 
n-Iateral or n-side consists of n lines and their points of inter- 
section, two and two, in succession. Thus a single n-gon 
and a simple n-side are reciprocal figures, each consisting of 
,n vertices and n sides. 


In a simple n-gon the lines 
joining consecutive vertices are 
sides and the lines joining non- 
consecutive vertices are diag- 
onals. 

A simple n-gon has n ver- 
tices, n sides, and Jn(n — 3) 
diagonals. 

In any complete n-gon there 
are J(n — 1)1 simple n-gons. 

A simple n-gon with all its 
diagonal forms a complete 
n-gon. 


In a simple n-side the points 
of intersection of consecutive 
sides are vertices and the points 
of intersection of non-consecu- 
tive sides are diagonal points. 

A simple n-side has n sides, 
n vertices, and |n(n — 3) di- 
agonal points. 

In any complete n-side there 
are }(n — 1)1 simple 7i-sides. 

A simple n-side with all its 
diagonal points forms a com- 
plete n-side. 



22 


PROJECTIVE PURE GEOMETRY 


A Bimpla n^gon or THside has 2n elements, vertices and 
sides, of which any two elements are opposite when they are 
separated by the same number of elements enumerated 
either way around the figure. If n is even, a side is always 
opposite a side and a vertex is opposite a vertex; if n is odd, 
a side is opposite a vertex and a vertex is opposite a side. 
For example, in a simple pentagon each vertex is opposite a 
side, while in a simple hexagon each vertex is opposite a 
vertex and each side opposite a side. 

22. Projections of Simple and Complete Plane Figures. 

A simple quadrangle projected from a point not in its plane 
gives a simple figure in a bundle consisting of four edges 
through the point and the four planes through those edges, 
two and two, in succession; and a complet/C quadrangle pro- 
jected in the same way gives a four-edged figure in a bundle 
with the six planes through those edges, two and two. 

If a simple n-gon (or n-side) lying in a plane is projected 
from any point not in that plane, we obtain a simple n-cdge 
(or n-face) lying in a bundle. This consists, in either case, 
of n rays of the bundle and the planes determined by them, 
two and two, in succession. A complete n-gon (or n-sidc) 
projected from any point not in its plane will give a com- 
plete n-edge (or n-face) lying in a bundle, consisting of n 
rays (or planes) of the bundle and all the planes (or rays) 
determined by them, two and two. 

EXERCISES 

1. A Bgure consists of three points on each of two lines in a plane, 
and the lines joining them, two and two. How many such lines are 
there? What is the plane reciprocal of the figure? 

2. What is the space reciprocal of a triangle? 

3. If four planes pass through a given point and no three of them 
contain the same line, how many lines of intersection are there and how 
are they situated relative to each other? What is the space reciprocal 
of this figure? Make a diagram of a plane section of the figure. 
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4 . Four planes are chosen at random, not all through the same point 
and no three through the same line. How many points and lines of 
intersection are there, and how do they lie relative to each other and to 
the chosen planes? What is the reciprocal of this figure? 

5. In the regular dodecahedron of elementary geometry, how many 
vertices, edges, and faces are there? How many in the icosahedron? 

6. Through any point how many lines may be drawn to intersect 
two skew lines, that is, lines which do not He in the same plane? Show 
that of the lines intersecting three skew lines no two lie in the same 
plane, 

7. Defining a plane polygon as regular when its consecutive sides 
are equal and malce equal angles with each other, show tlrnt the vertices 
of a regular pentagon determine two different reguhir pentagons, ac- 
cording as the vertices are taken t/O be consecutive in one order or in 
another. Do the vertices of a regular hexagon or a regular heptagon 
determine more than one such figure? Illustrate the result by a draw- 
ing. 

8. Assuming the correctness of the following theorem, state its 
reciprocal: 

In a complete quadrangle, the sides of the diagonal triangle intersect 
the sides of the quadrangle in six points other than the vertices of the 
triangle, which lie by threes on four straight lines. 

P, The simple hexagon ABCDEF is such that the diagonals AD, 
BE, and CF pass through one point. What is the plane reciprocal 
figure? 

10. A configuration consists of two triangles AiB^Ci and A 2 B 2 C 2 so 
situated that the lines Aids, CiG pass through one point. De- 
scribe the space reciprocal of this configuration (1) when the given 
triangles lie in the same plane; (2) when they lie in different planes. 



CHAPTER III 
HARMONIC FORMS 

23* Rectilinear Figures in Perspective. Two rectilinear 
figures of the same number of sides and vertices may be 
correlated to each other by relating each vertex of the one to 
a particular vertex of the other, by which means each side of 
the one is related to a particular side of the other. The 
vertices and sides so related in the two figures are said to 
correspond or to be homologous. For convenience of nota- 
tion, corresponding vertices and sides in correlated figures 
will be marked by the same letters. 

Correlated rectilinear figures are in perspective when they 
are so situated that the lines joining pairs of corresponding 
vertices are concurrent. 

24. Desargues’ Theorem on Perspective Triangles.* If 

two correlated triangles are so situated that the lines joining 
pairs of corresponding vertices meet in a pointy the pairs of 
corresponding sides will intersect in three points of one straight 
line. 

To prove Desargues’ theorem let us take first the case in 
which the given triangles, AiBiCi and A ACi lie in different 
planes. 

Since it is given that the lines A 1 A 2 and J5iB2, joining pairs 
of corresponding vertices, meet in a point (Fig. 10), say the 
point 0, they determine a plane in which will lie the corre- 
sponding sides AiBi and A 2 R 2 . These sides therefore inter- 
sect in some point X. 

* This theorem is usually attributed to De»arg:ues (1593-16G2), though in 
fact it was announced by Euclid (Pappus, Maihemalicas Coltectiones, preface 
to Book VII). 
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Also, since A1A2 and C1C2 meet in the point 0 , they deteiv 
mine a plane in which lie the correlated sides AiCt and AjCa, 
intersecting in some point F. * 

Similarly, since B1B2 and C1C2 meet in 0 , the sides BiCi 
and B2C2 must intersect in some point Z. 

Now X, F, and Z, lying respectively on the sides AiBi, 
AiCij and J 5 iCi, must lie in the plane of the triangle AiBiCif 
and for a similar reason they lie also in the plane of the tri- 



angle A2B2C2. They therefore lie on the common line of 
these two planes, which is a straight line. 

Next, let us suppose that the triangles AiBiCi and A2B2C2 
lie in the Ksame plane and that the lines A1A2, BiB2, C1C2, 
joining pairs of corresponding vertices, intersect in one 
point 0 . To prove that in this case also the pairs of corre- 
sponding sides intersect in three points of a straight line, 
there are several methods which may be followed. 

First, the theorem having been proved for the case in 
which the given triangles lie in different planes, the principle 
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(rf continuity ^ would suggest that, one of the planes being 
rotated about their common line and the theorem being true 
for e^ery position of the rotating plane, it is true also for the 
position in which the planes coincide. 

Or, second, the configuration for the theorem in wliich 
the given triangles lie in different planes, consists of ten 
lines and ten points, three points on each line and three 
lines through each point. If projected from a point not 
lying in any of the planes of the configuration, the projector 
will consist of ten rays and ten planes passing through the 
center of projection, tliree rays in each plane and three 
planes through each ray. 

If the perspective triangles AiBiCi and lying in 

different planes (Fig. 10 ) are projected from a point P, they 
will yield three planes, PAxA^j PP1P2, PC1C2, intersecting in 
the ray PO, and three pairs of planes PAiBi and PA2B2 
PAiCi and PA2C2, PBiCi and PB^C^j intersecting in the 
rays PX, PF, PZ, respectively, which lie in a plane Pm 
determined by the point P and the line m on which F, 
and Z lie. A section of this configuration by an arbitrary 
plane will consist of two triangles A/P/C/ and AtBi'C*/ 
so situated that the fines joining pairs of corresponding 
vertices intersect in a point O' on the ray PO, while the 
pairs of corresponding sides inter.sect in points A"', F', Z', 
on the rays PX, PY, PZj respectively. But these three 
rays lie in the plane Pm, Hence the points X', F', Z\ lie 
on one straight line, the intersection of the plane Pm and 
the arbitrary plane of section. 

Or, third, a more direct method of proof is as follows. 

Let it be given that the triangles AiBiCi and A^B^Ct, 

* The principle of continuity (Poncelet, 1822) asserts that a property 
which is once demonstrated for a fijpire in one of its general forms and which 
remains true as the figure is changed continuously in accord with the condi- 
tions under which the pi'operty was first demonstrated, will be true also when 
the figure takes on a limiting form. 
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lying in one plane, are so situated that the lines AiA^f 
BAy and C 1 C 2 meet in one point 0. Through 0 take any 
straight line I not lying in the plane of the triangles (Fig. 11), 
and on this line choose any two points Oi and O 2 . 

Since the line AxA^ passes through 0 and the line O 1 O 2 
also passes through 0, the lines AjOi and A 2 O 2 lie in the 
same plane and consequently intersect in some point A'; 
similarly, BiOx and intersect in i?', and CiOi and C 2 O 2 
intersect in C'. 



The triangles AxBiCi and A'5'C' lie in different planes 
and are so situated that the lines joining pairs of corre- 
sponding vertices AjA', BiB\ CiC', meet in the point Oi, 
Hence the pairs of corresponding sides AiBi and A*B\ 
AiCi and A/C', BiCi and intersect in points of one 

straight line; namely, the line of intersection of the plane 
of the triangle A^B'C and the plane of the triangle AiBiCi, 
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Similarly, the pairs of corresponding sides of the triangles 
and A'B'C' intersect in points of this same line, since 
and AtB^Ci lie in the same plane. 

Consequently, A\Bi and A^B2y AiCi and J 5 iCi and 
JB2C2, intersect in points of tliis line; namely, the pointy in 
which A^B\ A*C, B'C\ meet this line, 

25 . Converse of Desargues^ Theorem* The converse of 
Desargues' theorem as related to triangles in the same plane 
is the immediate reciprocal of the direct theorem and may 
be stated as foUows. 

Theokem. If txvo correlated triangles in the same plane are 
so situated that the pairs of corresponding sides intersect in 
points of a straight line, the lines joining the pairs of cor- 
responding vertices will pass through one point 

The proof of the converse theorem follows by reciprocation 
from the proof of the direct theorem, or the converse {he- 
orem may be accepted on the principle of duality. 

Moreover, the proof of the direct theorem is seen to in- 
clude the convei’se theorem if attcmtion is given, for example, 
to the triangles AiA^Y and B1B2Z. In these triangles, lines 
joining pairs of homologous vertices intersect at the point 
X; in particular, the line YZ passes through X, The direct 
theorem states that in consequence of this relation, the in- 
tersections of pairs of homologous sides, namely, Ci, C2, 0 , 
are on the same straight hne. In other words, the points 
X, Y, Z being collinear, it follows that the line C1C2 passes 
through O, the intersection of A1A2 and BiB^- 

Desargues^ theorem and its converse are the fundamental 
theorems of projective pure geometry. From them as a 
starting point the whole subject will be developed. 

26 . Quadrangles and Quadrilaterals in Perspective. 

Theorem. If two correlated Theorem. If two correlated 
complete quadrangles are so siiur complete quadrilateroXs are so 
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dted that fine paire of homo- 
hgous sides intersect in points 
of one straight line^ then the 
sixth pair of homologous sides 
wiU intersect in a point of the 
same line. 


situated that five of the lines 
joining pairs of homologous ver- 
tices pass through one pointy 
then the line joining the sixth 
pair of homologous vertices will 
pass through the same point. 


To demonstrate the theorem on the left, let AiBiCjDj and 
A2-B2C2D2 (Fig. 12 ) be the two correlated quadrangles, either 
in the same plane or in diflferent planes, and so situated that 
the pairs of homologous sides AiBi and A2B2 intersect in P, 



AiCi and ^ 42^2 in 0 , AiDi and A2D2 in P, BiCi and B2C2 in S, 
C\Di and C2P2 in P, these five points, P, (?, P, S, P, lying 
on one line h. It is required to show that the sixth pair of 
homologous sides, BiDi and S2P2 also intersect in a point of k. 
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Since in the two triangles AiBiCi and the three 

pairs of homologous sides intersect in points of the line fc, 
the lines AiAt^ BiBt^ C1C2, meet in one point 0 (^ 25 ). 
Similarly, in the triangles AiCiDi and A2C2D2, the lines AiA^, 
CiC2f D1D2, meet in one point, and this point must coincide 
with 0 since in both cases it is the intersection of A1A2 and 
C1C2, Then, in the triangles BiCiDi and B2C2D2, since the 
lines B1B2, C1C2, DiD^f meet in 0 , the pairs of homologous 
sides BiCi and ^2^2, BiDi and BA, CA and CA, must 
intersect in points of one straight line (§ 24 ). But this 
straight line is the line k, since by assumption two of these 
pairs of homologous sides intersect on k. That is to say, the 
sixth pair of homologous sides of the two quadrangles inter- 
sect at V on the same line as the first five. 

The theorem on the right, which is the reciprocal of that 
on the left, may be proved analogously. 

27 . Harmonic Points on a Straight Line. In the preceding 
demonstration, if the points P and T of the line k should 
coincide at P (Fig. 13 ), and also the points S and R, at R, 
the argument and conclusion would be in no way affected. 
The homologous sides BA and B2D2 would still intersect on 
the line fc. 

In this case, the points P and R of the line k are the 
intersections of pairs of opposite sides of the simple quad- 
rangles AiBiCA and A2B2C2D2, while Q and V are points in 
each of w''hich a pair of homologous diagonals of these simple 
quadrangles intersect. 

Let us suppose that the simple quadrangle AjBiCA has 
been drawn to fulfill the above conditions, that is, so that a 
pair of opposit/C sides intersect at P, the other pair at R, while 
one diagonal passes through Q, and the other diagonal through 
F. Then the second quadrangle, A2B2C2D2, may be con- 
structed in any manner whatsoever, provided only that one 
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pair of opposite sides intersect at P, the other pair at P, and 
one diagonal passes through Q, The other diagonal will 
necessarily pass through V. 

Thus, the point V on the line k has a fixed position rela- 
tive to the three points P, Q, P, for it is the point in which 
the second diagonal of any simple quadrangle AiBiCiDi 
intersects the line fc, P and P being points of the line in 
which the pairs of opposite sides of the quadrangle intersect 
and Q the point through which the fiirst diagonal passes. 



Four points on a straight line related to each other as are 
these points P, Q, P, V are called harmonic points. 

Definition. Four points on a straight line are said to be 
harmonic when they are so related that if two of them are 
the points of intersection of pairs of opposite sides of a simple 
quadrangle, the other two are the points of the line through 
which the diagonals of this quadrangle pass.^ 

* The harmonic relation of four points on a line was known to Apollonius 
(about 220 b.c.) and was studied by Do la Hire (1640“1718) who gave the 
quadrilateral construction for the fourth harmonic point from three given 
points, as early as 1685. 



32 


PROJECTIVE PURE GEOMETRY 


It will be observed that in this definition the four points 
are grouped into two pairs, and when three of them are 
given, it being known which two of the three form a pair, 
the fourth point is determined. 

For example, let B, C (Fig. 14) be three points of a 
harmonic set on a straight line, of which A and C are a pair. 

In order to determine the 
fourth point /), which with B 
will form a pair in the har- 
monic set, we need only to 
construct a simple quadrangle 
KLMN of which one pair of 
opposite sides intersect at -4, 
the other pair at C, and one 
diagonal passes through B. The other diagonal will then 
intersect the line of .4, B, C, at the required point D. 

In this construction, three of the lines through the points, 
Af By Cy may be drawn at random and the figure is then 
fully determined. 

28, The Pairs of Points in a Harmonic Set are Mutually 

Related. In the simple quadrangle KLMN (Fig. 15) the 
points A and C on a given line are the intersections of pairs 
of opposite sides, and B and D are points on the diagonals. 
The four points, A, B, C, B, are therefore harmonic by 
definition. 

Let KM and LN intersect at 0. Draw the line AO inter- 
secting the opposite sides, LM and KA\ at Q and S, respect- 
ively, and CO intersecting the opposite sides, KL and MN, 
at P and B, respectively. Then KPOS is a simple quad- 
rangle of which one pair of opposite sides, KP and OS, 
intersect at ,4, the other pair, KS and PO, intersect at C, 
one diagonal, KO, passes through D, and consequently the 
other diagonal, PS, passes through B. Similarly, in the 
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simple quadrangles OQMR, PLQO, and 80RN, one pair of 
opposite sides intersect at A, the other pair at C, one 
diagonal passes through B, and the other diagonal passes 
through D. 



The simple quadrangle PQRS is therefore such that one 
pair of opposite sides, PS and QR, intersect at B, the other 
pair, PQ and RS^ intersect at D, one diagonal, QS, passes 
through A, and the other diagonal, PR, passes through C. 

Hence, in the set of harmonic points A, B, C, D, the two 
pairs. A, C, and B, D, play exactly the same parts, for either 
pair may be the intersection points of opposite sides of a 
simple quadrangle while the other pair lie on the diagonals. 

Of the four points, then, we may say that A and C are 
harmonic conjugates with respect to B and 2>; and likewise, 
B and D are harmonic conjugates with respect to A and C. 
Or we may say that A and C are harmonically separated by 
B and D; and, likewise, that B and D are harmonically 
separated by A and CJ 

» Whenever mention is made of four points as hannonio, they will be so 
arranged that the hrst and third, second and fourth, are the pairs of con- 
jugates. 
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29 . Harmonic Conjugates Separate Each Other* That 
one pair of conjugates in a set of harmonic points on a 
straight line are actually separated by the other pair will 
appear from the following considerations. 

Suppose, for the sake of argument, that in the harmonic 
set of points A, B, C, D (Fig. 16) the point A is not separated 
from its conjugate point C by the other two, but is separated 
from B by the other tw^o. Then if the points A^ B, C, D 
are projected from L on the line KM into the points K, 0, 



M, jD, respectively, the point if, which is the projection of 
Af would be separated from 0 by M and D, If the points 
are projected from N on the same line KM into the points 
Mf Of Kf Df respectively, the point M, which is the projec- 
tion of A, would be separated from 0 by if and I). That 
is to say, 0 would be separated from K by M and D; and, 
at the same time, it would te sciparated from Af by if 
and Df which is impossible (§9). 

Hence, in a set of harmonic points on a straight line, two 
conjugate points are separated by the other two conjugate 
points. 

30. If Two Points of a Harmonic Set Coincide, a Third 
Point Coincides with them. In Fig. 14, suppose the points 
A and C on the given line remain fixed, and also the points 
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K aad L, so that the lines AK, CK, and CL remain fixed, 
while the point B is free to move along the line AC. If B 
moves to the right towards C, the line LB will rotate about 
L in the counter-clockwise sense; AMy which intersects 
LB on the fixed line CKy will rotate about A in the clock- 
wise sense; and KMy which intersects AM on the fixed line 
CLy will rotate about K also in the clockwise sense, so that 
the point D will move towards C, along the line AC, to the 
left. If this motion is continued, the two points B and D 
will coincide with C at the same time. If B moves along 
AC in the opposite sense, D will also move in the opposite 
sense, and the two wiU coincide with A at the same time. 
If, then, the point B traverses the minor line-segment AC 
in either sense, its harmonic conjugate D relative to A and C 
will traverse the major line-segment AC in the opposite 
sense; and when two of the points coincide, a third will 
coincide with them no matter what position the fourth 
point may have on the line. 

3L Pairs of Points Harmonically Separated by the same 
Third Pair. In the variable figure of § 30, if Bi, Z>i and i?», 
Z >2 are two pairs of corresponding positions of B and Z>, it is 
evident that these two pairs of points do not separate each 
other, and the following theorem may be stated. 

Theokem. If two pairs of points on a straight line are 
both harmonically separated by the same third pair, they do not 
separate each other. 

It follows that two pairs of points on a straight line which 
separate each other cannot both be harmonically separated 
by the same third pair. 

On the other hand, if two pairs of points on a straight 
line, P, Q, and R, S, do not separate each other (Fig. 17), 
there exists always a pair of points, M, N, which harmonic- 
ally separate both these pairs. 
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For if a point M is chosen on the linenaegment PQ which 
does not contain R and 5, on the minor segment, say, its 
harmonic conjugate Ni relative to P and Q lies on the major 
segment PQ; that is, on the segment which contains /2 and 
S. Also, the harmonic conjugate of M relative to R and S, 
N% say, lies on the line-segment RS which does not contain 

P ^ pO p/g ^ ^ 

M Nt iVi 

Fiq. 17 

P and Q. If the point M traverses the minor segment PQ 
from P to Q, Nx will traverse the major segment PQ in the 
opposite sense, while will traverse only a part of the 
minor segment RS; that is, only a part of the major segment 
PQ. At some point, therefore, in the segment RS which 
does not contain P and Q, the two points, Ni and will coin- 
cide, Hence for some point M in the segment PQ which 
does not contain R and S, there is a corresponding point N 
in the segment RS which does not contain P and Q, such that 
M and N are harmonic conjugates relative to both P and 
Q, and R and S, 

32, The Harmonic Relation is not Altered by Projection 
and Section. If the points and lines of Fig. 14 are projected 
from any point P outside the plane and a section is taken of 
the projecting figure, a new quadrangle K'UM'N' is ob- 
tained in the plane of section, and a ncAv set of points 
is obtained on the rays PA, PJ5, PC, PD, so re- 
lated that pairs of opposite sides of the quadrangle K'IJM'N* 
intersect in and C', while the diagonals pass through 
B* and D', respectively. The points A', B% C', D' therefore 
are harmonic and we have the following theorem. 

Theorem. If four harmonic poinia on a straight line are 
projected from any point not on the line, a section of the pro^ 
jecting rays is again a set of harmonic points. 
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In other words, the harmonic relation of four points on 
a straight line is not altered by projection. 

Definition. If a set of harmonic points on a straight 
line is projected from any point not on the line, the rays so 
drawn are called harmonic rays. 

Hence any section of a set of harmonic rays is a set of 
harmonic points. 

Since to any point on a straight line there is only one 
harmonic conjugate relative to two fixed points on the line 
(§ 27), it follows that if there are given two sets of harmonic 
points on a line in which a pair of conjugate points in one 
set coincide with a pair of conjugates in the other, and a 
third point in the one coincides with a third point in the 
other, then the fourth point in the one set coincides with the 
fourth point in the other. Also, if two sets of harmonic 
rays have the same center and three rays of one set coincide 
with three rays of the other, conjugates with conjugates, 
the fourth rays of the two sets must coincide. 

33. Harmonic Properties of the Complete Quadrangle and 
Complete Quadrilateral. Thus far it is the simple quad- 
rangle with vertices Ky L, Af, Ny taken in that order only, 
which has been considered. These vertices may, however, 
be taken in the order Ky L, N, M, or in the order K, N, L, Af, 
and in either case a different simple quadrangle is obtained 
(§ 20 ). 

If the vertices arc taken in the order Ky Ly Ny M, the lines 
KL and NMy intersecting at A, are opposite sides (Fig. 16), 
as are also KM and LNy intersecting at 0\ KN and LM are 
diagonals intersecting the line AO at S and Q, respectively. 
Therefore the points A, Sy 0, Q are harmonic by definition 
(§ 27). 

Similarly, by taking the vertices in the order Ky Ny Ly My 
it follows that the points C, P, 0, R are harmonic by defini- 
tion. 
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Also, smce the four rays through 0 project the harmonic 
points Af B, Cy D, they are harmonic rays and the points 
Ay N, By My AB wcII as the points A, LyP, Ky being sections 
of these four rays in order, are likewise harmonic. Simi- 
larly, Qy Ly Cy M and S, Ny C, K are harmonic, and by pro- 
jecting these points from A, we see that 0, Ly By N and 0, 
Ky Dy M are likewise harmonic. In fact, in Fig. 16 wherever 
four points occur on a line, or four lines pass through a point, 
they are harmonic. 

Many of these results are contained in the following 
reciprocal theorems. 


Theorem. In a complete 
quadrangle the sides intersecting 
in one diagonal point are har- 
monically separated by Ihe lines 
through that point projecting the 
other diagonal points. 


Theorem. In a complete 
quadrilateral the vertices lying 
on one diagonal are harmonic- 
ally separated by the points of 
intersection of this diagonal 
with the other two diagonals} 


34. The Harmonic Relation is not Altered by Permuta- 
tion. From the definition of harmonic points on a straight 
line (§ 27) it should be noted that not only are the points 
Ay By Cy D harmonic (Fig. 16), but so also are C, By A, D, 
since in the first and third of these points, pairs of opposite 
sides of the quadrangle intersect, while through the second 
and fourth the diagonals pass. Moreover, as has already 
been noted, the points B and D may be interchanged with 
A and C since the two pairs play the same paints in the 
harmonic set. Hence we may state the following theorem. 

Theorem. Jf A, B, C, D are a set of harmonic points on 
a straight Zme, any arrangement of these points in which the 
pairs are not broken will likewise be harmonic. 

That is to say, not only are the points A, By Cy D, taken 

‘ Carnot, Qeomitrie de position^ 1803. 
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in that order, harmonic, but any permutation of the four 
points is a harmonic set if only the cycle A, J5, C, D is not 
broken.^ 


EXERCISES 

1. Given three rays of a pencil, to find the fourth ray which is the 
harmonic conjugate of a particular one of the three, relative to the 
other two. 

2 . llwough a given point in a plane draw a line which will pass 
through the inaccessible point of intersection of two given lines in the 
same plane. 

3. Defining harmonic planes of a pencil as four planes of which a 
section is four harmonic rays, find the fourth harmonic plane to three 
given planes of a pencil, the required plane to be conjugate to a particular 
one of the three. 

4. State the space reciprocal of Desargues^ theorem as related to 
triangles not in the same plane. 

5. A line is drawn through a fixed point A to intersect two given 
fixed planes ^ and 7 in points B and C, respectively. Wliat is the 
locus of the harmonic conjugate of A relative to B and C? 

6 . Prove tliat in a complete quadrangle the sides of the diagonal 
triangle intersect the sides of the quadrangle in six points other than 
the vertices of the trifmgle, which lie by threes on four straight lines 
(see Exercise 8 , p. 23). 

7. If each of two points is harmonically separated from a third given 
point by a pair of opposite edges of a tetrahedron, the two points are 
harmonically separated from each other by the third i>air of opposite 
edges. 

Suggestion. The plane of the three given points intersects the 
tetrahedron in a complete quadrilateral whose diagonals intersect in 
the three points. 

8 . A straight line intersects the sides of a triangle ABC in the points 
Aj, Bi, Cl, and the harmonic conjugates, Aa, B%^ Ci, of these points are 
determined relative to the two vertices on the same side, so that Ai, B, 
Aa, C, for example, are harmonic. Show that Ai, Bt, Ct, Bi, ft, As; 
Cj, As, Ba, are collinear, and that AAa, BBs, CCt are concurrent, as are 
also AAs, BBi, Cft; AA,, BBs, Cft; and AAi, BBi, Cft. 

* Reye, Geometrie der X^age, 1800. 
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35. Introduction of Metric Relations. By the methods of 
elementary geometry it is readily shown that the diagonals 
of a parallelogram bisect each other; in other words, that 
the point of intersection of the two diagonals is the mid-point 
of each. In Fig. 16, if the line AC moves out so as to become 
the infinitely distant line of the plane, the quadrangle 
KLMN becomes a parallelogram (Fig. 18), the points B 



and D are infinitely distant, and the point 0 is the mid-point 
of both the line-segments KM and LN, But the points 
if, 0, 3f, D are harmonic, as are also B 33) ; that 

is, j 8 is the harmonic conjugate of 0 relative to L and N, 
and D is the harmonic conjugate of 0 relative to K and M, 
Consequently, we may state the following theorem. 

Theorem. The harmonic conjugate of the midrpoint of any 
line-segment with respect to the end points of that segment is 

40 
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the point ai infinity on the line; and conversely , of four har^ 
monte points on a line, if one is infinitely distant, its conju- 
gate is the midrpoint of the line-segment determined by the 
other two* 

If, then, we are given a line-segment and its mid-point, 
we are able to draw a line through any given point 
parallel to the segmeni; and, conversely, if we are given a 
line-segment and a line parallel to it, we can find the mid- 
point of the segment. 

First, let ilC be a given line-segment, B its mid- point, 
and P a given point through which a parallel is to be drawn 
(Fig. 19). Projecting the points .4, B, C, from P and taking 
any section B\ C\ of the rays so drawn, the harmonic 
conjugate, D\ of the point B' 
relative to and C', which 
may be found by the quadrangle 
construction, determines a line 
through P parallel to AC, For, 
since the rays P{A', B', C', />') 
are harmonic, the section of them 
by the line is harmonic; and, since B is the mid-point of 
the segment AC, its harmonic conjugate is infinitely distant. 
Hence the line PD' intersects in its infinitely distant 
point, or is parallel to AC, 

Conversely, given a line-segment AC and a line parallel 
to it, by projecting the end points of the line-segment from 
any point of the parallel line, a similar construction will 
determine the mid-point of the segment. 

Since the center of a circle is the mid-point of any dia- 
meter, if we are granted the use of circles as in elementary 
geometry, it is always possible to draw a line-segment with a 
given mid-point. Consequently, granted the use of circles, 
we can draw through a given point a line parallel to any 
given line. For, by the use of a circle, a line-segment and 
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its mid-point may be detennined on the given line, and then 
a parallel can be drawn through the given point. 

36. Rados of the Line-Segments Determined by Har- 
monic Points. Suppose A, B, C, D axe four harmonic 
points on a straight line (Fig. 20), which are projected from 
any point P by four harmonic rays. If through B a line is 
drawn parallel to the ray PD, cutting PA at A' and PC 
at C', the point B will be the mid-point of the segment A'C, 
since its harmonic conjugate, relative to A' and C, is 
infinitely distant. 



The triangle AA'B is similar to the triangle A PD, and 
therefore 

AB _ AD 
BA' dp' 

Also, the triangle BC'C is similar to the triangle DPC, 
and therefore 

BC DC 
BC DP ' 

Combining these results and remembering that BA' 
equals BC we have the relation 
AB AD 
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or, the segment -AC is divided internally and externally in 
the same ratio at the points B and D. 

This equality of ratios may be written in the order 

BA BC 
ad’" CD' 

From this it is seen that the segment BD is likewise divided 
internally and externally in the same ratio at the points 
A and C. In other words, the points A, C, and the points 
B, D, play the same parts in the harmonic set, as was pointed 
out in § 28. 

37. Metric Formulas. (1) If we have regard to the sense 
in which a line-segment is measured, so that, for example, 
the segment AB is the negative of the segment BA, the 
above equality of ratios takes the form 

(A) 

since the segment DC (Fig. 20) is me4i8ured in the sense op- 
posite to that of the other three. It is in this form that the 
equality of ratios will ordinarily be stated. 

(2) The fractions in formula (A) being inverted, we have 
the relation, 

BC DC BA +AC _ DA+ AC 

AB AD’ AB AD 

from which we find that 

T = 1 

AB ad' 

Transposing terms and dividing by ilC, we have the 
formula 
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(3) Again, if iif is the mid-point of the segment BD, the 
formula 

AB 

RC“ DC 

may be written in the form 

AM + MB_ AM-\-MD 
BM-{-MC DM-{-MC‘ 

Simplifying and remembering that BM =■ MD, we have the 
formula 

(C) AM^CM = BUP. 

The formulas (A), (B), and (C) are of frequent use in the 
metric theory of harmonics. 

Formula (B) may be written in the form 

J 1_ J ^ 

AB AC “ AC ad' 

from which it is seen at once that the line segments AB^ AC ^ 
and AD are in harmonic progression since their reciprocals 
are in arithmetic progression. This identifies the harmonic 
relation in geometry with that of algebra. 

38. Conjugate Rays at Right Angles. In Fig. 20, if B 
were the mid-point of AC, the point D would be at infinity, 
and the ray PD would be parallel to AC. If, in addition, 
P were so chosen that APC is isosceles, PB and PD would 
be at right angles and would bisect the angles formed by 
the rays P^l and PC. 

Hence we have the following theorem. 

Theorem. If four rays throv^h a point are harmonic and 
one pair of conjugate rays are at right angles, they bisect the 
angles formed by the other pair; and conversely, if two rays ai 
right angles make equal angles with two others through their 
point of intersection, the four rays are harmonic. 
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59. Orthogonal Circles determine Harmonic Points on a 
Diameter. If A, B, C, D are harmooic points on a line 
and M is the mid-point of the segment BD, it is clear that 
A and C are on the same side of M since AM • CM — BM* 
(§ 37), and that consequently M lies outside of any circle 
through A and C. 

The tangent from M 
to any circle k through 
A and C (Fig. 21) is 
equal in length to the 
segment MB or MD 
(§ 37), and if the circle 
I on BD as diameter is 
drawn, these two circles 
k and I will intersect 
orthogonally, the tan- 
gent to one at a point of intersection being a radius of 
the other. 

Moreover, any diameter of the circle I intersecting that 
circle at B' and D' and the circle k &i A' and C is cut har- 
monicaUy. For, MB’ = MB and MA'-MC = MA MC. 
Therefore MA'-MC = MB'*. 

Hence the following theorem may be stated. 

Theorem. If four points A, D ona straight line are 

harmonic^ the circle hamng as diameter the segrmrd determined 
hy one pair of conjugate points vriU cut orthogonally any circle 
through the other pair of conjugate points; and, conversely, if 
two circles intersect orthogonally they cut a diameter of either of 
them in four harmonic points} 

40* Construction for Points Harmonically Separating 
Two Given Pairs. Formula C, § 37, lends itself rea^y to a 
solution of the problem considered in § 31. 

^ PoQcelet, FmpriiUB pr<utctivu de$ figwru, IS22. 
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Problem. Gimi two pairs of points, Ai, Bi and A*, Bs, 
on a straight line, to find a pair of points on the line which vdU 
lutrmonicaUy separate both given pairs. 

If any point P is taken, not lying on the given line 
(Fig. 22), and circles PAiBi, PAjBj, are drawn they will 
intersect a second time at some point Q, and if the lino PQ 

intersects the given 
line at M, we have 
the relation, 

MAi-MBi^MP-MQ 

= MAfMBi. 

If tangents MTi and 
MT^ arc drawn from 
M to the two circles, 
they are equal since 
= MP-MQ = 
MT^, and a circle 
with center M and radius MTi, or MTt will cut the given 
line at points C and D such that 

MC* = MAi‘MBi = MArMBi = MIP. 



Hence C and D harmonically separate both Ai, Bi and As, Bt. 

If the pairs of points Ai, Pi and As, Ps separate each other 
on the given line, the two circles through P will intersect 
a second time on the side of the given line opposite to P and 
the point M will lie inside both circles; hence no tangents 
from M can be drawn, and consequently no points C and D 
can be found, as was pointed out in § 31. 


41. ARharmonic Ratios or Cross-Ratios. If A, P, C, D 
are four points on a straight line, the line-segment deter- 
mined by any two of them, A and D, say, is divided into 
other segments by the remaining two points, P and C. 
If, now, we take the ratios of these segments, AP/PP and 
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ACfCD, and form the ratio of these ratios; that is, form the 
ratio, 

AB (AC AB CD 

BDI CD’ AC-BD’ 

this double ratio is called an anharmonic ratio or a cross- 
ratio of the four points.^ 

If the cross-ratio 

ABCD 

AC^BD 

is written in the equivalent form 

BA^DC 

BD-AC' 

it will be* seen that the two pairs of points A, D, and i?, C, 
play exactly the same parts in forming the cross-ratio; so 
that instead of taking the line segment AD, divided at 
B and C, we may choose, as well, the line-segment BC, 
divided at A and D, and proceeding in the way described, 
we should obtain the same result as before. 

42. Six Different Cross-Ratios for the same Four Points. 

For the same four points A, B, C, D, on a line, there are six 
different expressions which satisfy the definition of a cross- 
ratio of the points. For the points may he paired in three 
different ways to det<*nnine the line-segment; namely, A 
with B, A with C, and A with D, the otixer two points in 
each case being the points of division, and the ratio of the 
two ratios, as ACjCB and ADjDB, may be taken in either 
order. 

* The term “anharinoiiie ratio’* was used by Chaales (1793-1880) who 
developed the relation denotXMl by it as an instrument of great value in 
modern pure geometry. The term “ cross-rat io” is due to Professor W. K. 
Clifford of l^)ndon (1845-1879). Cross-ratio is more suggestive of the 
manner in which the double ratio is formed and is in common use as the 
equivalent of the older term. 
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The six cross-ratios of the four points, therefore, are the 
fractions 

ACDB ADBC ABCD 

ADCB’ ABDd* ACBB' 

and their reciprocals. In the first of these ratios, and B 
determine the line-segment of which C and D are points of 
division, while in the second, is the segment, and in the 
third, is the segment, the other two points in each case 
being the points of division. 

By making use of a well-known relation among four 
points. A, B, C, D, on a line, namely, 

AB CD -H AC DB + AD BC « 0,* 
and assuming 

ABCD 
AC-BD " ^ 

we can readily show that the six cross-ratios of the same 
four points have the values 



43. Cross-Ratios are Unaltered by Projection. If the 
points A, B, C, D, on a fixed line are projected from any 
point P by the rays a, b, c, d (Fig. 23) and if h is the distance 
of P from the fixed line, we have the following relation. 
Twice the area of the triangle APB equals 

h’AB = PA-PB-sia (ab), 

where sin (ab) signifies the sine of the angle made by the 
rays a and b. Similarly, 

h CD - PC-PD Bin (cd), 
h-AC - PA-PC ■am (oc), 
h-BD ^ PB PD-an(bd). 

t Thfa rdation may be proved readily by writing AS ■> AO + OB; 
CD CO -f 0D\ etc., where O ia aoy fifth point on the line. 
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Therefore the crooehratio 

AB-CD sin (a6) -Bin (cd) 

Ad-BD *" sin (oc)- sin {bd) ’ 

a quantity which depends only on the angles formed by the 
rays o, 6, c, d. An arbitrary section, A', B', C, Jy, of the 



rays a, b, c, d, will therefore have the same cross-ratios as the 
points A, B, C, D. The fraction 

sin (o6)-8in jcd) 
sin (oc) - sin (bd) ’ 

is defined as a cross-ratio of the four rays through P, and 
other cross-ratios of the four rays may be formed similarly. 
Moreover, a different point Pi projecting A, B,C, D, by the 
rays Oi, bi, cj, di, of which Ai, B,, Ci, Di, is an arbitrary 
section, will yield the following relations. 

AB-CD _ sin (aibQ-sin (cidi) _ AiBfCjDi ^ 

AC ■ BD ~ sin (oiCi) • sin (bidi) AiCi ■ BiDi 

Hence we have the following theorem. 

Theorem. The cross-ratio of four points on a line, or of 
four rays through a point, is unaltered by projection. 

The cross-ratio of four planes of an axial pencil is defined 
as the cross-ratio of the four rays in which the pencil is cut 
by an arbitrary plane. This cross-ratio is readily seen to 
be independent of the position of the plane and is like- 
wise un^tered by projection. 
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44. Cross-Ratios are XToaltcred by Permutation. ItAtB, 
C, D are four points on a line, their cross-ratio formed in 
any one of the six ways is unaltered no matter in what order 
the points are taken, provided that when any two of them 
are interchanged the other two are also interchanged. 

For example, if the cross-ratio of the given points taken 
in the order A, B, C, D, is written in the form 

ABCB 

AC’BD* 

the similar cross-ratio of the points in the order B, A, D, C, 
in which A and B are interchanged and also C and D, is 

BA DC , 

BDAC' 

but this fraction equals 

ABCD 

AC-BD' 

45. The Cross-Ratio of Four Harmonic Points. If it 
should happen that the cro-ss-ratio 

AB-CD 

AC-BD 

of four points A, B, C, D is equal to — 1, it wall be readily 
seen that the points arc a hannonic set in which .4 and D, B 
and C, are conjugate points. For, if the cross-ratio is equal 
to — 1, we shall have 

AB-CD 

AC-BD 

from which it follows that 

AB/BD = - AC/CD, 

and the line-segment AD is divided internally and externally 
at B and C in the same ratio. In tliis case, the pairs of points 
A, D and B, C, must separate each other on the line. 
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EXERCISES 

1. In a plane there are given a line-segment AC and a parallelogram. 
Without the use of circles, find the mid-point of AC and though a given 
point draw a line parallel to AC, 

2. If A, R, C, D are four harmonic points on a straight line and a 
circle of which S w any point is describeci on AC as diameter, prove that 
the arc intercepted between the rays BS and or these rays produced, 
is biaectod at A or at C. 

3. If A, B, C, D, any four points on a circle, are projected from the 
points P and Q, also on the circle, show that the cross-ratio of the rays 
P (A, B, C, D) is equal to the like cross-ratio of the rays Q (A, B, C, D). 

4. If the bisector of the angle A of a triangle ABC meets the opposite 
side at At and perpendiculars from B and C on AAi meet that line at 
Bi and Ci, respectively, show that the points ABiAjCi are harmonic. 

5. A circle is circumscribed aliout a square and the vertices of the 
square are projected from any point of the circle. Ih’ove that the four 
projecting ravs arc harmonic. 

6. A chord AC of a circle is perpendicular to a diameter BB. Show 
that the rays projecting the paints A, B, C, Z> from any point P of the 
circle are hfirmonic. 

7. Through a given point P in the plane of Iw’o given intersecting 
lines a and 6 ilruw a line intorsc'cting the given lines at A and B, respec- 
tively, so that (1) PA « PB; and (2) PA ** AB. 

8. If A , B, C, D are harmonic ijoints on a straight line, prove that 

1 1 2 
JSA IJC ” BD ' 

9. If four points on a straight line are harmonic, show that their 
cross-ratio eqmils —1, or 2, according as the cross-ratio is formed 
in one order or in another. 

10. T'wo tangents 7'P and TQ are dra\\Ti to a circle of which PR is a 
diameter. If QN is drawii perpendicular to PB, prove that the rays 
Q(T, P, A^, R) ai*e Imnnonic. 

11. Through a fixed point 0 t’wo straight lines are drawn meeting two 
fixed linos in the plane at A, B, and C, /), respectively. Show that the 
locus of the intersection of AD and BC is a straight line. 
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12. Pour points, 4, R, C, O, are given in order on a strain^t line and 
the points M and V harmonically separate both A, D, and R, C. If 
O is the mid-point of the lineniegment ikfiV and P is any point of the 
oircle on MV as diameter, show that OP is tangent to both the circles 
APR and RPC, and that the angles APB and CPZ) are equal. In 
other words, show that the circle on MV as diameter is the locus of 
points at which the segments AB and CD subtend equal angles. 

How may the points be arranged in order on the line so as to make 
the angles supplementary instead of equal? 

13. If a, 6, c, d are four rays through a point intersected by a 
straight line in the points il, R, C, D, and a line is drawn through R 
parallel to the ray c intersecting a and d in the points A' and D', 
respectively, prove that the cross-ratio AB^CD I AC*BD is equal to 
the ratio A*B / D'R. 

14. Making use of the result in Exercise 13, show how to find, by 
a geometric construction, the fourth point D of a straight line on 
which three points, j 4, R, C, are given, such that the crc«8-ratio 
AB CD I AC’BD may have a gi^'en value. 

15. If Af R, C, D are any four points in order on a straight line 
and circles are described on the segments AC and BD m diameters 
intersecting at P, show that the cross-ratio AB-CD / AC-BD equals 
sin* S, where 0 is one-half the angle between radii of the circles drawn 
from P. 

Show also that the other five cross-ratios of the four points may 
be expressed as functions of the angle S. 
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46. Correlation of Geometric Primiti7e Forms. At 
the beginning of Chapter III, rectilinear hgures were cor- 
related to each other by relating each vertex of the one 
to a particular vertex of the other and, as a consequence, 
each side of the one to a particular side of the other. Ver- 
tices and sides so related were said to be homologous. 



Likewise, two primitive forms of the same order may be 
correlated by associating each element of the one with a 
dehnite element of the other. Such a correlation may be 
established in many ways, but most simply perhaps by the 
method of projection and section. As in the case of recti- 
linear figures two associated elements in correlated forms are 
said to correspond or to be homologous. 

68 



54 PBOJECTIYE PURE GEOMETRY 

If two ranges of points, for example, are sections of the 
same pencil of (Fig. 24), each element of one range 
may be correlated to that element of the other which lies on 
the same ray of the pencil. By this means there is estab* 
lished a point-to-point relation between the two ranges; to 
every point, At, Bi, Ci, * • • of the one range there is a 
definite corresponding point, A^, Bt, C 2 , * • * of the other. 
In particular, the ideal point of the one range corresponds 
to an actual point of the other, unless by chance the two 
ranges are on parallel lines, in wliich case the ide^al point of 
the one range corresponds to the ideal point of the other. 



On the other hand, if a range of points is projected from 
two centers by two pcmcils of rays (Fig. 2f>), these p<3ncila 
may be correlated by considering those rays homologous 
which project the same point of the range. 

47. Primitive Forms of the Same Band in Perspective. 

DEFimTiON. If two primitive forms of the same kind are 
projections or sections of the same third form of a different 
kind and those elements of the two forms are correlated 
which project or which lie on the same element of the third 
form, the two forms are said to be perspective to each other, 
or to be in perspective relation. 
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In 24, the two ranges of points wi and w® are perspeo- 
tive to each other if the points Ai, Bi, Ci, • • • of % are 
correlated to the points A 2 , B 2 , Cz, * • • of tcz^ respectively, 
since when so correlated pairs of corresponding points He on 
the same ray of the pencil S. 

In Fig. 25, the two pencils of rays Si and Sz are perspec- 
tive to each other if the rays ai, bi, ci, • • • of Si are corre- 
lated to the rays Oz, ?> 3 , Ca, • • • of Szy since when so correlated 
pairs of corresponding ra^'s project the same point of the 
range u. 

Similarly, two pencils of rays arc porsi:)ective when they 
are sections of the same pencil of planes and those rays are 
correlated which lie in the same plane of the pencil, and two 
pencils of planes are fx^rspective when they project the same 
pencil of rays or the same range of points and those planes 
are correlated which project the same ray of the pencil or 
the same point of the range. 

48. The Common Element of Perspective Forms is 
Self-Corresponding. 

Theorem. If two primitive forms of the same kind are 
perspective y their coynmon eleynent, if any^ is self -corresponding. 

By self-corresponding we mean that the element con- 
sidered as belonging to one of the two forms is homol- 
ogous to itscdf when considered as Ix^longing to the other 
form. Thus, in Fig. 24, the point Pi of ui is the same as 
Pz of ih, and since Pi and P 2 lie on the same ray of the pencil 
S they are homologous elements. That is, the common 
point of Ui and th is seif-corresponding. 

Similarly, the common ray of the pencils Si and Sz 
(Fig. 25) is self-corresponding since, whether considered as a 
ray of Si or of Szy it projects the same point of u. Also, in 
two perspective pencils of planes projecting the same pencil 
of rays the common plane is self-corresponding. 
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Two perspective pencils of rays may have no common ray 
as, for example, when they are sections of the same pencil of 
planes and do not lie in the same plane. So also two per- 
spective ranges of points which lie in the same pencil of 
planes may have no common point. 

49 . Primitive Forms of Different Ronds in Perspective. 

Definition. Two primitive forms of different kinds are 
said to be perspective when one of them is a projection or a 
section of the other and the elements of the one form are 
correlated to those elements of the other on which they lie 
or which they project. 

In Fig. 24, the range of points Ui is perspective to the 
pencil of rays S if the points Ai, Bi, Ci, • ■ • of u, are cor- 
related to the rays a, b,c, • • ■ of S, and similarly the range 
of points is perspective to the pencil of rays S if the points 
of ttt are correlated to the rays of S on which they lie. In 
Fig. 25, both pencils of rays Si and S^ are perspective to the 
range of points u if the rays of the pencils are correlated to 
the points of the range through which they pass. 

50. Projectivity in Primitive Forms. Definition. If 
two primitive fonns of the first order are so correlated that 
to every set of harmonic elements in the one form there 
corresponds a set of harmonic elements in the other, the 
two forms are said to be correlated projectively, or to be 
projective^ 

It will be recalled that by a primitive form of the first 
order is meant a range of points, a pencil of rays, or a pencil 
of planes. If two such forms are related perspcctively 
(5§ 47, 49), they are evidently correlated projecti vely, since 
in perspective forms any set of harmonic elements in the 
one corresponds to a set of harmonic elements in the other. 

* This dehmtion of the projoctivs eolation between two forms is due to 
Von Staudt (Oeometrie der Loflw, NOrnborg, 18i7). 



PROJECTIVE PRIMITIVE FORMS 


67 


It follows also that if two forms are each projective to the 
same third form they are projective to each other. 

51. Sequence of Homologous Elements in Projective 
Forms. From the definition of projectively related forms 
we may deduce the following theorem which is essential to 
much that follows. 

Theorem. If two primitive forms of the first order are 
projective, a sequence of elements in the one form corresponds 
to a similar sequence of elements in the other. 



Fig. 26 

To establish this theorem we need only to consider two 
projective ranges of points Ui and ih (Fig. 26), since all other 
cases may l>e reduced to this one. In these two forms let 
the points Ai, /ij, Ci, Z>i of u\ correspond to the points At, 
Bi, Ct, £>2 of th. We shall show, first, that if Ai and Bi in 
the first range are not separated by Ci and Di, then in the 
second range At and Bt cannot be separated by Ct and A- 

If A I and i?i are not separated by Ci and Di, there is a 
pair of ixnnts Mi, Ni, which harmonically separate both of 
these pairs (§ 31), so that Ai, Mi, Bi, Ni are a harmonic set, 
as are also Mi, Ci, Ni, A- 

Since the two forms Ui and ut are projective, and by defini- 
tion a set of harmonic elements in one range corresponds 
to a set of harmonic elements in the other, the points Mt 
and Ni in ut, corresponding to Mi and Ni in Ui, are such that 
At, Mi, Bi, Ni are a harmonic set, as are also Mi, €%, Ni, Di- 
In other words, Mt, Ni harmonically separate both At, 8% 
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and Cf, Df. Therefore As and Bs are not separated by Ca 
and Ds (§ 31)« 

If, then, Pi, Qi, Pi, Ti, Yi, • • • is any sequence of 
points in % so related that no two neighboring points are 
separated by the point named just before and the point 
named just after them, the points Pz, Qz, R%, *Sa, T% F*, • • • 
coiresponding to them, respectively, in viz, must he such 
that no two neighboring points are separated by the point 
named just before and the point named just after them. 

Suppose, now, Pi, Qi, Pi, Si, • • * am consecutive points ^ 
of the range Ui, the corresponding points Pz, Qz, Pa, Sz, • • • 
must also be consecutive points of the range th. For, if 
Qa and Pa, for example, are not consecutive, there is at least 
one point Kz which with some other point La will separate 
them. If Qz is separated from Pa by Kz and La, it is not 
separated from either Kz or La by the remaining two points 
(§9). Consequently, of the points Qi, Ki, Hi, Li, of the 
range ui, Qi is not separated from either Ki or Li by the 
remaining two; therefore it is separated from Hi by the 
remaining two, in which case Qi and Pi cannot be consecu- 
tive points as was assumed. Hence a series of consecutive 
points in the one form corresponds to a scries of consecutive 
points in the other. 

Similar considerations applied to other sequences will 
yield similar results. 

52. Superposed Projective Forms. If two jKmcils of 
rays, Si and Sz, having different centers, lie in the same 
plane, any straight line u of the plane passing through 
neither of the centers will cut each pencil in a range of points. 
There will thus lie on the line u two ranges of points, 
ui and and if the two pencils of rays arc correlated in any 
manner, the ranges of points will l>e similarly correlated. 

1 Two poioti* oa a line ar© defined to b© ooniMjcutive when they are m 
dtuated that there i» no ijoint which with another will separat.© ibenh 



PHOJECTIVE PRIMITIVE FORMS 


59 


If the two pencils are related projectively as in Pig. 27, 
both pencils being perspective to the same range of points 
A, Bf C, D, • • • (§ 50), and the rays ai, 6i, a, di, • • • of 
Si being homologous, resi^ectively, to the rays ch, h, c%, dt, 
• • • of S%, then the ranges of points ui and which are 
sections of these pencils and lie on the line u, are correlated 
projectively, and the points, Ai, Bi, Ci, Di, • • • of ui cor- 



respond, respf^ctively, to the points A^, B 2 , C 2 , 2 ) 2 , •• • of 
ti 2 . Iwery point of the line u is an element of the range Ui 
and also an element of the range On the line w, then, 
there are two superposed ranges of points, projectively 
related, and each point of the line must be thought of as 
Indonging botli to the one range and to the other. 

Similarly, if two projectively related ranges of points Ui 
and U 2 lie in the same plane and are both projected from a 
point S of the plane (Fig. 28), there will he constructed with 
the same cemter S, two projectively related pencils of rays in 
which every ray through S must be thought of as Wonging 
both to the one pencil and to the other. In other words, 
with the common center S, there are two superposed pencils 
of rays lying in the same plane which are projectively related. 

53, Self-Corresponding Elements in Superposed Pro- 
jective Forms. In two superposed projective pencils of 
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rays (Fig. 28) it may happen that the same ray through S 
projects both the pcint Mi of the range Ui and its corre- 
sponding point Mt of the range %h. This ray counted as 
belonging to the one pencil would then correspond to itself 
in the other pencil, and it is therefore a self-corresponding 
ray in the two projectively related pencils. 



In the same way, it may happen that the line u (Fig. 27) 
cuts a pair of corresponding rays mi and of the projec- 
tively related pencils, Si and 52, at the same point M, in 
which case M is a self-corresponding point of the super- 
posed projective ranges. 

The center 5 of the two superposed pencils of rays pro- 
jecting the ranges Ui and W 2 (Fig. 28) may be the point of 
intersection of rays joining two pairs of homologous points^ 
Ai and A^, Bi and iSa, of the projective ranges ui and u* 
(Fig. 29), in wliich case the superposed projective pencils of 
rays will have two self-corresponding rays while other rays 
are not self-corresponding. So also, the line u of two 
superposed ranges of points may pass through the points of 
intersection of two pairs of homologous rays Ui and a^, i>i and 
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h^, of the projective pencils Si and S$ (Fig. 30), In which 
case the superposed projective ranges of points will have 
two self-corresponding points while other points are not 
self-corresponding. 

Since any two one-di- 
mensional primitive forms 
are related projectively 
to each other if either is 
projective to a section or 
a projection of the other 
(§ 50), it follows that if a 
pencil of rays is projective 
to a range of points, two 
ra}^ of the pencil may pass through the points of the range 
homologous to them while others do not; and if a pencil of 

rays is projective to 
a pencU of planes, the 
center of the former 
lying on the axis of 
the latter, two rays of 
the pencil may lie in 
the planes correspond- 
ing to them while 
others do not. 

54. In Superposed Projective Forms, Not Identical, 
There Are at Most Two Self-Corresponding Elements. 

Suppose there are given two superposed projective forms of 
the first order, two ranges of points, Ui and for example, 
in which there are three self-corresponding elements, Ai and 
Af coinciding at -Bi and Bj coinciding at B, Ci, and Ct 
coinciding at C (Fig. 31); and let us assume that in the seg- 
ment AB in which C does not lie there is a point Pi of the 
range ui which does not coincide with its corresponding 
point p 2 of th. Then if Pi moves towards A, P* will also 
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move towards A (§ 51), and the two corresponding points 
will coincide at A, though they may have coincided earlier, 
and for the first time, say, at a point M, Or, if Pi moves 
towards P, Pa will also move towards B, at which point the 
two will coincide, though they may have coincided earlier, 
and for the first time, say, at a point N. On the assumption, 
therefore, that a point Pi of the segment AB doE^s not coin- 
cide with its corresponding point Pa, a segment MN has 
been determined, coinciding with or a part of AB, in which 
no point coincides vdih its corresponding point excepting 
only the end-points. 

A j M i * ^ K N Cl tt, 

Aa P, Bt C, 

i'lG. 31 

If, now, K is the harmonic conjugate of C relative to M 
and iV, it falls in the segment MN which dws not contain 
C, that is, in the segment MN in which there is no self- 
corresponding point. 

But the two ranges of points ui and 2^2 are projective and a 
harmonic set of points MyKiNiCi in ui must corresr)ond to a 
harmonic set M^K^N^Cz in th; and since in these two sets 
three pairs of homologous elements Mi and Ni and Nz^ 
Cl and Cs coincide, the fourth pair Ki and Kz must also 
coincide, and there is at least one point of the segment MN 
which is self-corresponding, a conclusion contrary to that 
which follows from the assumption that P, and Pa do not 
coincide. 

There is therefore no point in the segment A B which is 
not self-corresponding and the same is true of an}'^ other 
segment of the line. That is to say, all pairs of homologous 
points in the superposed ranges coincide. 

It follows by projection, or it may be proved similarly, 
that if two projective pencils of mys or pencils of planes are 
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superposed and three pairs of homologous elements in the 
two pencils cx>incide, then all pairs of homologous elements 
coincide. Hence we may state the following theorem. 

Theobem. In two superposed projective forms of the first 
order, if three elements of the one form coincide with the homo- 
logous elements of the other, then all pairs of homologous de- 
ments in the two forms coincide. 

Two pencils of rays are related projectively if to each ray 
of one pencil is correlated the ray of the other parallel to it or 
at right angles to it, and consequently it follows from the 
theorem just stated that in two projectively related pencils 
of rays l 3 ang in the same plane, if three rays of one pencil are 
parallel to, or are at right angles to, the homologous rays in 
the other, then all pairs of homologous rays in the two pencils 
are parallel, or are at right angles. 

55. Projective Forms in Perspective. From the theorem 
of § 54 the following two reciprocal theorems may be 
deduced. 

Theobem. If two projec- 
lively related pencils of rays 
lying in the same plane are so 
situeUed that three points of in- 
tersection of pairs of homologous 
rays He on one straight linej then 
all points of intersection of pairs 
of homologous rays mil lie on 
that straight line and the com- 
mon ray of the two pencils is 
self -corresponding. 

For, on this line there will lie 
two projectively related ranges 
of points, sections of the two 
pencils of rays, having three 
self^corresponding elements. 


Theobem. If two projec- 
tively related ranges of points 
lying in the same plane are so 
situated that three of the lines 
joining pairs of homologous 
poirUs pass through one paint, 
then all lines joining pairs of 
homologous points will pass 
through that point and the com- 
mon point of the two ranges is 
self -corresponding. 

For, with this point as center 
there will lie two projectively 
related pencils of rays, projec- 
tions of the two ranges of 
points, having three eelf-cor* 
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Hence all elements are sclf-coiv 
responding and a pair of cor- 
sponding rays will intersect at 
each point of the line. 


The two pencils of rays are 
therefore projections of the 
same range of points and are 
perspective to the range of 
points and to each other. 
Hence the common ray of the 
two pencils is self-correspond- 
ing (§48). 

Conversely: 

Theorem. If two projec- 
Hvdy relaUd pencils of rays ly^ 
ing in the same plane and not 
concentric are so situated that 
their common ray is self -corre- 
sponding, the two pencils are 
perspective and all pairs of 
homologous rays intersect in 
poitds of one straight line* 

For, the line joining the 
points of intersection of any 
two pairs of homologous rays 
will cut the two projective pen- 
cils in superposed projective 
ranges of points having three 
self-corresponding points; 
namely, the two points deter- 
mining the line and the point 
in which the line cuts the com- 
mon ray of the two pencils. 
Hence, all points in these two 


responding elements. Hence 
all elements are self-corre- 
sponding and each ray of the 
superposed pencils will join a 
pair of homologous points of 
the ranges. 

The two ranges of points are 
therefore sections of the same 
pencil of rays and are per- 
spective to the pencil of rays 
and to each other. Hence 
the common point of the two 
ranges is self-corresponding 
(§48). 

Conversely: 

Theorem. // tuv projcc- 
lively related ranges of p(n nts ly-- 
ing in ike same plane and not 
coincident are so situated that 
their common point is $df-cort'c- 
sponding, the two ranges are 
perspective and all lines joining 
pairs of homologous points pass 
through one point 

For, the two projeciively 
related ranges of points are 
projected from the point of 
intersection of the rays joining 
any two pairs of homologous 
points by two superposed pro- 
jective pendls of rays having 
three scif-correeponding rays; 
namely, the two rays determin- 
ing the point of projection and 
the ray joining this point to 
the common point of the two 
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ranges are aelf-^iorresponding ranges. Hencei all rays of the 
and all pairs of homologous two pencils are self-correspond* 
rays in the two pencils inters ing and join pairs of homol- 
sect on this straight line. ogous points in the two ranges. 

By projecting the plane figures of these two converse 
theorems from a point outside the plane, we obtain the 
following theorems. 


Theorem. If two project 
lively related pencils of planes 
whose axes intersect are so situ- 
ated that their common plane is 
self-correspondingy the lines of 
mter section of pairs of homol- 
ogous planes all He in one plane 
and pass through one poinif 
forming a pencil of rays whose 
center is the common point of the 
axes of the two pencils of planes. 


Theorem. If two projec- 
lively related pencils of rays 
which are concentric hvt not in 
the same plane, are so situated 
that their common ray is self- 
corresponding, the planes deter- 
mined by pairs of homologous 
rays all intersect in one line, 
forming a pencil of planes 
whose axis passes through the 
common center of the two pen- 
cils of rays. 


It will be noted that these last two theorems nmy also 
be derived from tlie preceding converse theorems by recipro- 
cation but in reverse order; that is, the space theorem on 
the left is the dual of the plane theorem on the right and 

vice versa, 

56. To Correlate Two Given Ranges of Points Projec- 
tively. Suppose there are given in a plane two ranges of 
points, til and th, not l}ing on the same straight line, and it is 
required to so correlate them, point to point, that they will 
be projectively related; that is, to correlate them so that 
nny set of harmonic elements in the one will correspond to a 
set of harmonic elements in the other. 

Since three points of a harmonic set determine the fourth 
point when it is known to which of the three the fourth is to 
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be conjugate, it is clear that not more than three points in 
one of the given ranges and their oorrespondit^ points in the 
other may be selected at random. 

In the given range «i, let the points Ai, Bi, Ci correspond, 
respectively, to the points At, jB*, Cj of the range t«* (Fig. 32), 
these points being chosen at random. On the line AjAt 
through a pair of corresponding points, select two points 
Si and St and from them project the ranges ui and ut, 
respectively. 

Since the ranges ui and ih are to be so correlated projec- 
tively that the points .4,, Bi, Ci, will correspond to the 

points At, Bt, Ct, re- 
— \ B. . spectively, the pencils 

V ^ of rays and St will 

^ he so correlated projec- 

tively that the rays 
^ Mt SiC/ii, Bi, Cl) are hom- 

^ ologous to the rays 

X ^ ^ Bt, Ct ) . In these 

Fiq. 32 projective pencils 

the common ray SiS% is 
self-corresponding. The pencils are therefore perspectively 
related (§ 55) and all pairs of corresponding rays in them 
will intersect in points of a straight line. 

The intersections, B and C, of the homologous rays S%Bi 
and SiCi and > 82 ( 2 , determine a line t(, and on this line 
all pairs of homologous rays of the pencils Si and iSa must 
intersect. Hence to any point Di of Ui the comjsponding 
point Dt of th niay be determined by drawing SiDi inters 
secting the line u at D, and drawing S^D intersecting % in 
the required point Dt, 

To every point of ui there is thus determined a corre- 
sponding point in th and the two ranges are so correlated 
that to any set of harmonic points Px, Qi, Rif 8%, of ui there 
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will ooireapond a set of harmonic pointB P^, Qs, Ps, 8^, in 
The two ranges Ui and are therefore correlated projec- 
tively, the points ili, Bi, Ci, and their homologous points 
Btf Cty having been chosen arbitrarily. 

The question arises whether a different choice of centers 
Si and St on the line AiAtf or if the use of the line BiBt or 
CiCt instead of AiAt^ would have yielded a different point 
Dt, say D'j, homologous to Du and so would have established 
a different correlation between the ranges ui and 

In either case, the range of points AtBtCtD't * • • on the 
line Ui would be projective to the range AiBiC%Di • * • on 
the line Uu which by the construction of Fig. 32 is projec- 
tive to the range AiBtCiDt * • Consequently, the range 
AiBtC^D\ • • • would be projective to the superposed range 
AiBtCiDi • • • and these ranges have three self-corresponding 
points. Therefore, D and !>' must coincide and the correla- 
tion established by the construction is unique. 

Theorem. A projective relation is established uniquely 
Ixftween two ranges of points when three paints in one range and 
their homologous points in the other have been selected. 

If the two ranges of points do not lie in the same plane, 
eitluT of them may be projected from any center on a plane 
passing through the other, and the problem to establish a 
projectivity between them reduces to that already solved. 
If the two ranges lie on the same line, one of them may be 
projected from a chosen center on a different lino and the 
problem again is reduced to the one here solved, 

57. To Correlate Two Given Pencils of Rays Projectively, 
Suppose there are given in a plane two pencils of rays Si 
and St which are not concentric and it is required to so cor- 
relate them that they will l>e project! vely related; that is, so 
that any set of harmonic rays in the one pencil will corre- 
spond to a set of harmonic rays in the other. This is clearly 
the reciprocal problem to that solved in § 56. 
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Aa in the eolation of that problem, three rays at, bj, ci, 
<rf the given pencil 5i may be correlated, respectively, to 
three rays a*, ct, of the pencil St, these pairs of homologous 
rays being chosen arbitrarily. 

Let one pair of homologous rays, at and oj, intersect at A 
(Fig. 33), and through A draw two lines Ui and w*, the first 
of which cuts the rays Oj, hi, ci, at the points Aj, Bi, Ci, and 
the second cuts the rays <h, b», c», at the points At, Bt, Cs, 
respectively. 

Since the given pencils of rays /Si and Sa are to be so cor- 
related projectively that the rays Ci, h, Ci, are homologous 

to the rays 03 , i*, Ca, re- 
spectively, the two 
ranges of points th and 
«s will be projective, At, 
A*; Bi, Ba] Cl, Ca, being 
pairs of homologous 
points. But the com- 
mon point of these two 
ranges i s self-corre- 
sponding. Hence the 
lines joining pairs of 
homologous points will 
pass tlirough one iroint 
(§55). If then BA 
and CiC* intersect at 
S, the line joining any other pair of homologous points 
in «i and tt* will pass through S. Let di be an}' other ray 
of the pencil Si cutting Wi at Di. If the line DiS is drawn 
cutting %ia in JD», the ray SaDi, or da, will be homologous to di. 

By this means the pencils of rays Si and S 3 are so corre- 
lated that to any set of harmonic rays pi, qi, n, si, in Si, there 
will correspond a set of harmonic rays pa, qt, r*, «s, in S3, 
and the two pencils are therefore correlated projectively. 
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$8. Projective Forms^ the First and Last of a Series in 
Perspective* In the solution of the two preceding reciprocal 
problems (§§ 66, 67) a third form has been found in each 
case which is perspective to both of the given forms, and the 
two projectivcly related forms are made to appear as the 
first and last of a series of forms in perspective. Moreover, 
any two primitive forms of the first order may be correlated 
projectivcly by establishing a projective relation between 
projections or sections of these forms* Hence we have the 
following theorem. 

Theorem. Any two one-dimensional primitive forms 
which are projectively related may be made to appear as the 
first and last of a series of forms in perspective and^ conversely ^ 
if two one-dimensional primitive forms are the first and last of 
a seines of farms in perspective^ they are projectively reUUed. 

This property justifies the use of the form “projective” 
in the definition of § 60 and has itself frequently been taken 
as the definition of projectively related forms.* 

59. Metric Properties of Projective Forms* It was shown 

at the close of Chapter IV (§ 43) that the cross-ratio of four 
points on a line or of four lines through a point is unaltered 
by projection. 

In two projectively related primitive forms of the first 
order, since we may pass from any four elements of the one 
to the corresponding elements of the other by a series of 
projections (§ 58), we may state the following theorem. 

Theorem. The cross-ratio of any four elements in one of 
two projectively related primitive forms of the first order is 
equal to the similar cross-ratio of the corresponding dements in 
the other. 

On the other Iiand, if we have given two primitive forms 

^ Ponoelet (1788-^1867) used tliis property as the definition of pro- 
jectivity. It was adopted also by Cremona (1830-1903); see his 
rrojedive Geometry^ Oxford, 1885, { 40. 
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of the first order — ^two ranges of points, Ui and th, in the 
same plane, for example — ^so correlated that the oro8»>ratio 
oi four points Pi, 0%, Ru Si, chosen at random in Ui, is equal 
to the similar cross-ratio of the cotresponding ptrfnts Ps,Qi, 
Rt, St, erf ti», these two forms are projectively related. 
Suppose it is given that in the two ranges of points, 

PiQrRnSi PtOt-RtSt 
PxRrQA " PtRt-^tSt ■ 

Then, if the points Pi, Qi, Ri, St, are projected from P*, and 
Pi, Qi, Rs, St are projected from Pi (P'ig, 34), the rays PiQt 
and PjQi intersecting at K, and the rays PiRt and P*Pi 



intersecting at L, the rays PiSi and P*5i must intersect in a 
point of the line KL. 

For, if otherwise, suppose PiSt cuts KL at M while P%Sx 
cuts it at M\ Then, if KL cuts PiPj at H, we have, by § 43, 

PxQi-RiSi HK-LM' 

PiRi ’QiSi “ HL KM'* 

and also 

PtOt-RtSt HK-LM 
PtRi-QiSt “ HL-KM ' 

But it was assumed that the left-hand members of these 
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two equations are equal Therefore 

HK^LUr _ HK^LM 
HL-KM' * HL- Rm' 
or 

LM' 

M'K “ MK' 

in which case M and Af' must coincide. 

That is to say, if the cross-ratio of four points of Ui, 
chosen at random, equals the similar cross-ratio of the 
corresponding points of we may pass from the points of 
one range to the corresponding points of the other by a series 
of perspective forms and the two ranges are therefore pro- 
jectively related. 

More generally, we may state the following theorem. 

Theorem. If two one-dimefisional primitive forme are so 
correlated that the cross-ratio of four elements of the one, chosen 
at random, equals the similar cross-ratio of the corresponding 
elements of the other, the two forms are related projectively. 

This property also has been taken as a definition of pro- 
jectivity,^ 

60. Forms Projective after Permutation. In § 44 it was 
shown that the cross-ratio of four points on a line is equal 
to the similar cross-ratio of the same four points taken in 
any order, provided that when tw^o points are interchanged, 
the other two are also interchanged. From this we have 
the following theorem. 

Theorem. F'our elements of a one^imensioned primitwe 
form are projective to any permutation of those elements in 
which two of them, and also the other two, are interchanged. 

For example, the points P, Q, R, S, of a straight line are 
projective to the same points in the order Q, P, S, R, or 
in the order R, S, P, Q, 

i Steiner (1790-1863), Systemaiuche Erdivickelung, 1832. Aiao 
Chaaies (1793-1880), Giomitne Suptrieure, 1880. 
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BXEItaSES 


1. In two projeotiwly related pencib of rays lying in ike same plane 
and not concentric, there are at most two pairs of homologous rays 
parallel, unless all pairs are paralleL 

2. In two correlated pencils of rays l>’ing in the same plane, if pairs 
of homologous rays make a constant angle ^'vnth each other, or if they 
make equal angles with a fixed line, the two pencils are projecti\'ely 
related. 

3. In sohing the problem, to relate two given ranges of points 
projectirely (5 56), what w’ould be the result if the line u should pass 
through the common point of ui and wa? Wliat is the corresponding 
relation in the solution of tlie reciprocal problem (§ 57)? 

4 . Given two pencils of rays with finite centers, perspecti'v^ely related, 
find two rays at right angles in one of them which corre«i.x>nd, respect- 
ively, to two rays at right angles in the other. Hence, show that in two 
projectively related pencils of rays with fuiite centers, there is always 
a pair of orthogonal rays in one, which correspond, respectively, to a 
pair of orthogonal rays in the other. 

5. Given four points, B, C, D, on a straight line, show by relocated 
projections that ABCD is proje<’tive to BA DC, and also to the same four 
points in any order in w'hich tw^o of them and the otiier two are inter- 
changed; that is, pro\^e the theorem of § 60 by means of a diagram. 

SrcGESTiON. Project .4, C, />, from any point S into the collincar 
points A, E, F, Q and project these from D into B, JSf, K, iS; and these 
again from F into B, .4, D, C. Similarly for other permutations. 

6. Givxm twT) fix<^ straight lines, U\ and ua, intersecting in 0, and 
two fixed points, Sj and St, coHinear with 0. A straight line rotates 
about a fixed point V and interaecta vi and ih at Aj and respectively. 
Show* that the locus of the point of intersection of and is a 
straight iine. (Ghasles, (timrUtrie Sup^mre, 1880, § 342; also Pappus, 
McUhemaiims Collect imm VII.) 

SuGCiEfiTioN. The ranges of points deecrilKJd by Ai and A% are 
perspective and the common ray of the pencils Si and St is self-cor- 
reaponding. 

7. State and prove the theorem reciprocal to tliat of Exercise 6. 

8. Given three coHinear points, P, Si, 8%, and two fixed straight lines, 
Mi and Uj, intersecting at 0. Through P, there is drawn a straight lino 
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p interaecting Ui and at Ai and A*, re«pectively» If the etraight line# 
BiA\ and inteniect at M, show that aa p rotates about P, the locu« 
of Af ie a straight line paiwing through 0. (Chaeies, GiomHrie 8up6rie^ 
tir«, $343.) 

This exercise may be stated in the following form in which it is the 
equivalent of Desargues* theorem on perspective triangles (5 30). 

Theoubm. If the three sides of a variable triangle MAiAt rotate 
alxmt three fixed colUnear points, P, Si, Si, while two vertices, Ai and 
At, move along fixed straight lines intersecting at 0, the third vertex 
will also move along a straight line passing through 0. 

9. State and prove the theorem reciprocal to that of Exercise 8. 

10. If the four vertices, A, B, C, D, of a variable complete quatirangle 
move, respectively, on tour fixed straight line^ passing through one point 
0, while tlirec of the aides, AB, BC, CD, rotate alwut three fixed points, 
the remaining three sid<ie will also rotate about fixed points, and these 
six fixed points form the vertices of a complete quadrilateral; that is, 
they lie by threes on four fixed straight lines. (Cremona, Projective 
Geometry, Oxford, 18S5, § 111.) 

11. Given iliree rays, o, h, e, through a point, making fixed angles 
with each other, and three fixed points, A, B, C, on a straight line. 
Place the two form.s in such a position tlmt the ray a will pass through 
A, b Hill pass through B, and c through C, Hence, place a i>enci] of ra)^ 
and a range of points projective to it, in perspective position. 

iStJOGESTioN, Use Euclid, Book 111, Prop. 33. 

12. If a pencil of planes n is perspoctiv’e to a pencil of rays S, the axis 
of the pencil of planes is noram.1 to one of the two ra\'^ at right angles in 
S which correspond to two planes at right angles in u. 

Hence, efich of the following problems admits of two solutions: 
Given a pencil of rays S and a pencil of planes u prc»je<'tive to it; (1) to 
pass a plane through a given point which shall interse(t u in a pencil of 
rays congruent to S; and (2) to find an axis from which S is projected by 
a pencil of planes congruent to u, 

13. Place a j>encil of rays and a pencil of planes u in such reiatiw 
positions tlmt three given ra^TS a, 6, c, of 6" shall lie in three given planes 
a, 0, 7 , of u. 

14* Construct a plane cutting the faces a, 0, y, of a triangular prism 
in a triangle equiangular with a given triangle. 
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CURVES AND PENCILS OF RAYS OF THE 
SECOND ORDER 


61. Forms of the Second Order in a Plane. If two pro- 

jectively related pencils of rays lie in the same plane and 
are neither concentric nor perspective, at most two pairs of 
homologous rays intersect in points of any straight line 
(§ 54). If three pairs should intersect in points of a straight 
line, the two pencils would be perspective, and all pairs of 
homologous rays would intersect on that line. The pencils 
would likewise be perspective if their common ray were 
self-corresponding. 

Similarly, if two projectively related ranges of points lie 
in one plane and are neither collinear nor perspective, at 
most two rays joining pairs of homologous points can pass 
through one point (§ 64). 

Moreover, a sequence of elements in one of two projec- 
tively related forms corresponds to a similar sequence of ele- 
ments in the other (§ 51). Hence we have the following 
reciprocal theorems. 


Thbobbh. If two projec- 
lively rdaJted pencils of rays lie 
in one plane and are neitlier con- 
cerdric nor perspective^ the 
points of intersection of pairs of 
homdogous rays form a sequence 
of points of which more than 
two lie on any straight line. 

The form so generated i» 
called a perint^curve or a range 
of points of the second order. 


Theorkm. If two projec- 
tively related ranges of points lie 
in one plane afid are neither col- 
linear twr perspedivef the, rays 
jmning pairs of homologous 
points form a sequence of rays of 
which not more than two pass 
through any point. 

The form so generated is 
called a line^curue or a pencil 
of rays of the second order. 
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If the generating pencils of 
rays are perspective, that is, if 
their common ray is seif-cor- 
responding, the resulting point- 
curve or range of points is of 
the first order, and all points of 
it lie on one straight line (§55). 


If the generating ranges of 
points are perspective, that is, 
if their common point is self- 
corresponding, the resulting 
line-curve or pencil of rays is of 
the first order, and all rays of 
the pencil pass through one 
point {§ 55). 


It is by reason of the property that two points of the curve 
generated by two projective pencils of rays, and not more 
than two, may lie on one straight line^ and that two rays 
of the pencil generated by two projective ranges of points, 
and not more than two, may pass through one p)oint, that the 
generated forms are said to be of the second order. Of the 
points of a curve of the first order, not more than one may 
lie on any straight line, and of the rays of a pencil of the 
first order, not more* than one may pass through any pK)int, 
except that in the first case all points lie on a particular 
straight line and in the second case all rays pass through 
a particular point. 


Definition. A point-curve 
of the second order is a se- 
quence or range of fKjints of 
which two and not more than 
two may lie on one straight 
line. Such a curve is generat- 
ed by two proj<.H:tive f>eacils of 
rays which lie in one plane and 
are neither perspective nor 
concentric. 


Definition. A line-curve 
or pencil of rays of the second 
order * is a sequence or system 
of rays of which two and not 
more than two may pass 
through one point. Such a 
pencil of rays is generated by 
two projective ranges of points 
which lie in one plane and are 
neither persfioctive nor col- 
iincar. 


‘ WhenovOT the Utrm ' pencil of ray»* h u»txl, it will be understood to 
refer to the? primitive form of the first order designated by that name unless 
it Is otherwise stiited. Also the term ''curve*' will relw to the point-curve 
unleae line-curve is specified. 
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Ab a matter of interest it may be stated here, leaving the 
demonstration tUl later, that the point-curve of the second 
order is identical with the conic section of ancient geometry 
and the line-curve or pencil of rays of the second order is 
identical with the system of tangents to a conic. 

62* Forms of the Second Order in Space. In three- 
dimensional geometry, we have the following theorems cor- 
responding to those of § 61. 


Theohem. Two comentric 
pencih of rays whicp, are pro- 
jectimly related and do nol lie in 
the same plane generate, in gen- 
eraij a pencil of planes of (he 
second order. The planes of 
this pencil all pass through the 
com mon center of the generating 
pencils bid not more than two of 
them intersect in any line. 

The common center of the 
generating pencils of rays is the 
vertex of the pencil of planes. 

A section of this form not 
passing through the common 
center consists of two projec- 
tively related ranges of jxunts 
and the lines joining homolo- 
gous pairs. It is, therefore, a 
pencil of rays of the second 
order. 

If the two generating pencils 
of rays are fjcrspective, that is, 
if their common ray is self-cor- 
responding, the planes deter- 
mined by pairs of homologous 


Theorem. Two pcncih of 
planes whose axes intersect and 
which are projectively related 
generate, in general, a cone of 
the second order. The rays of 
this cone all pass through the 
common point of the axes of Ike 
generating pencih bid not more 
than two of them lie in any 
plane. 

The common point of the 
axes of the generating pencils 
of planes is the vertex of the 
cone. 

A section of this form not 
passing through the common 
point of the axes consists of 
two projectively related pen- 
cils c)f rays aiid the points 
of intersection of homologous 
pairs. It is, therefore, a curve 
of the second order. 

If the two generating pencils 
of planes are persj)ective, that 
is, if their common plane is 
self-corresponding, the rays 
determined by pairs of homol- 
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mys all intetseot in one line ogous planes all lie in one 
and the form generated is a plane and the form generated 
pencil of planes of the first is a pencil of rays of the first 
order* order. 


The forms of the second order defined in the preceding 
reciprocal theorems, namely, tho pencil of planes of the 
second order and the cone of the second order, may be 
derived from the corresponding forms in the plane by pro- 
jecting the latter from any center outside their plane. Thus, 


A point-curve of the second 
order and its generating pencils 
of rays is projected from any 
point not lying in its plane, by 
a cone of the second order and 
its generating pencils of planes. 

Reciprocally, 

Any section of a cone of the 
second order by a plane not 
passing through its vertex is a 
point-curve of the second 
order. 


A iine-(mrveof the second or- 
der with its generating ranges 
of points is projected from any 
point not lying in its plane, by 
a pencil of planes of the second 
order and its generating pen- 
cils of rays. 

Reciprocally, 

Any section of a pencil of 
planes of the second order by a 
plane not passing through its 
vertex is a line-curve of the 
second order. 


When the vertex of a cone of the second order is infinitely 
distant, its rays are parallel and the form is called a cylinder 
of the second order. 

63. The Centers of Generating Pencils and the Bases of 
Generating Ranges of Points Are Elements of the Forms 
Generated, If Si and S^ are two pencils of rays of the first 
order lying in the same plane, projective but not perspective, 
the ray SiSt of Si (Fig. 35) intersects its corresponding ray 
of St at the point 8%. Hence 8% is a point of the curve of the 
second order generated by Si and Ss. Similarly, Si is a 
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point of thm curve muee the ray S%Si of St intersects its 
corresponding ray of Si at the point Su 
Also, if uj and are two ranges of points of the first order 
lying in the same plane, projective but not perspective, 
(Fig. 36), the point of ui common to Wi and corresponds 
to some point of Ut, so that the ray ut itself passes through a 



pair of homologous points in the two given ranges and is a 
ray of the line-KJurve. Similarly, the ray tti is a ray of the 
line-curve since it also joins a pair of homologous points in 
the given ranges, Hence^ we have the following theorems. 


Thisorbm. The curve of the 
second order generated by tufo 
projecttpe pencils of rays passes 
through the centers of these 
pencils; that ts, the centers of the 
generating pencils are points of 
the curve. 


Toborem, The penal of 
rays of the second order gener^ 
ated by two projeclwe ranges of 
points contains the rays on 
which those ranges lie; that is^ 
the bases of the generating ranges 
are rays of the pencil. 


From these reciprocal theorems, by projection or by 
duality, the following theorems are derived. 


Theorem. The^ axes of two Theorem. The planes of 
projective pencils of planes two projective pencils of rays 
mkiek generate a cone of the which generate a pencil of planes 
second order are rays of the cone, of the second order are planes of 

the pencil. 
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64. Tangents and Points of Contact A ray of the gener- 
ating pencil Si (Fig. 37) cuts the curve of the second order, 
in general, in two points; namely, at 8i and at the point in 
which it intersects the homologous ray of <8*. There is, 
however, one ray of .Si which meets the curve only at Si; 
namely, that ray of Si which is 
homologous to the ray SiSi of 
the generating pencil St. For 
this ray, it may be said that 
the two points of intersection 
with the curve coincide, and 
this particular ray is called the 
tangent to the curve at Si. In 
the same way there is a tan- 
gent to the curve at St] namely, 
the ray of St homologous to the 
ray SiSt of .Si. 

Similarly, through any point Kx of the range «i (Fig. 38), 
there will pass in general two rays of the pencil of the second 
order; namely, the ray Ui and the ray joining A'l to the ho- 


Fia. 38 

mologous point of i/j. There is, however, one point of Vi 
through which only one ray of the pencil will pass; namely, 
the point Qi which corre-sponds to the point Qt of u*, com- 
mon to «i and xh. In other word.s, the two rays of the 
pencil of the second order passing through the point Qi 
coincide. This particular point is called the point of contact 
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m til* In the same way, thejre is a point of contact in 
namely, the point of homologous to the point Pi common 
to Ht and Ui. 

Prom similar considerations, it may be seen that the cone 
of the second order which is generated by two projective 
pencils of planes whose axes intersect, has a tangent plane 
through the axis of each of the generating pencils; or, this 
same conclusion is reached if a curve of the second order is 
projected from any point outside its plane. Likewise, in a 
pencil of planes of the second order, there is a ray of contact 
in each of the planes in which the generating pencils lie. 

65. Forms of the Second Order Are Determined by Five 
Elements* Since three pairs of homologous elements in two 
oncMlimensional primitive forms determine a projective 
correspondence between them (§§ 56, 57), the following 
reciprocal statements may be made. 


The centers of two generat- 
ing pencils of rays, Si and Si, 
and three additional points A, 
B, C, determine, in general, a 
curve of the second order pas- 
sing through the five points. 

For the given centers may be 
joined to each of the three 
points, and the lines so drawn 
to the same point may be des- 
ignated as homologous rays in 
the two pencils. To any ray 
in the one pencil, there may 
then be determined the homol- 
ogous ray in the other, and 
the point of intersection of 
these rays is a point of the 
curve. 


The bases of two generating 
ranges of points, ui and th, 
and three additional rays, a, 
5, c, determine, in general, a 
pencil of rays of the second 
order of which the five rays are 
elements. 

For the intersections of each 
of the throe rays with the two 
given bases may be designated 
as homologous points in the 
two generating ranges. To 
any point in the one range may 
then be determined the homol- 
ogous point in the other, and 
the ray joining these points 
is a ray of the pencil. 
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Since the projective relation 
thuB established between the 
two pencils of rays Si and St is 
unique (§57), there is but one 
curve of the second order pass- 
ing through Si, S2, and the 
three other given points. 

It is assumed that the three 
points A, jB, C, do not lie on 
one line, otherwise the form 
determined by the five points 
would consist of the range of 
[joints on the line A, S, C, and 
the line S1S3, every [xjint of 
which is common to two homol- 
ogous rays of the generating 
pencils; neither do two of the 
points A, B, C, lie on a line 
with Si or St. 


Since the projective relation 
thus established between the 
two ranges of points Ux and va is 
unique (§56), there is but one 
pencil of ra3''s of the second 
order containing Ui, and the 
three other given rays. 

It is assumed that the three 
rays a, 5, c, do not pass through 
one point, otherwise the form 
determined by the five rays 
would consist of the pencil of 
rays of the first order whose 
center is the point of inter- 
section of a, 6, c, and the pencil 
whose center is the intersection 
of Ui and thy every ray of which 
passes through a pair of homol- 
ogous points of the generating 
ranges; neither can two of the 
rays a, 6, c, intersect Ui or ih 
at the same point. 


In the curv^e of the second order generated by two pro- 
jective pimcils of raj^s Si and S 2 , the tangent at Si corre- 
sponds to the ray S 2 S 1 of St (§ 64), and the tangent at St 
corresponds to the ray StSt of 5i. Hence the projectivity 
of the two generating pencils of rays Si and St will be deter- 
mined, and consequently the curve itself will be determined, 
if there are given, besides the two centers, two points of the 
curve and the tangent at Si, or at S^; or one point of the 
curve and the tangents at both Si and For, in either 
case, there are given three rays through one center and their 
homologous rays through the other. 

Similarly, a pencil of rays of the second order is deter- 
mined when there are given, besides the two bases Ui and mj, 
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two other rays and the point of contact in Ui or %, or one 
other ray and the points of contact in both Ui and ti*, 

66. The Centers of the Generating Pencils of Rays and 
the Bases of the Generating Ranges of Points Are Kot 
Different from Other Elements of the Forms Generated. 

Thus far the centers of the pencils of rays generating a 
curve of the second order may well be considered special 
points of the curve since they play a distinctive part in the 
construction; and the same is true of the bases of the gener- 
ating ranges of points in relation to the pencil of rays of the 
second order. 

It remains to show that any other points of the curve 
might as well be chosen for centers of the generating pencils, 
and that any other rays of the pencil of the second order 
might as well l>e chcxsen for bases of the generating ranges 
of points. With this it will be shown that these elements in 
the two forms are not different from other elements. 

In Fig, 39, in which Sj and arc the centers of the pen- 
cils of rays generating a point-curve of the second order 
(§ 57), A, B, C, and P are any points whats(x?ver of the 
curve and the lines to and an^ drawn at random through 
the point A. If SiS is drawn cutting ui at Li and m at Ls, 
the intersection is a point of the curve. For the ray *S\Li 
of the pencil Si intersects its homologous ray S 2 L 2 of St at L^, 
Similarly, if S^S inU^rsects Ui at Mi^ then Mi m a |X)int of the 
curve. Moreover, since ut and ut are drawn through the 
point A at random, Mi and Lt are any points whatsoever 
of the curve determined by Si, S 2 , A, B, and C. 

Suppose, now, the points Si, S^, P, L% and Mi of the curve 
remain fixed, so that the curve itself remains fixed (§ 65) 
while the point A moves along the curve. The center S 
will remain fixed since it is the intersection of the fixed lines 
8iL% and S^Mi, The rays MxA and L%A will rotate about 
Ml and £«, respectively, and the ray DxDt will describe a 
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pencil of rays about 8 of which the linea and 8tP are 
eections. The ranges of points marked out on these lines 
by A and A are consequently perspective. 

The pencils of rays described by MtA and InA are per- 
spective to the ranges SiP and StP and are therefore pro- 
jective to each other. That is to say, while the point A 
describes the curve generated by the projective pencils of 
rays whose centers are Si and S^, it is also the point of 



intersection of homologous rays in the projective pencils 
whose centers are Mi and A, these being any other points 
whatsoever of the curve. Hence it follows that the curve (rf 
the second order generated by two projective pencils of rays 
Si and <Si is generated likewise by two projective pencils of 
rays whose centers are any other points of the curve, and 
consequently, the centers A and A are not different from 
other points of the curve. This property may be stated in 
the following theorem. 

Theobem. a curve of the second order is projected from 
any two of its points by projectiody related pencils of rays. 
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Similarljr, in Rg. 40 illustrating the process of finding 
additional rays <rf the pencil of the second order of which the 
rays «i, BiBt, CiCt are given, the ray A-D» is any 

ray whatsoever of the pencil (§ 56). If the line of perspec- 
tivity « intersects wj at Ri and at Qj, the rays and 
S%Ri, or QiQs and RiRi, are likewise any rays whatsoever of 
the pencil since Si and St are chosen at random on AiAt. 



Fxa. 40 


Suppose, now', the figure remains fixed except that the 
ray AiAt takes up successive positions in the pencil of the 
second order; that is, A joins successively pairs of homol- 
ogous points in the projective ranges Ui and u*. The rays 
QiQt and RiRt remain fixed and on them the moving ray 
AxAt will mark out ranges of points which are projected 
from the fixed points Di and Dt, by perspective pencils of 
rays, homologous raj'S in these pencils intersecting on the 
fixed line u. These ranges of points on QiQt and RiRt are 
therefore projective, and the ray not only joins pairs 
of homologous points in the projective ranges tii and «», but 
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it also joinB pairs of homologous points in the projective 
ranges QiQ$ and BiR%, these being any two rays whatsoever 
of the pencil. In the pendl of rays of the second order, 
therefore, Ui and are not different from other rays. From 
this the following theorem may be stalled. 

Tueobem. Any two rayB of a pencil of the second order are 
cut by the other rays of the pencil in projective ranges of points. 

67. Two Forms of the Second Order Are Identical if 
They Have Five Elements in Common. Since the centers 

of the projective pencils of rays generating a curve of the 
second order and the bases of the projective ranges of points 
generating a pencil of rays of the second order are not differ- 
ent from other elements of the forms generated, we have the 
following properties. 

Any two points of a curve of Any two rays of a i>encil of 
the second order may be taken the second order imiy be taken 
as the centers of the generating as btises of the generating 
pencils of rays. Consequently, ranges of points. Conse- 
at every point of the curve quently, on every ray of the 

there is a tangent. pencil there is a point of con- 

tact. 

Moreover, five elements of a curve of the second order or 
of a pencil of rays of the second order are sufficient to deter- 
mine the curve or the pencil uniquely (§ 65) and conse- 
quently the following statements are true. 

Two curves of the second Two pencils of rays of the 
order are identical if they have second order are identical if 
in common five points, or four they have in common five rays, 

points and the tangent at one or four rnys and the point of 

of them, or three points and contact in one of them, or three 
the tangents at two of them, rays and the points of contact 

in two of them. 
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Similarly, two cooes of the 
second order are identical if 
they have in common five rays, 
or four rays and the tangent 
plane in one of them, or three 
rays and the tangent planes in 
two of them. 


Similarly, two pencils of 
planes of the second order are 
identical if they have in com- 
mon five planm, or four planes 
and the ray of contact in one 
of them, or three planes and 
the rays of contact in two of 
them. 


68. Pascal’s Theorem. In Fig. 39 let us consider the 
hexagon SiPS^MiALt whose vertices are any six points 
whatsoever of a curve of the second order (§ 66) . 

The pairs of opposite sides of this hexagon, SiP and MiA^ 
PSt and .4Ls, S^Mi and intersect in the points Di, Dg, 
and S, respectively, and from the construction of the curve 
(§ 57) these three points necessarily lie on one straight line. 
From this we have the following important theorem. 

Theoeem. In any simple hexagon inscribed in a curve of 
the second order, the three pairs of opposite sides intersexi in 
poinis of one straight line. 

This theorem as applied to the conic of ancient 

geometry was disco ven:*d by Pjiscal in 1639, and mm 
published the following year in his Esmi mir les Coniqnes. 
It is commonly known as PascaVs Theorem, 

The converse of Pascars thf^orem is equally true and may 
be stated in the following form. 

Theoeem. If a simple hexagon is such that the points of 
iniersedixm of its three pairs of opposite sides lie on one 
draight line, a curve of the second order will pass through its 
$ix vertices. 

For, if the curve of the second order determined by any 
five of the vertices, S*, Afi, .4, Li (Fig. 39), should not 
pass through the sixth point P, but should cut the line SiP at 
some other point P\ then the line StP' would cut at a 
point Dt which could not lie on the line DiS. 



CUEVES OF THE SECOND ORDER 87 

69 . Construction of a Cunre of the Second Order by Use 
of Pascal’s TheorenL Pascal's theorem may be used to 
construct any required number of paints of a curve of the 
Hc^cond order of which five points are given. This problem 
may be stated as follows. 

Peoblem. Given five points of a curve of the second order 
and an arbitrary line through one of theniy to find where ike line 
cuts the curve a second lime. 

If yl, jB, C, /), Ej are five given points of the required curve 
(Fig. 41) and p is an arbitrary line through A, the problem is 
ta construct an in- 
Bcribed hexagon having 
these five points for 
vertices and the line 
p for one side. 

The pairs of opfxisite 
sides of the hexagon 
may he taken in the 
order .4i? and DE, BC 
and EX, CD and XA, 
where X is a point of the curve on the line p, as yet unknown. 

If .4.5 and DE intersect at M, and CD cuts p at by 
Pascal s theorem, the third pair of op|x>8ite sides, BC and 
EX, must intersect in a point of the line MN. Suppa^ BC 
cuts MN at 0, then EO can be drawn determining the re- 
quired point -Y on p, the point where the line p cuts the curve 
a second time. If the ixiint X should coincide with 4, the 
line p would mecit the curve only at A and would therefore 
be a tangent. 

In this and similar constructions, the line on which the 
three pairs of opposite sides of the inscribed hexagon inter- 
sect is called the Pascal line for that hexiigon. If the given 
points are taken in a different order, the Pascal line will be 
different but the same point X wdli be determined. 




88 


PKOJECTIVE PURE GEOMETRY 


70. Brianchon’s Tlieorem. Turning now to Fig. 40, 
consider the hexagon SiS»R}DiDiQi whose sides are any dx 
rays of a pencil of the second order (§ 60). 

The pairs of opposite vertices in this hexagon are Si and 
A, St and A, Ri and Qt. From the construction of the 
pencil of rays of the second order (§ 56) the lines joining 
(Si and A, (S* and A, mast intersect on the line joining the 
points Ri and Qt, and from this we have the following im- 
portant theorem. 

Theorem. In any simple hexagon whose sides are rays of a 
pencil of the second order, the three lines joining pairs of op- 
posite vertices pass through one point. 

This theorem applied to the tangents to a conic section 
was discovered by Brianchon in 1806 and is known as 
Brianchon’s Theorem. It was first published in the 
Journal de TEcole Poly technique, Volume XIII. The con- 
verse of Brianchon’s theorem may be stated as follows. 

Theorem. If a simple hexagon is suc,h that its three 
principal diagonals pass through one point, its sides belong to a 
pencil of rays of the second order. 

71. Construction of a Pencil of Rays of the Second Order 
by Use of Brianchon’s Theorem. Just as Pascal’s theorem 
may be used to construct a curve of the second order from 
five given elements, so Brianchon's theorem lends itself to 
the construction of a pencil of rays of the second order. 
This problem takes the following form. 

Problem. Given Jive rays of a pencil of the second order 
and an arbitrary point on one of them, to find the second ray of 
the pencil passing through that point. 

If a, b, c, d, s are the given rays of the pencil (Jig. 42), 
and P the given point on the ray o, the five rays may be 
taken as successive sides of a simple hexagon of which P is a 
vertex. In that case, the vertex (ofc) is opposite to the 
vortex (de), and the vertex P is opposite to the vertex (cd). 
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If the lines joining these pairs of opposite vertices intersect 
at 0, the line joining the vertex (be) and the point O will 
determine on e the sixth vertex, and this vertex joined to P 
gives the required sixth ray 
of the pencil. 

The point in which the 
three diagonals of the hex- 
agon intersect is called the 
Brianchon point for that 
hexagon. 



72. Classification of Curves of the Second Order. In 

§ 54, it was pointod out that if two projectively related 
pencils of rays or ranges of points of the first order are super- 
posed, there are at most two pairs of homologous elements 
in the two forms wdiich coincide, the two forms not being 
identical. That there may he two pairs of such self-cor- 
responding elements follows from the fact that in correlating 
two forms projectively, tliree pairs of homologous elements 
may be selected at random (§§ 56, 57), Two of these pairs 
may be made to coincide, while if the third pair do not 
coincide, the forms are not identical. 

In two supi^rposed projective pencils of rays there may be 
no self-corresponding ray, as, for example, when pairs of 
homologous rays make a fixed angle with each other. Or, 
there may be one self-corresponding ray, or two such rays, 
and there are always two if the sequence of homologous 
rays is in opposite senses about the common center. 

Siraiiarly, in two superpos<.Mi projective ranges of points, 
there may be no self-corresponding point, or there may be 
one such point, or at most tw^o, and alw-ays two if the se- 
quence of homologous points is in opposite senses along the 
line. 

If the sequence of homologous elements in two projective 
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pencils of rays or ranges of points is in the same sense about 
the centers or along the base lines, the forms are said to be 
directly projective; if the sequence is in opposite senses, the 
forms are oppositely projective^ 

It follows, therefore, that in two projective pencils of rays 
of the first order lying in the same plane and not concentric, 
there may be no pairs of homologous rays which are parallel, 
or there may be one pair, or there may be, at most, two pairs 
parallel unless all pairs an' parallel, 

A curveof the second order, thert'fore, may have no points 
infinitely distant, or it may have one point infinitely distant, 
or it may have two, and at most two, infinitely distant points. 
In other words, the infinitely distant line of the plane may 
have no points in common with a curve of the second order, 
or it may have one ix>int, or it may have two points, and 
not more than two. 

Definition. A curve of the second order which has no 
point in common with the infiniteh^ distant line of its plane 
is called an ellipse. 

Definition. A curve of the second order which has one 
point in common with the mfmitcly distant line and to which 
the infinitely distant line of the plane is tangent is called 

a parabola. 

Definition. A curve of the second order which has two 
points in common with the infinitely distant line, or which 
is cut by the infinitely distant line in two points, is called 

a hyperbola. 

Definition. A tangent to a curve at an infinitely distant 
point is called an asymptote, 

A hypc^rbola therefore has tw o asymptotes, a parabola has 
one; namely, the infinitely distant line itself, and an ellipse 
has none. 
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73. A Circle is a Ctmre of the Second Order. From a 
well-known property of a circle, namely, that equal angles 
at the center or at the circumference subtend equal arcs, it 
is readily seen that a circle may be generated by two pro- 
jective pencils of rays of the first order and is, consequently, 
a curve of the second order* 

If a circle is projected from any two of its points (Fig, 43), 
the lines so drawn form two correlated pencils of rays of the 
first order, those being homologous 
rays which project the same point 
of the circle. The pencils so formed 
are projective since the angle be- 
tween any two rays of the one 
pencil is equal to the angle betw'een 
the homologous rays in the other. 

No pairs of homologous rays in t hesc 
pencils suv parallel, hence a circle 
fulfills the conditions for an ellipse. 

74. Similarly Projective Ranges of Points. When two 
projectively related ranges of points Ui and % are such that 
the infinitely distant point of Ui is homologous to the in- 
finitely distant point of they are said to be similarly pro-^ 
jective, and the pencil of rays of the second order generated 
by them will include the infinitely distant line of the plane 
among its elements. 

If ui and va are similarly projective ranges of points in the 
same plane, homologous segments in them are proportional. 
For two such projective ranges may be brought into per- 
spective position by moving one of them, ui say, parallel to 
itself (Fig, 44) until their common point is self-correspond- 
ing. If ui is the new position of ui, the infinitely distant 
point of Ui is homologous to the infinitely distant point of 
since the translation of ui parallel to itself is equivalent to 
rotating it about its infinitely distant point. The lines 
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Joioing paiis of homol<^as points in and ua will then 
intersect in one point ($ 55) throagh which the infinitely 
distant line of the plane will pass, and the two ranges of 
points will appear as sections of a pencil of parallel rays. 



In two such sections, homologous segments are proportional. 

The same conclusion may be reached by considering the 
metric properties of projective ranges (§ 59). If «i and «j 
are correlated projectively by choosing the points A\, Bi, Ct 
of «i as homologous to the points Aj, Bi, Ci of (§ 56), the 
points Cl and Cs being the infinitely distant points of the 
two ranges while Di and Dj are any other pair of homologous 
points, from | 59 we haw 

AiBi ' CiDt AtBi • CiDt 

AiCi-BiDi “ AiCa-BiDi’ 

or 

AiBi DiCi AiBi DjCj 
Bj)i ' A^i “ ■ 

Hence 

AiBi /DiAt + AtCi\ AiBi fDiAi + AiCA 

BiDi'\ AiCi AiCi /’ 

or 



Since Ci and Ct are infinitely distant, the fractions DiAilMCi 
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Bud D%A%IAtCt are indefimtely small, and may be disre- 
garded. Hence 

In other words, homologous segments in the two ranges are 
proportional. 


EXERCISES 

h Show that If hve points of a plane are so situated that one of them 
lies within a simple quadrangle determined by the other four, the curve 
of the second order determined by the five points is a hyperbola. 

2. If ui and us are projective ranges of points Ijdng in the same plane, 
show that it is always possible to bring two of their homologous points 
A I and As into coincidence by rotating one of the ranges about some one 
of its points. In other words, show that two projective ranges of points 
may be brought into perspective position by rotating one of them about 
a fixed point 

3. If 111 and tij are two fixed tangents to a circle whose center is 0 
and V is a variable tangent intersecting wi and ws at and A 2 , respectively, 
show that the angle A 1 OA 2 is constant and hence that the tangent v 
determines projective ranges of points on wi and in. In other words, 
show that tlie system of tangents to a circle is a i>eacil of rays of the 
second order. 

4. If the vertices of a variable triangle move on three fixed lines of 
its plane while two of the sides move parallel to themselves, the third 
side will move parallel to itself or will generate a pencil of rajna of the 
second order of which the infinitely distant line of the plane is one ray. 

5. A variable triangle A moves in its plane so that the extremities 
of the base Ai and As lie continually on two fixed lines and tii, while 
the vertex S is a fixed point and the angle AiSAt is of constant magni- 
tude. Shoiv that the base AiA, generates a pencil of rays of the second 
order to which ui and ua belong. 

<l« If two pairs of raj's Oi, &i, and os, hs, Ijdng in the same plane, rotate 
alx)ut fixed points, the first pair about jSi and the second pair about *5*, 
while the angle® (ajhj) and (oa6j) are of fixed magnitude and one point of 
intersection (mat} traverses a straight line, show that the remaining 
points of intersection (aJh), (ajbi), (6|6»), describe curves of the second 
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pMbg Si and S%. (Newton, *^The Oit^nio 
of a Conio/' FHntfipia, Bk. 1, Lemma XXX.) 

7« The base iii4t of a variable triangle AiPAt k of fixed length and 
filidee along a fixed straight line u while the sides AiP and A%P rotate 
about fixed points Si and iS>s, respectively. Show that the vertex P 
describes a hyperbola passing throu£^ 8i and iSs of which the line u is an 
asymptote. 

g. If ^ is any point from which the vertices of a simple plane quad** 
rangle are projected by harmonic mys, the locus of is a curve of the 
second order passing tlurough those vertices. 

9. If ABCP is a complete quadrangle whose wdee AB, AC, AD, BC, 
BDfCD,»a^ cut by an arbitrary straight line in the points P, Q, R, S, T, 
V, respectively, and if B, F, H, K, L, M, are the harmonic conjugates 
of these points relative to the two vertices of the quadrangle on the same 
side, show that a cur^o of the second order will pass througl) the six 
points E, F, H, K, L, M on which will lie the |)oints of intersection 
X, Fy X of pairs of opposite sides of the quadrangle. {Annah cf 
Mesthernatiof, VII, p. 7fi.) 

SoooEsrioK. The sets of points E, F, S; E, H, T; and sirailsrly 
rituated sets, are coilinear. (Exercise 8, p. 39.) Hence in the hexagon 
EFHMLK, the pairs of opposite sides intersect in Uie points S, Y, Q, 
which are coilinear. Consequently, the hexagon is inscriptible in a 
curve of the second order (§ 68). Also, if A" is the point of intersection 
of the pair of opposite sides AB and CD, the hexagon EHFKMX is 
inscriprible in a curve of the second order having five points in oommcm 
with this same curve. 

10. State and prove the plane reciprocal of Exercise 9. 

XL If two concentric pencils of rays l>ing in difierent planes which 
intersect obliquely are so correlated that each ray of one pencil is 
perpmdlcular to its homologous ray in the other, the planes determined 
by pairs of homologous rays form a pencil of the second order. 

12. If a plane cuts the six edges of a tetrahedron ABCD in the points 
F, Q, R, S, T, Y, respectively, and the harmonic conjugates of these 
points relative to the two vertices on the same edge are E, F, H, K, L, 

these six points are projected from any point 0 of the plane by 
rays of a cone of the second order on which will lie also the three rays 
through 0 drawn to meet a pair of opposite edges of the tetrahedrmi. 

Tim proof of this theorem is analogous to that of Exnralse 9. 



CHAPTEE VII 

RtrLSD SURFACES OF THE SECOND ORDER 

75. Additional Fonns of the Second Order. To com^ 
plete the enumeration of forms derived from two projeo- 
tively related primitive forms of the first order, we must still 
consider those which may be generated by two projectively 
related ranges of points not lying in the same plane and by 
two projectively related pencils of planes whose axes do not 
intersect. 

76. Regulus of the Second Order generated by two 
Projective Ranges of Points. Suppose there are given two 
projective ranges of points ui and u* which do not lie in the 
same plant and which consequently do not intersect. If 
A\, Bi, Cl, Di, ■ and At, Bt, Ct, Dt, • ■ • are homologous 
points in these two ranges, the rays AiAt, BiBt, CiCt, • • • 
wiU form a sequence of rays or a regulus which lies on a 
ruled surface. The surface is said to be ruled because it 
may be traversed by a moving straight line which lies 
wholly on it. 

Any straight line u which meets three of the rays AjA», 
BiBi, CiCt, • • • (»i, t»j, »», • • • ) will intersect all such rays. 

For if u is taken as the axis of coincident pencils of planes 
(Fig. 45) projecting the ranges of points AiBiCv- and 
AtBtCt • • • respectively, these two pencils of planes will be 
projectively relatedand will havethree planes self-correspond- 
ing; namely, the planes uvi, uvt, and uvt. Hence all planes 
of these superposed pencils will be self-corresponding (§54) 
and every plane through u wiU cut ui and us in homologous 
points. The line joining any two homologous points of «i 
and Ut will lie, therefore, in a plane of the pencU u and will 

as 
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intenwot the exia u. That is to say, any lino « which Inten* 
Beets tfaiee the valises intersects all sneh lines. 

Since a line u may be drawn through any point of vi to 
meet Vi and vt, and consequently to meet all t>>Iine8, there is 
not only an unlimited series of lines vi,vt,v$, ••• lying on the 
ruled surface determined by the projective ranges Ui and ti>, 
but also an unMmited series of lines ut, tij, ut, • ■ > lying on 
that surface. 



Of the lines vi,Pt,Pi, • • • no two can intersect, for in that 
they would lie in the same plane, as would also Ut and 
«*, contrary to assumption. Neither can any two of the 
lines ui, ut, u*, • • • intersect, but every «-line intersects 
every v-line and at every point of the surface on which the 
two systems lie there is a ray of each system. Since a p-line 
intersects a upline at every point, and in particular, at its 
infinitely distant point, to every t*-line there is a parallel 
v-Une; and, likewise, to every »-line there is a parallel u-line. 

An arbitrary straight line may be drawn to meet at most 
two rays of either regulus without meeting all rays of that 
regulus, that is, without lying wholly on the surface, and for 
that reason the regulus is said to be of the second order and 
the surface on which the regulus lies is called a ruled surface 
of the iwcond order, or a ruled quadric surface. Hence we 
may state the foQowing theorem. 
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Tosobeu. Tm pro^eetweiy related rangee of pointe vthich 
do not lie in the eame plane generate a reguhu c/ the second 
order which lies on a ruled ewrface of the second order. On this 
surface there lies also another regrdxts of the second order, and 
these two are so related that each ray of the one intersects every 
ray of the other while no two rays of the same regtdtts intersect. 

77. Regiilus of tlie Second Order generated by two 
Projective Pencils of Planes. Suppose, on the other hand, 
there are given two projectively related pencils of planes 
whose axes ui and ut do not intersect, and that of these 
projective pencils <* 1 , di, 71 , • • • and «», A, y%, • • • are homol- 
ogous pianos. The lines of intersection of pairs of homolo- 
gous planes, aiuz, 7m, (pi, v%, •• •), will meet 
both axes % and ut, and wiU join pairs of homologous points 
in projective ranges on these lines, since the axis ui meets the 
planes of the pencil ut, and the axis th meets the planes of the 
pencil «i, in ranges of points projectively related. 

Hence, the system of rays generated by the projective 
pencils of planes u, and «* is identical with the system of 
rays generated by the projective ranges of points Ui and ut, 
in § 76, and the properties of the two reguU so generated are 
the same. 

78. Any two Rays of Either Regulus on a Ruled Quadric 
may be taken as the Bases of the Generating Forms. 
The range of points u, and the range of corresponding points 
on any other w-line, «* say, are both perspective to the 
pencil of pianos Ui projecting the t»-line8, those points of tis 
and «* being homologous which lie in the same plane of 

that is, wliich lie on the same p-line. From this it follows 
that the regulus of r-lines lying on a ruled surface of the 
second order is cut by any two of the ti-lines in projective 
ranges of points. Similariy, since the pencil of planes ut 
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uul the pencil of conespondiag plnnes through nny other 
me both pimspeotive to the range of points ui deter* 
mined by the «4ine8, it is easy to see that the w-iinos are 
projected hrom any two of the w-lines by projective pencils 
of planes. 

Any two rays oi the one system may be called directors 
of the other system and each regulus is the director regulus 
of the other. A single ray may be spoken of as a generator 
of the regulus to which it belongs, or of the surface, since the 
surface is traversed by the motion of any ray of either 
regulus lying on it. 

79. The Lines meeting three Arbitrary Rays lie on a 
Quadric Surface. The system of lines meeting three 
arbitrary rays in space, no two of which lie in the same 
plane, is a regulus of the second order. For if two of these 
lines are taken as axes of pencils of planes projecting the 
points of the third line, tb(^ being homologous planes which 
project the same point, these two pencils of planes are 
projectively related and the lines of intersection of pairs of 
homologous planes wiU form the system of rays meeting the 
three given lines. The system is therefore a regulus of the 
second order and lies on a quadric surface. 

80. Tangent Planes of a Ruled Quadric. At any point 
of a ruled surface of the second order, a u>line and a p-line 
intersect (§ 76) and the plane of these two lines intersects 
aU otter rays of the two reguh. At the point in which the 
t(>ltne and the v>line intersect, the plane is said to be tangent 
to the surface, and the point is the point oj contact of the 
plane. At every point of the surface there is, therefore, a 
tangent plane cutting the surface along two straight lines. 
Evmry line of the tangent plane meets the surface at two 
points; namely, the petots in which it intersects the upline 
and the v-line lying in the plane, except that lines rd the 
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plane throui^ fite point of contact, other than the v-Une 
and the c-line, meet the surface only at that point. 

Every plane through a thline (or a saline) on the surface 
contains also a i>>line (or a v-line) and is therefore tangent 
to the surface at some point along the line. As the plane 
rotates about u, the point of contact moves along tt marking 
out a range of points projective to the pencil of planes formed 
by the rotating plane. For the pencU of planes so generated 
cuts any other ij-line on the surface in a range of points 
projective to the range on u in which the t>-lines intersect it. 

81. Plane Sections of a Ruled Quadric. A plane section 
of a ruled surface of the second order consists either of two 
straight lines or else it is a curve of the second order. 

Any plane which contains a ray of one regulus on the 
ruled surface (a «-line, say) contains also a ray of the other 
regulus (a e-Iine) and is tangent to the surface (§ 80). 
Along the t<-line the tangent plane cuts the rays of the 
c-regulus and along the v-line it cuts the rays of the ti-regulus. 
The section of the surface therefore by a tangent plane con- 
sists of two straight lines on which lie two ranges of points 
of tlie first order. 

If, however, an arbitrary plane contains no ray of either 
regulus, it will intersect the two projective pencils of planes 
generating the surface in two projective pencils of rays. 
Tljesc pencils determine a curve of the second order in the 
points of which the plane intersects a ray of each regulus 
lying on the surface. The section of the surface therefore 
by an arbitrary plane is a curve of the second order. 

82. Projections of a Regulus of the Second Order from 
an Arbitraiy Point The systems of rays lying on a ruled 
surface of the second order are projected from a given point 
either by two pencils of planes of the first order cw by a 
pencil of planes of the second order. 
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If the given point lies on the suttee, both a tt>ray and a 
esray of the surface pass through it. The rays of the u>regu- 
lus lying on the surface, projected from the point, determine 
a pencil {danes of the first order having the t*-ray through 
the point as axis, while the rays of the i^regulus determine a 
pencil of planes having the u-ray through the point as axis. 
Thus, the rays of the surface projected from a given point on 
the surface determine two pencils of planes of the first order 
whose ax«> intersect at the point. 

If the given point does not lie on the surface, the two 
ranges of points % and uj which generate the surface, pro- 
jected from the given point, determine two concentric 
pencils <rf rays, projectively related, lying in different planes. 
These pencils of rays generate a pencil of planes of the second 
order (§ 62), each plane of which contains a t>-ray, and like- 
wise a «-ray, of the surface. 

It should be noted that in the first of these two cases, the 
projecting planes are each tangent to the surface at some 
point along the axes of the two pencils of planes; and in the 
second case, each projecting plane is tangent to the surface 
at the point of intersection of the two rays of the surface 
which lie in it. 

83. The Tangent Planes at points of a Plane Section 
tt«m a Pencil of the Second Order. If a section of a ruled 
surface of the second order is made by an arbitrary plane 
con^tining no ray of the surface, the tangent planes at the 
points of section form a pencil of planes of the second order; 
and, reciprocally, the points of contact of the planes pro- 
jecting a ruled surface of the second order from any point 
not on the surface, lie on a curve of the second order. 

ftrat, take any three points A, B, C, on the given section 
of the surface made by a plane v. The tangent planes at 
these points meet in a point P from which the rays of the 
surface are projected by a pencil d planes of the second 
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order (f 82). The sectfon of this pencil of planes made by 
the plane tr is a pencil of rays of the second order ($ 62) 
whose points erf contact form a curve <rf the second order * 
having in common with the curve of section of the surface 
the points A, B, C, and the tangents at those points. The 
two curves and their tangents, therefore, are identical and 
the tangent planes at the points of the curve of section 
coincide with the planes of the pencil of the second order. 

Reciprocally, if the pencil of planes projecting the rays 
on a ruled surface of the second order is cut by the plane 
determined by the points of contact of three of these planes, 
the section is a pencil of rays of the second order of which the 
points of contact form a curve of the second order (§ 92) 
identical with the section of the surface made by this plane. 

84. A Ruled Surface of the Second Order is also of tiie 
Second Class. A given line which has more than two points 
in conunon with a ruled surface of the second order lies 
wholly on the surface and every plane through it is tangent 
to the surface at some point (§ 80). If, however, a given 
line k has two distinct points A and B in common with the 
surface, and these two points only, at both A and B the line 
meets a generator of each regulus lying on the surface, 
tta and Va at A, m and Pt at B. The plane of k and u« will 
contain the generator vt since and must intersect, and it 
will be tangent to the surface at the intersection of these 
two generators. Similarly, the plane of k and t>o will contain 
the generator w* and will be tangent to the surface at the 
intersection of p, and «*. No other plane through k can be 
tangent to the surface since no other plane can contain a 
generator. 

If the line k should meet the surface but once, that is, 
should be tangent to the surface at a point K, it would lie in 

1 Thin RtRtomefit is made at this |x>iRt for oompletenewi in the treatment 
of thene ruled mirfaeee, though ite proof is def^nred to 1 92* 
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the tengent phute at K and no other plane through it eodd 
be tangent to the aorfaoe. And further, if the line k doos not 
meet the aurfaoe, no plane through it will be tangent to the 
surface sinoe no plane through the line contains a generator. 
Since not more than two planes tangent to a surface ot the 
second order can pass through any Hne not lying wholly on 
it, it follows that the surface of the second order is also of 
the second class. 

85. Classification of Ruled Surfaces of the Second Order. 
The system of ti-lines lying on a ruled surface of the second 
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order, generated by two projectively related ranges of points 
I4i and «*, will take on essentially different properties ac- 
cording as the infinitely distant point of Ui is or is not homol- 
ogous to the infinitely distant point of th. 

If the infinitely distant points of ut and «* are not homol- 
ogous, all the rays of the e-system, and likewise all the rays 
of the tt-^stem, come into the finite r^on; in other wor^, 
there is no infinitely distant ray belonging to either regulua 
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Hie surface in this case is eaited a hjfPethdUM of one $ht€t, 
or a tfmjMe hyperboloid (Fig. 46). 

If, on the other hand, the infinitely distant point of tii 
is homologous to the infinitely distant point of u*, there is 
a p-line which lies wholly at infinity. Every plane through 
this t^'line contains also a u-line, and in particular the infin* 
itely distant plane contains both a u-line and a v-line and is 
therefore tangent to the surface at their intersection. The sur- 
face in this case is called a hyperhoUe parabdUnd (Fig. 47). 

Any plane tangent to a hyperboloid of one sheet cuts the 
surface along two actual lines, and a finite plane parallel to a 
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tangent plane cuts the surface in a curve of the second order 
having two distinct infinitely distant points, that is, it cuts 
it in a hyperbola. If, however, the point of contact of the 
tangent plane is infinitely distant, that is, if the u-line and 
the s-iine in the tangent plane are parallel, the curve of eeo- 
tion of a parallel plane is a parabola. 

Planes not parallel to tangent planes of a hyperboloid <d 
one sheet cut all rays of either regulus on the surface in finite 
points, hence in ellipses, while the infinitely distant plane ai 
space cuts the surface in an infinitely distant curve of the 
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amxad order. Ttie taogMit planes at the Infinitely distant 
points oi a hyperboloid of one sheet fonn a pencil of planes 
of the second order ($ 83) enveloiidng a cone of the second 
order, the so-called asymptotic cone. Any plane parallel 
to one ray of the asymptotic cone cuts the surface in a 
parabola, a plane parallel to two rays this cone cuts the 
surface in a hyperbola, while a plane parallel to no ray of the 
cone cuts the surface in an ellipse. 

A section of a hyperbolic paraboloid is a hyperbola or a 
pambola according as the plane of section cuts the two rays 
of the surface lying in the infinitely distant plane, in two 
distinct points, or passes through their intersection. That 
is to say, planes parallel to a straight line having a particular 
direction intersect a hyperbolic paraboloid in parabolas, 
while planes not parallel to this line intersect the surface in 
hyperbolas. 

86. Special Properties. If straight lines are drawn 
through a given point parallel to the rays of one regulus of a 
ruled surface of the second order, these all lie in one plane or 
on a cone of the second order according as the surface is a 
hyperbolic paraboloid or a hyperboloid of one sheet. 

For, the infinitely distant points of one regulus of a 
hyperbolic paraboloid lie on a straight line, while in a hyper- 
boloid of one sheet, the infinitely distant points of one 
regulus lie on a curve of the second order. 

Of a hyperboHc paraboloid, the rays of the u-system all 
meet an ii^nitely distant e-line, that is, they are parallel 
to a given plane; and, likewise, the rays of the t*-Bystem are 
parallel to a second plane. If these two planes are perpen- 
dicular to each other, the paraboloid is said to be rectangular. 
In a rectangular paraboloid, there is one ray of either regulus 
which is perpendicular to the directing plane of the other 
r^pdus, and consequently there is one ray which is perpen- 
dicular to all the rays of the other regulus. 
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SmtOBBS 

1« Oivm two |K>iiits Pi and P# on a ruled eurfaee of the second order, 
not on the same ray of either regulua The rays on the surface through 
these points intersect in two other points of the surface, Qi and and 
the faces of the tetrahedron PiQiPsQ) are each tangent to the surface* 
The tetrahedron is thus both inscribe and circumscribed to the surface, 

2» The three principal diagonals of a skew hexagon lying on a ruled 
surface of the second order intersect in one point* 

3. If a range of points u and a pencil of rays of the fbrst order 
not lying in the same or in parallel planes, are related projectively, and 
rays are drawn through the points of u parallel to the corresponding 
rays of S, they will form one regulus of a hyperbolic paraboloid. 

4 * If a range of points u and a pencil of planes u whose bases are not 
at right angles, are related projectively, and perpendiculars are drawn 
from the points of u to the corresponding planes of v, they will form one 
regulus of a hyperljolic paraboloid* 

S. If at the points of a straight line lying on a ruled surface of the 
second order, }>erpendicular8 are drawn to the aurlacc, they will form one 
regulus of a hyperbolic paraboloid* 

6« The planes through a given point normal to the rays of one regulus 
of the second ordex form a pencil of planes of the first or the seixjnd 
order according as the 8\ud:aoe on which the regulus lies is a hyperbolic 
paraboloid or a hyperlx>loid of one sheet. 

7* Construct a ruled surface of the second order of which there are 
given two rays a and 6, not lying in the same plane, and either three 
points outside a and b, or three tangent planes not passing through a orb, 

S. The sides of a fixed skew hexagon are tangent to a cone of tbe 
seoond order; show that the locus of the vertex of this cone is a ruled 
surface of the second order on which the three diagonals of the hexagon 
lie* 
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DEDirCTIOirS EROM PASCAL’S AND BRIANCHON’S 
THEOSSMS 

87. PtscaPs Hxeorem applied to an Inscribed Pentagon. 
Interesting results are derived from Pascal’s and Brianchon’s 
theorems wlien certain modifications are made in the dia- 
grams Ulostrating them. 

For example, if ABCDEF is any simple hexagon inscribed 

in a curve of the second 
<M^r {Jig. 48), the pairs 
of opposite sides, A J^and 
DE,BC&nAEF,CDssxiA 
FA, intersect at points 
P, Q, R, respectively, of 
one straight line (Pascal’s 
theorem). Moreover, the 
pencils of rays project- 
ing the four remaining 
vertices of the hexagon 
frwn the centers A and C are projectively related (§ 66). 
That is, 

A(BDEF)7\C{BDEF).^ 

Oppose now that the vertex B of the hexagon moves 
along the curve towards C, while the other vertire-s remain 
fixed and ocHuequently the point R of the Pascal line re- 
mains fixed. Tte side AB will rotate about tlie vorte,x A 
and will mark out a range of points on the side DE, and the 

*TIm «rmbol X ii EH abbiwiatioii to proifsetivB io»” m thftt 
X CiBBMF^ k md. "tha peoe^ in projaotive to the» 

jmeE CiBBEF):* 

Tba Ksnsibol X ^ M ^ nbbrpviation for *' ia p«ir«pi!oUve to.'' 

m 
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idde CB will rotate about vi^tex C aad will mrk out a 
range of points on the Bide EF. Since the pencil of rajrs A is 
projective to the pencil of rays C, the range points on DE 
is projective to the range of pdnts on EF. The Pascal line 
PQR win rotate about the fixed pcfint R, and wiU jdn i»iis 
of homologous points in the ranges DE and EF, these 
ranges being perspective since their common point E is self- 
corresponding (§65). 

When the point B cornea to coincide with the point C, the 
ray AB coincides with AC, and the ray CB takes the posi- 
tion of the tangent at C (§ 64). The six sides of the in- 
scribed hexagon are then the sides of an inscribed pentagcm 
and a tangent at one vertex. In this position the Pascal line 
passes through the fixed point R, through P', the intersec- 
tion of AC and DE, and through Q', the intersection of EF 
and the tangent at C. For an inscribed pentagon, therefore, 
Pascal’s theorem may be stated in the following form. 

Theorem. If a simple pentagon is inscribed in a curve of 
the second order, two pairs of nonrodjacent sides intersect in 
jmnts of a straight line on which also intersect the fifth side and 
the tangent at the opposite vertex. 

In the process by which the side AB of the inscribed 
hexagon became the side AC of the pentagon and the side 
BC of the hexagon took the position of the tangent at C 
in the pentagon, the tangent may be looked upon as the 
limiting position of the side BC joining two points of the 
curTC which have come to emneide. In the same way, the 
point of contact in a ray a pencil of the second order may 
be looked upon as the limiting position of the point of inters 
section of two rays of the pencil which have come to coin- 
cide. 

88. Brianchon’s Theorem applied to a Pmttagon in a 
Pencil of Rays. Suppose PQRSTV is any simple hexagon 
whose sides a, b, c, d, e, f, are rays of a pendl of the second 
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Older (Fig. 49) so that the lines joiaii^s pairs oi opposite 
vertices, PS, QT, BV, pass tiirou^ one pdnt (Btiandbon’s 
theorem}. Let tbe side RQ, always remaining a ray of the 
pencil, oome to coiruside with the adjacent side QP, while 
other rays of the hexagon remain The vertex Q in 

its limiting position 
becomes the point of 
contact O' in the side 
QP and the vertex R 
takes the position R’ 
on the side SR. The 
hexagon thus reduces 
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to a pentagon whose 
sides are rays oi a 
pencil of the second 
order, the sixth vertex 
of the hexagon be* 
^ coming the point <rf 

contact in one side. For this figure, Brianohon's theorem 
may be stated in the following form. 

THSonnif. If Ihe sides cf a simple pentagon are rays of a 
pencil cf the second order, the lines joining two pairs of rum- 
adjacent vertices intersect in a point through which also passes 
the line joining the fifth vertex and the point of contact in the 
opposite side. 


89. Pascal’s and Brianchon’s Theorems applied to 
Quadrangles, Qoadrilaterals, and Triangles. The process 
<rf § 87 may be carried further. Not only may the vertices 
B and C be brought to omneide at C and the side BC take 
the ptMition of the tangent at C, but two other vertices, E 
and F, may also come to coincide at the opposite vertex F 
(Hg. SO), the vanishing side becoming the tangent at F. 
The hexagon then becomes an insmibed simple quadrangle 
ACDF with tangents at two opposite vertices, C and F, and 
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the Paeoel Kite on which th^ tangents intersect is deteiv 
mined by the points of intersection of the two pairs of op* 
posite sides <d the quadrangle AC and DF, CD and AF. 
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Or it may be that the two evanescent sides have become 
tangents at the opposite vertices A and D, in which case 
the inscribed quadrangle is the same as before and these 
tangents intersect on the same line as do the tangents 
at the vertices C and F, Pascal’s theorem applied to an 
inscribed quadrangle, then, takes the following form. 

Thborbu. If o simple quadrangle is inscribed in a curve 
of ike second order, the pairs of opposite sides intersect in points 
of a straight line on which also intersect the pairs of tangents at 

opposite vertices. 

Brianchon’s theorem modified 
in a similar way so as to be ap- 
plicable to a simple quadrilateral 
(Fig. 51) takes the following form. 

Theorem. If the sides of a 
simple quadrilateral are rays of a 
pencil of the second order, the lines 
joining the pairs of opposUe vertices 
intersect in a point through which 
also pass the lines joining the points of contact m pairs of 
opposite sides. 

Similar considerations result in the following forms of 
Pasdd’s and Brianohon's theorems as applied to tnangjee. 
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Tnoxtx. If o frian^l* i» 
imeriM inaewmeftiutteond 
order, the three points in tehieh 
the eidee of the triangh intereeel 
the tangenie at the oppoeite wr* 
tiois lie on on« etraight Kne. 


Tkbouuc. If Ike eidee cf a 
triangh eoe rape of a peneil of 
the eecond order, Uu) three Him 
joinirtg the txtrliees of the triangle 
to the points of contact in the op^ 
poeite eidee paee through one 
point. 


90. IKxvct Proofs of the Qtisdrangle sad Quadrilateral 
Tlieoreiiis. The theorems stated above for the quadrangle 
inscribed in a curve of the second order and the quadrilateral 
whose sides are rays of a pencil of the second order are of 
such importance that they merit an independent and more 
direct proof. 



In the process of finding additional points of a curve of 
the second orde 4 ' from five given elements (§ 57), the arbi- 
trary lines tti and u« through the point A may be drawn so as 
to coincide with a$ and oi, respectively, without loss of 
generality. In that case (Fig. 52), the center S, determined 
as the point intersection of BiBt and CiCt, is also the pmnt 
of intersection of the tangents at St and &. For the ray 
StSh or h, intersects «t at Si and the corresponding ray h of 
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8i 1b the line SiS. But this ray is the tangent at 8t (S 64). 
Similarly S%S is the tangent at 8f. 

Through the point 8 will pass not only the line BiBt, that 
is, the line joining the intersections (hioa) and (htOi), and the 
line CiCt, that is, the line jdning the intersections (cjOs) and 
but also AA, or the line joining (dio*) and (d^i), 
and the lines joining all other such intersections. Also, 
since any point of the curve other than A might have been 
chosen to play the same part in the construction for the 
tangents at jSi and St (§ 57), it foUows that the lines joining 
the intersections of (bict) and (i>*cj), (bidt) and (WO, (cid») 
and (ctdt), and all lines similarly drawn, will pass through 
the point iS>, the intersection of the tangents at Si and St. 

Moreover, since St and St are not special points of the 
curve (§ 66), if any simple quadrangle SyBStC is inscribed 
in a ctuTre of the second order, the intersections of pairs of 
opposite sides, StB and StC, or (fcic*), StC and StB, or (cibt), 
are coUinear with the intersection of tangents at the opposite 
vertices Si and St. But in the construction the vertices 
B and C might as well have been chosen as centers of the 
pencils of rays, and consequently the intersection of tangents 
at these points is likewise collinear with the points of inter* 
section of pairs of opposite sides. 

On the other hand, if in the construction for determining 
additional rays of a pencil of the second order from five given 
rays (§ 56), the points Si and St are chosen to coincide with 
A* and Ai, respectively, the line of perspectivity, u (Fig. 53), 
will join the points of contact in tlw rays ui and ut, and con- 
sequently, it is the same whether Si and St are choeen to 
coincide with At and Ai, respectively, or with and JSi, 
Ct and Cl, or with any other pair of homologous points 
(§ 56). Therefore not only do AiBt and AtBi, A,C» and 
A|C|, and other such pairs of rays intersect on the line «, 
but so also do BiCt and A A, A A and AA, KiLt and Ktln, 
and all pairs of lines similarly drawn. 



m mmMcwm mm geometry 

If, now, m ehoose a simple quadrilateial 
whose mdm are mys of the pencil of the eecond order, the 
JUnes Joimng pairs of opposite vertioes AiBt and d.tRi inter 
sect in a point of the line u which joins the points of contact 
in a pair of opposite sides. In the oonstniotion, either pair 



Fic. 63 


of sides may be chosen as base lines Ui and th (§ 66). Con- 
sequently, through this same point will pass the line joixiing 
the points of contact in the other pair of opposite sides. 

91« Relation between a Quadrangle in a Curve of the 
Second Order and a Quadrilateral in a Pencil of Rays of 
the Second Order. The theorems on quadrangles and quad- 
rilaterals stated in § 89 and proved independently in § 90, 
when placed side by side, present an interesting relation. 


THBoanM ON Quadkanolbs. 
If fmr pcink of a curve of the 
the second order are the veriicee 
of a complete quadrangle and the 
tangmU at thorn points are the 
eidee of a complete quadrilateral, 
these two forms are so related 
(hat the three pairs of opposite 
wtHees of the quadrilateral lie 
m the sides of a triangle in 
whose vertices the three pairs of 
apposite sides cf the quadrangle 
isdarsecL 


Thbokem on Quadrilater- 
als. If four rays of a pencil of 
the second order are the sides of a 
complete quadrilateral and their 
points of contact are the vertices 
of a complete quadrangle, these 
two forms are so related that the 
three pairs of opposite sides of 
the quadrangle intersect in the 
vertices of a triangle on whose 
sides the three pairs of opposite 
vertices of the quadrilateral lie. 
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The Complete quedrau^e 
eompriaes three simple quad* 
rangles for each of which the 
quadrangle theorem of ( 89 
is true. The three lines (Pas- 
cal lines) arising in the three 
simple quadrangles are the 
sides of the triangle in ques- 
tion. 


The complete quadrilateral 
comprises three simple quadri- 
laterals for each of which the 
quadrilateral theorem of § 89 
is true. The three points (Bri- 
anchon points) arising in the 
three simple quadrilaterals are 
the vertices of the triangle in 
question. 


In this fonn, the theorem on the left and the theorem on 
the right state exactly the same thing; namely, that the 
given triangle in either case is such that in its vertices the 
pairs of opposite sides of the complete quadrangle intersect 
and on its sides the pairs of opposite vertices of the complete 
quadrilateral lie. It is immaterial, therefore, whether the 
theorems refer to four points of a curve of the second order 
and the tangents at those points or to four rays of a pencil 
of the second order and the points of contact in those rays. 

Suppose, then, there are given a complete quadrangle 
KLMN and a complete quadrilateral khnn whose sides 
pass through the vertices of the quadrangle (Fig. 54), and 
that these two forms are so related that the pairs of opposite 
sides of the quadrangle intersect in the vertices of a triangle 
XYZ on whose sides the pairs of opposite vertices of the 
quadrilateral lie. If a ctirve of the second order is con- 
structed passing through the points KLMN and having 
the line k for tangent at K, there being only one such curve 
(§ 67), the lines I, m, n, will be tangents to this curve at the 
points L, M, N, respectively, by the theorems just stated. 

For if Z, for instance, is not the tangent at L, but some 
other line through L is tangent to the curve at that point, 
the tangents at K and L could not intersect on a side of the 
triangle XYZ, as must be the case by the theorem on the 
MU 
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If, on oUtw band, the pezusQ of of the aeocmd 
oxder la ooaitrooted from the demeote k,l,m,n, with K tm 
tlw poiBt of oootact in k, then the points L, M, N, will be 
pdnts of ixmtact in the rays 1, m, n, respectively. CSon- 
sequontly, four points of a curve of the second <wder and 



the tangents at those points are, at the same time, four rays 
of a pencil of the second order and the points of contact in 
those rays. 

92. The TangeUts to a Curve of the Second Order form a 
Pencil of Raya of the Second Order, and Reciprocatty. 
That the tangents at the points of a curve of the second 
order form a pencil of t&yi of the second order, and, recip- 
rocally, that the points of contact in the rays of a pencil of 
the second order f(Hm a curve of the second order, will ap- 
pear with greater generality from the fdlowing direct 
demonstration. 

In the diagram of § 91 (Fig. 54), suppose the points 
L, M, N,ci A given curve of the second order and tlm tan- 
g^ts at those points remain fixed, while K and its tangent 
k move along the curve. In every position of K, the figure 
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RLMN is && inscribed quadrangle with fixed tangents at 
L, M, and N; consequently, the points B, C, D, the inters 
sections of I and m, I and n, m and n, respectively, are fixed, 
as are also the lines LM, LN, and MN. 

In the simple quadrangle KMLN, the pairs of opposite 
sides intersect in Y and Z, and the pairs of tangents at 
opposite vertices Intersect at A and D, respectively. Also, 
in the simple quadrangle KMNL, the pairs of opposite sides 
intersect in K and X, respectively, and the pairs of tangents 
at opposite vertices intersect at E and B. 

Hence, as K moves along the curve, the rays DA and BE 
will rotate about the fixed points D and B, respectively, 
generating perspective pencils of rays of which bomol<^ous 
rays intersect in the variable point Y of the fixed line LN. 
The points A and E, therefore, describe projective ranges of 
points on the fixed lines I and n, and the tangent k joins pairs 
of homologous points in these ranges. The tangent there- 
fore generates a pencil of rays of the second order. 

On the other hand, suppose in the same diagram (Fig. 54) 
Jdmn is a quadrilateral in a pencil of rays of the second order, 
of which the rays I, m, n, and the points of contact, L, Af, N, 
in these rays remain fixed while k moves, always remauung 
a ray of the pencil. 

The ranges of points described by k on the fixed rays 
I and n will therefore be projective, and the pencils <rf rays 
projecting these ranges from the fixed points D and B will be 
perspective, since homologous rays intersect in the point Y 
of the fixed line LN. The ranges of points described by Z 
and A^, respectively, are sections of these pencils and are 
consequently projective. Hence the pencils <rf rays 
ated by NK and LK, projecting these ranges of pcfints, are 
projeetively rdated. Hiat is, the point of oonta^ K in the 
ray k traverses a curve ot the second wder. Fnnn this 
demonstration we have the following theorem. 
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Tmoxm, If a point movos on a cum ef tho eocomi ordtr, 
the fytnffent to the euroe at that point wiU generate a pencil 
rage of the second order; and reeiprocaUg, if a line mmiee in a 
pencil of rape of the eecond order, the point of contact in that line 
wiU de^Ttbe a curve of the eecond order. 

In other words, the tangents to a curve of the second 
order form a pencil of rays of the second order and the points 
of contact in the rays of a pencil of the second order form a 
curve of the second order. The rays of the pencil may be 
said to envelop the curve, 

93. Brianchon’s Theorem re>8tated for a Curve of the 
Second Order. Brianchon’s theorem may now be stated as 
fdlows. 

Theobem. If the sidee of a simple hexagon are tangents to a 
curve of the second order, the three principal diagonals, that is, 
the lines joining pairs of opposite vertices, pass through one 
point. 

The theorems on pentagons, quadrilaterals, and triangles 
whose sides are rays of a pencil of the second order, may 
likewise be re-stated in terms of similar figures circumscrib- 
ing a curve of the second order. 

Moreover, since a pencil of rays of the second order is cut 
by any two of its rays in projective ranges of points, it fol- 
lows that the tangents to a curve of the second order are 
cut by any two of these tangents in projective ranges of 
pmnts. 

94 . The Puiiita of a Curve of the Second Order are 
Projective to Rte Tangents at those Points. In the dis- 
cussdon of § 92, it developed that the two pencils of rays 
described by BE and DA (Fig. 64) are persepetive, since 
homologous rays in the two pencils intersect in F, a point of 
the fixed line LN. The pencil of rays MK projecting the 
moving point K of the curve from the fixed point M is pen* 
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i^>eetive to both of these pencils and the range of points 
described by E on the fixed tangent at JV is projective to the 
pencil of rays M since it is a section cd the pencil of rays B, 
The tangent at K passes through E and we have the follow- 
ing interesting property. 

Theorem, Of a curve of the second order if there are given 
a fixed point M and a fixed tangent n and to each ray of M 
projecting a point K of the curve there is correlated that point 
of n through which the tangent at K passes, then the pencil of 
rays M is projective to the range of points n, 

95. The Cross-Ratios of Points of a Curve of the Second 
Order and of the Tangents at those Points ore EquaL* Four 
points of a curve of the second order are said to be harmonic 
when they are projected from any fifth point of the curve by 
harmonic rays, and four rays of a pencil of the second order 
are harmonic when they are cut by any fifth ray of the pencil 
in harmonic points. 

Moreover, the cross-ratio of four points of a curve of the 
second order is defined to be the cross-ratio of the four rays 
projecting them from any fifth point of the curve; and like- 
wise, the cross-ratio of four rays of a pencil of the second 
order is the cross-ratio of the four points in which they are 
cut by any fifth ray of the pencil. 

From the theorem of § 94, it follows at once that if four 
points of a curve of the second order are harmom'c the 
tangents at those points are harmonic. More generally, 
the cross-ratio of four points of a curve of the second order is 
equal to the similar cross-ratio of the tangents at thoee 
points. 

96. Properties of Cones and Pencils of Planes of the 
Second Order. By projecting the plane figures of this 
chapter from a point not in the plane, analogous properties 

^ Thii property wiia stated by Cbaelao in bis TraM dm SecHom C&mgum, 

sm. 
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of fionw of the aeeoDd order and peiu^ of pUmes of the 
eeoond catdex tidU be obtained. For example, the tangent 
planes of a ocme of the second order form a pencil of i^es 
of the second order and the rays of contact in a pencil of 
planes of the second order form a cone of the second order. 

The properties in a cone of the second order analogous 
to Pass’s and Bnanchon’s theorems may be stated as 
fdlowB. 

Thxoxeic. If the verlicee of any eimple hexagon lie on a 
cone of ike second order, the planee determined by the vertex of 
the cone and the three pairs of opposite sides of the hexagon tn- 
terseet in tnree rays through the vertex which lie in one plane; 
and if the sides of any simple hexagon are tangent to a cone of 
the second order, its three principal diagonals are intersected by 
one etraight line through the vertex of the cone. 

Pour rays of a cone of the second order determine three 
pairs of {danes which intersect in three rays through the 
vertex. These rays lie by twos in three planes, in lines of 
which the {danes tangent to the cone along the four given 
rays intersect, two and two. 

97. A Cttnre <rf the Second Order is a Conic Section. We 
are now ready to show that a curve of the second order is the 
same as the conic section of ancient geometry. 

It has already been ahown (§ 73) that a circle is a curve of 
the second or^r and hence the projection of a circle from 
any point not in its plane is a cone of the second order 
(§ 62). Also any section of a circular cone; that is, a section 

a ctme which is the projection of a circle, is a curve of the 
second order. It remains to show that an arbitrary curve 
of tbe second order can be made to appear as the section of 
a ^reular cone. 

Suppose there are given an arWtrary curve of the second 
<wder and a circle lying in different planes (Fig. 6S) but so 
alttisted that the line oS Interseetion k of their jdanes is 
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tssfent to both curves at the same point iT. In the line A 
choose any three points P, Q, different from K, and frwn 
each of these draw the second tangents to the two given 
curves, meeting the circle in A, B, C, and the artatrary curve 
of the second order in A\ B', O', respectively. 

The idanes PAA', QBB', SCO', cannot intersect in one 
line for then PA, QB, and RC would intersect that line where 



it meets the plane of the circle and PA', QB', and RC' 
would intersect the line where it meets the plane of the conic. 
But these conditions cannot exist since PA, QB, RC, and 
likewise PA', QB', RC', are tangents to a curve <rf the 
second order. They will therefore determine a point F 
from which the systems of tangents to the two given curves 
may be projected by two pencils of planes of the second 
coder. 'These pencils will have four planes in common, 
namdy, the three planes determining V and the fdane Vk. 
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The ny of ocmtaot in Vk le also ocmmon to the two 
pencils. The pencils of ;^anes, therefore, are identic^ 
and they envelop a cone of the second order on which the 
two given corves lie ($ 96). 

Any carve the second order may thus be made to lie on 
a <aom which is the projection of a circle; hence it is identical 
with the section of the cone made by its plane. A curve of 
the second order may thmefore be designated hereafter 
as a conic tecHon or more briefly as a conie.^ 

M. ClassiScation of the Sections of a Cone. A plane o 
through the vertex of a cone of the second order may inter* 
sect all the rays of the cone at the vertex, or it may contain 
one ray of the cone cutting all the others at the vertex, or 
it may contain two rays of the cone. 

A plane parallel to <r in the first case would cut all rays of 
the cone on one side of the vertex and the section would have 
no infinitely distant point. The action would thus be an 
ellipse (5 72). 

In the second case, a plane parallel to a would cut one ray 
of the cone at an infinitely distant point and the other rays 
on one side of the vertex. The section in this case would be 
a parabola. 

In the third case, a plane parallel to <r would cut two rays 
of the cone at infinitely distant points and the section would 
therefore have two points in common with the infinitely 
distant line the jflane. Of the other rays of the cone, the 
plane would out some on one side of the vertex and some on 
the other. Ibe section, therefore, would be a hyperbola and 
would consist of two branches connecting through its in- 
finitely distant points. 

t Conk Bootionii wore tot stodiod an plima aeetiona of » Hftht ciroukr 
mm with m aeute^ right* or obtuae vertM anglo, the fsfUpao (Doming from 
the tot of thoae. the pnraboliL from tho aacond. and the hyj^rbola from tho 
third* Later* it wwa dhown by ApoUonivia that any of the throe forma mlghl 
he eoi hrom m aingle omm a dronlar baao* whether rie^t or oldiqmi. 
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SZBEaSES 

1. Malca use of Bescal’e end Brianchon’e tlieorems to solve tbe 
followiuf lux^blems: 

(a) Having given a pentagon inscribed in a conic, draw the tangents at 
the vertices. 

(h) Having given a pentagon circumscribed to a conic, find the points of 
contact in the rides. 

(e) Given four tangents to a parabola, (1) find the point of contact in 
one of them; (2) draw the second tangent through a given point 
in one of them. 

(d) Given one point and the asjmfiptotes of a hyperbola, find where a 
given line through the point will intersect the hyperbola a second 

ilmft. 

2. Given three points, A , B, C, of a curve of the second order and the 
tangents at B and C. If an arbitrary line is drawn through B or through 
C, make use of Pascal's theorem to find where the line will intersect the 
curve a second time. 

3. Given three rays, a, h, c, of a pencil of the second order and the 
points of contact in h and e. If an arbitrary point is chosen on & or on c, 
make use of Brianchon's theorem to draw the second ray of the pencil 
passing through that point. 

4. If a range of points and a pencil of ra>’s b^ing in the same plane 
are projectiveiy reIat.od and through each point of the range a line is 
drawn parallel to the homologous ray of the pendi, these will either 
intersect in one point or they will envelop a parabola. 

5. In Exercise 4, if the lines are drawn from the points of the range 
perpendicular to the homologous rays of the pencil, show that the same 
result is obtained. 

6. An angle of given magnitude so moves in its plane that its vertex 
describes a straight line u while one ride rotates about a fixed point. 
Show that the other side will envelop a parabola to which u is tangent. 

7. If the vertices of a rimple hexagon ACiBAtCBi lie alternately on 
two straight lines in a plane, the intersections of pairs of opposite sides 
lie on a third straight line. (Pappus, McUhetmiicae CoUne^arm, VII.) 

State and prove the plane reciprocal of Exerem 7» 



CHAPTER IX 

TBB THBORT OF POLES AHD POLARS 

99. Definition ol the Pole and Ptdar Relation. The 
theorems on inscribed and circumscribed quadrangles 
(S 89) lead immediately to other important properties of the 
curve of the second order. 

DEnmnoN. Through a point P in the plane of a given 
conic two secants are drawn at random which cut the conic 
in the points A, D, and B, C, respectively (Jigs. 56, 57). If 
the lines AB. and CD intersect at Q and the lines AC and 
BD intersect at R, the line QR is called the fiotar of P with 
respect to the given conic and P is called the of QR. 



From this definition it will appear at once that the line 
PR is the polar of Q, and likewise PQ is the polar of R for 
the given conic; also that Q is the pole of PR, and R is the 
pole of PQ. The same relation is exinessed when we say 
that in any complete quadranfd® whose vertices lie on a 
cooio each diagonal pcdnt is the pole, relative to the conic, 
of the line determined by the other twa 

133 
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100. Tlw ]^1« and Polar Rdadoa is Uiiiqiia. At find 
gjanoe it might seem that for any given point there would be 
many polars since the lines through P cutting the curve are 
drawn wholly at random, but a study of the construction 
will show that for any given conic there is but one polar of a 
idven point. 

From Pascal's theorem as applied to the inscribed 
quadrangle ABCD (Figs. 56, 67) the tangents to the curve 
at A and D intersect on the line QR, say at L, and if AT is the 
point of intersection of QR and AD, then M is the harmonic 
conjugate of P relative to A and D (§ 33). Consequently, 
since the polar QR passes through L and M, it may be 
determined from but one of the secants through P, and no 
matter how the second secant is drawn we arrive always at the 
same polar. Moreover, since the polar QR may be deter- 
mined in the same way from any one of the second secants, 
the first secant may be drawn wholly at random, and conse- 
quently the same polar is determined no matter how the 
two secants are drawn. 

If, then, any number of secants are drawn through P and 
their points of intersection with the curve are joined, two and 
two, as in the definition of a 
polar (Fig. 58), all such pairs 
of joined lines will intersect 
on the polar; also the tangents 
to the curve at points lying 
on the same secant will in- 
tersect on the polar. 

I^ce P is harmonically 
sei»rated from M (Pigs. 58, 57) by the points in which the 
secant AD intersects the curve, and since AD is any secant 
whatsoever through P, it follows that the polar cf P is 
the locus of points hanaonicaUy separated from P by the 
curve. 
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101. The jPidarii tiie Chord of Coatect of Tai^pmts fbom 
Haa Pde. If the jpokr p outs the curve at a point K 
(Rg. 50), the line PK is a secant through P, and a point K 
on the polar is the harmonic conjugate of P relative to the 
two Intersectimis of PK with the curve (§ 100). Since oxie 
of these intersections coincides with K, so must also the 
other (§30). Hence PK is tangent to the curve, and the 
polar of P passes through the points of contact of tangents 
from P, if such can be drawn. 

102. Construction for the Pole of a Given Line. On the 
other hand, if there is given in the plane of a conic any 
straight line r (Fig. 59), its pole 18 relative to the given conic 



may be found by choosing at random two points S and T on 
the given line from which tangents to the conic, a and c from 
S and b and d from T, can bo drawn. The intersections of 
a and h, e and d; b and c, a and d; determine two lines p and 
g, which intersect in 18, the pole of the given line. 

That the point R determined by this construction is the 
pole of the line r as defined in § 99 may be shown by the 
{(diowing considerations. 
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ii Ap Bp Cp JO B3tB the points of contact of the tangents 
a, b, c, d, respectively, we know from Brianobon’s theorem 
that the lines AC and BD both pass through B, the inter- 
section of the diagonals p and q of the circumscribed quadri- 
lateral ohcd Also, the lines AB and CD pass through P, the 
intersection of q and r; and likewise, AD and BC pass 
through Q, the intersection of p and r. The polar of S, 
therefore, by the definition of § 99, is the line PQ, or the 
given line r. That is, the point B determined in the fore- 
going construction is the pole of the given line. 

It will be observed that the construction here given to 
determine the pole of a given line relative to a fixed conic is 
the reciprocal of that given in § 99 to determine the polar of a 
given point. 

103* Properties of Pole and Polar. The relations de- 
veloped in the preceding paragraphs between a point and its 
polar relative to a given conic may be summarised in the 
following reciprocal statements, those statements in the 
parallel columns being reciprocals wdiich bear like numbers. 


On the polar of a point P, for 
a given conic, there will lie: 

(1) The point on any secant 
through P which is harmonic- 
ally separated from P by the 
curve. 

(2) The points of contact of 
tangents from P, if such tan- 
gents can be drawn. 

(3) The intersection of tan- 
gents to the curve at the points 
in which any secant through P 
cuts the curve. 


Through the pole of a line p, 
for a given conic, there will 
pass: 

(1) The line drawn from any 
point of p which is harmonic- 
ally separated from p by tan- 
gents to the conic from tliat 
point. 

(2) The tangents at the 
points of intersection of p with 
the curve, if such there are. 

(3) The line joining the 
points of contact of tangents 
from any point of p. 
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the BBooad <udet xmy be trmveraed from any ooe point of it 
to any other pdnt of it, at ag^n to the same point, in either 
sense, without leaving the curve, and it is said therefore to 
be a efoMvf mrve. It divides the plane in which it lies into 
two parts such that you may pass from any point in one 
part to any other point in the same part, but to no pmnt in 
the other part, without crossing the curve. The points of 
(me part of the plane are said to lie inside the curve, while 
the points of the other part lie omtside the curve. 

That part of the plane is defined to be the inside of a conic 
in which, if any point is chosen, all straight lines through it 
will cut the curve in two points. From a point inside the 
conic no tangents can be drawn. 

Through a point outside a conic some straight lines may 
be drawn which cut the conic while others do not. Through 
any point outside the curve two tangents to the conic may 
be drawn. 

If a point P lies inside a conic, the line through it and any 
point P' outs the oouio in two points, and if P' lies on the 
polar of P relative to the conic, it is harmonically separated 
from P by the curve (§ 100). Consequently, all points 
of the polar of P must lie outside the conic. Moreover, 
all points harmonically separated from P by the curve lie on 
the polar. 

If a point P lies outside a conic, its polar p with respect to 
that curve will cut the curve in two points; namely, in the 
two points of contact of tangents from P ( S 103) . The polar 
vrill thus lie partly inside the curve mid partly outside. The 
points of the polar which Uo inside are harmonically sepa- 
rated from P by the curve; and conversely, all points har- 
monically separated from P by the curve lie on the polar. 

On the otW hand, if a line p lies wholly outside a conic, 
ita pcie P with respect to that conic lies inside the conic and 
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is wparated from every pdnt ol p by the ourve. 

If a straight line p outs a cooie, its pole P with respect to that 
conic lies outside and is harmonic^y separated by the conic 
from such pdints of p as lie inside. 

If a point P lies on a given conic, the construction defining 
its polar (§ 99) yields as a limiting figure, the tangent at P 
as the polar; and, reciprocally, if a given line p is tangent to 
the curve, the point of contact is its pole. Relative to a 
given conic, then, every point of the plane has one and only 
one polar and every line of the plane has one and only one 
p(^e. Thus, by the aid of a conic, a one-to-one corre- 
spondence is established between the points and the lines of 
a plane field. 

105. Rec^nocal Relations between Points and tiieir 
Polars. 


Tbxobch . If a point Q lies 
on the polar of another point P, 
relative to a piven conic, then 
P lies also on the polar of Q. 


Theobbm. If aline q passes 
through the pole of another 
line p, rdcUive to a given conic, 
then p passes also through the 
pole of q. 


To demonstrate the theorem on Uie left, three cases must 
be considered. 

First, suppose the point P lies inside the conic. Then its 
polar lies wholly outside and every point of it is harmonically 
separated from P by the curve. Since Q is a point on the 
polar of P, it lies outside the curve and the two points P and 
Q are harmonically sefMurated by the curve. The polar of 
Q passes through all points harmonically separated from Q 
by the curve (§ 104) and hence it passes through P. 

Next, suppose P lies outside the conic. Then its polar 
must cut the conic and some points of it lie inside the curve 
and some lie outside. If Q lies on the polar of P, whether 
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inside or otifadde tbe etirve, the polar P is a secant through 
Q and the polar of Q will pass through the oommon point of 
the tangents at the curve^pctots on the secant (§ 103). 
But these tangents intersect at P. Hence the polar of Q 
will pass through P. 

Finally, suppose P lies on the curve; then its polar is the 
tangent at P. If Q lies on this tangent, its polar passes 
through the point of contact, that is, through the given 
pdnt P. 

Ihe theorem on the right follows immediately from that 
on the left by reciprocation, or it may be proved independ- 
ently in an entirely similar manner. 

106. Polar Reciprocal Figures. The principle of reci- 
procity or duality which heretofore has rested on certain 
observations on the properties of points, lines, and planes, 
and their mutual relations, now takes definite form, at least 
for tbe plane, since by means of the polar theory, to every 
point of a plane there is correlated a definite line; namely, 
its ptdar with respect to a fixed conic; and to every line of 
the plane there is correlated a fixed point; namely, its pole. 

To the pdnts of a straight line are correlated the polar 
rays of those points, all of which pass through tbe pole ot 
the given line. In other words, the polar reciprocal of a 
range points, relative to a given conic in its plane, is a 
pencil of rays wboee center is the pole of the Une on which 
the range lies, llie polar reciprocal, relative to a given 
conic, of a triangle consisting of three points and the lines 
through them, is a triangle conisisting of three lines and their 
pmnts of intersection. The polar reciprocal of a complete 
quadrangle is a complete quadrilateral. 

It was by means of the polar theory that Brianchon de- 
duced his theorem from tW of Pas^. By constructing 
the tangents at the vertices ai Pascal’s inscribed hexagon he 
fonned a eiroamscribed hexagon, every vertex of which was 
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the pole, relative to tlra eonio, of a aide of tbe inscribed figure^ 
white the intersectioiu of pairs of opposite sides of the latter 
were the pdes of the principal diagonals of the fonner. 
^noe, by Pascal's theorem, the three intersections of pain 
of opposite sides of the inscribed hexagon lie on a straight 
line, the three diagonals of the circumscribed %ure must 
pass through one point; namely, through the pole oi the 
Pascal line. 

This one application of the polar theory will serve to show 
how, with the help of a conic, for any figure in a plane, 
another figure can be constructed whose properties may be 
deduced from known properties of the given figure. Fre- 
quent use will hereafter be made of this principle. 

107. Conjugate Points and Lines. Definition. If two 
points P and Q are so situated that each lies on the polar of 
the other with respect to a given conic, they are said to be 
conjugate to each other relative to that conic; and similarly, 
two lines are conjugate when each passes through the pole ci 
the other. 

A point is therefore conjugate to all the points of its 
polar, and a line is conjugate to all the lines through its pole. 
In particular, a point on the given conic is conjugate to all 
the points of the tangent at that point, and a tangent to the 
given conic is conjugate to all the lines through its point of 
contact. 

A point of the given conic is said to be self-conjugate 
since it lies on its own polar, and a tangent to the ^ven 
conic is self-conjugate since it passes through its own pde. 

Two lines which intersect on a conic are conjugate with 
respect to that conic only when one of them is tangent to 
the conic, and two points on a tangent are conjugate only 
when one of them is the point of contact. 

If two points are conjugate with respect to a given conic, 
their polars are likewise conjugate. 
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If the line throog^ two pcnnts which are oonjttgate rela^ve 
to a giwnt ooido, oute that eonie, one d the points must He 
incdde the ocmie and the other outside, and they are hao^ 
monically separated by the pdnts of the conic Ijdng on the 
Hne. 

If two conjugate lines p and g intersect in a point R out- 
side the conic with respect to which they are conjugate 
(Fig. 60), one line must out the conic while the other does 
not, and they are harmonically separated by the tangents to 
the conic through their common point (§ 103). 

If two conjugate lines intersect in a point R inside the 
conic (Fig. 61) and cut the conic at A and C, B and D, 
respectively, these points are projected from any point of 




the conic by harmonic rays. For, the pole of AC lies on BD, 
say at P, so that the points P, B, R, D, are harmonic (§ 100), 
and the rays d(P, B, R, D) are likewise harmonic. These 
rays project the pmnts A, B, C, D of the curve and conso* 
quently A, B,C, D toe projected not only from A, but from 
any other pdnt d the curve by harmonic rays (§ 66), 

UK. Sdf'-Polsx’ Triangles. If Pis any point of the plane, 
Q any point on its polar with respect to a given conic, and 
R the intersection of the polars of P and Q, the triangle PQR 
(F^ 62) is such that each vertex is the pole of the opposite 
aide and eadi side is ihe polar of the opposite vertex. Sucha 
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tadang^ is said to be §^-ptier» w: ttHS-conSugaU idstive to 
the given oonie. 

Of any self-polar triangle, the two sides throngh each 
vertex aie oonjogate lines relative to the conic and the two 
vertices on any side are conjugate 
points. Of such a triangle PQR, 
not more than one vertex may lie 
inside the conic, for if a vertex P 
is inside the conic, its polar p lies 
wholly outside (§ 104) and conse- 
quently the remaining vertices Q 
and R are outside the conic. Of 
the two sides of the triangle p and 
r intersecting at a point Q outside 
the conic, since they are conjugate, one of them, the side r, say, 
must cut the conic (§ 107) and the vertex P is harmonically 
separated from Q by the curve; consequently, it lies inside 
the curve. That is to say, of the vertices of a self-polar tri- 
angle, one vertex lies inside the curve, and the other two, 
outside. likewise, two sides of a self-polar triangle relative 
to a conic intersect the conic, while the third side does not. 

To construct a aelf-pol&r triangle relative to a given conic, 
one vertex P may be chosen inside the conic and a side g 
through that vertex may be chosen at random. The polar 
of P relative to the conic intersects the side y in a point R 
whose polar r passes through P (§ 105) and intersects p, the 
polar of P, at a point Q sudi that the vertices of the triangle 
PQR are the poles of the opposite sides. The triangle so 
formed is consequently self-polar and for a given conic there 
is an unlimited number of such self-polar triangles. 

109. The Diagonal Triangle (rf an Inscribed Quadnmgje 
or of a Circumscribed Quadrilatersl is Self-Polar. The 
fdlowing reciprocal theorems arise immediately from the 
polar prc^ierties already developed. 
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TsBOltBii. 7%* lAros pain 
ttf opponte ndat c(f a eemplOe 
^uadrant^ inKiib^ in a conic 
(Fig, S9) interceet in the vertices 
of a triangk which is sdf-palar 
relative to the conic. 

In other words, the diagonal 
points of a complete quad- 
rangle inscribed in a conic are 
the vertices of a self-polar tri- 
angle for that conic. 


Taaomc. The three pairs 
ef opposite vertices of a comphie 
qmdrUaterol circumscribed to a 
conic (Fig. 59) ddermine the 
sides of a triangle which is self- 
polar rdative to the conic. 

In other words, the diago- 
nals of a complete quadrilateral 
circumscribed to a conic are 
the sides of a self-polar tri- 
angle for that conic. 


110. Pole and Polar are ProjectiTely Related. If PQB 
is a self-pcdar triangle with respect to a given conic (Fig. 63), 

let us suppose that the 
points A, C, and Q remain 
fixed while D moves along 
the conic. The line CD 
will then generate a pen- 
cil of rays about C pro- 
jective to the pencil about 
A, and the range of points 
B on the line PB wUl be 
projective to the range de- 
scribed by P on the same 
line. Hence QR, the polar 
of P, will generate a pencil 
of rays about Q projective 
to the range of points P. 
From this we have the following important result. 

Theobeii. If a point P moves on any straight line q, its 
polar p with respect to a given conic wiU rotate about a point Q, 
the pole <tf q, and wiU generate a pencil of rays prqjedive to the 
range of points P; and corwersdy. 

The pencil of raifH described by the rotating polar ia 
projeedve to the range of points dnseiibed by the pede. 
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111. Pole and Polar Relations in a Cone. The pc^e and 
polar theory for a plane may be transferred immediately to a 
oone of the second order by projection. For example, wo 
may make the following statements. 

If there are given a cone of the second order and a ray s 
passing through its vertex, and through « there are passed 
two planes at random, a and ^3, cutting the oone, the follow- 
ing rays He in one plane <r passing through the vertex. 

(а) The ray in either plane a or ^ harmonically separated 
from a by the cone; 

(б) The common ray of the planes tangent to the cone 
along the lines of intersection of either a or ^ with the cone; 

(c) The rays of contact of the planes through a tangent to 
the cone, if any; 

(d) The lines of intersection of opjxtsite faces of the four- 
edge inscribed in the cone, of which the planes a and 0 are 
diagonals. 

The plane <r is the polar plane of s with respect to the cone, 
and 8 is the pole-ray of <r. 

Similarly, the properties of conjugate lines and points may 
be transferred to the cone, yielding conjugate planes and 
rays all passing through the vertex. 

112. Pole and Polar in a Ruled Quadric Surface. A 

ruled surface of the second order is projected from any point 
P, not on the surface, by a pencil of planes enveloping a cone 
of the second order (§ 82) and the planes of this pencil are 
tangent to the surface at points of a plane section of the 
surface. This plane of section, that is, the plane containing 
the points of contact of planes through P, is called the polar 
plane of the point P. Any ray through P, meeting the 
surface and not l^ing in a tangent plane, is cut harmonically 
at P, the polar plane, and the surface. In other words, P 
is harmonically separated by the surface from the points of 
its polar plane. 



m PEOJECTIVB FUSE OOBMETBY 

1. By l&iir ocmstaruirtiom determme tha polir df a ghm pobt and 
tha pdb Qif a gjvaa line with mspeot toa oonie of which only five point# 
or ive tas^t# are known. 

From a given point in it# plane draw the tangents to a given conic; 
that i»f draw the two raye of a pencil of the second order which pass 
through a gtv«n point. 

^ If four points on a straight line are harmomc, their polar# relative 
to a givim conic pass through one point and are likewise harmonic* 

4. If a triangle is self-polar with respect to a ctreky show that the 
center of the clrcie is the orthooenter of the triangle. 

5. A triangle ABC, of whidsi o, h, c, are the mdee opposite correspond- 
ing vertices, is inscribed in a conic and o", b', t* are the tangents to the 
conic at corresponding vertices, forming a circumscribed triangle A*B*C\ 
The pairs of sides a, a'; b, b'; c, c', intersect in points of a straight line 
k and the lines AA% BB\ CC\ pass through one point K such that the 
line k is the polar of K relative to the conic* 

dw A vaiiable tangent to a conic lnten»ects two 6xed tangents and 
their chord of contact in three point# which, with the point of contact 
of tlie variable tangent, form a harmonic range* 

7. Construct a conic through three points, not oollinear, with respect 
to which a given point is the pole of a given line. Is there more than 
one such omiic? 

S. Construct a conic through a given point with respect to which two 
given points are the polos, respectively, of two given lines. 

9. Construct the circle mih respect to which a given triangle is 
self-polar* 

10. If there are given one point of a conic and a self-polar triangh^ 
show that three other points of the conic may be found* 



CHAPTER X 


APFUCATIOlf S OF THE POLE AND POLAR THEORY 

113. Tlie Polar Redprocd of a Conk. In § 110, if the 
point P should move on a curve of the second order g 
instead of on a straight line, its polar p with respect to a 
fixed conic k would generate a pendl of rays of the second 
order; that is, it would generate the system of tangents to 
another conic. For, in that case, the path of P is the 
locus of the intersections of successive purs of homologous 
rays in two projectively related pencils Si and St, generating 
the conic g. The polar of P relative to k, therefore, joins 
succfNSsive pairs of homologous points in two projective 
ranges, uj and Ut, where Ui and uj are the polars of Si and St 
respectively, relative to the conic k, and the pairs of hom<^- 
ogoua points on them are the poles of homologous rays in Si 
and Si. Hence the polar of P generates a pencil of rays of 
the second order enveloping a third conic h. This relation 
may be stated in the following theorem. 

Theoasm. If a moving point describes a come, its polar 
relative to a fixed conic describes the system of tangents to a 
third conic. 

The first and third comes, g and h, are mutually redfnocal 
relative to the fixed conic Jb; that is to say, the tangents to 
either of them are the pdars of the points of the other. 

If the conics g and k have a point in common, the polar of 
that point relative to ib is the tangent to A; at the point, and 
consequently, for every point which the conics g and ib have 
in common, there is a tangent common to h and k. More* 
over, for every tangent which g and k have in oommon there 
is a point otonmon to h and k. 

m 
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114. CoaJijfitA Points oa K<m-Conjti^t« Z4&e8 ud Co^ 
fag$.t9 Uaes timnigh Non-Conjugato Points. If two lines 
u and s are non-oonjngate relative to a given conic, that is, 
neither passes through the pole of the other, to every point 
of one of theee lines there is one and only one conjugate 
point on the other. For, if a point A lies on the line u, it is 
conjugate to every point of its polar and to no other points. 
Ihe ptdar of A will intersect the line s in a point A', conju- 
gate to A. 

If now the point A moves along the line «, its polar will 
rotate about U, the pole of u, and will generate a pencil of 
rays projective to the range of points A (§110), The range 
of points A' on the line c is a section of this pencil and it is 
therefore projective to the range of points A. The lines 
joining the pairs of conjugate points in u and v will form a 
pencil of rays of the first or the second order according as 
the common point of u and v is or is not self-conjugate, that 
is, according as u and v do or do not intersect on the given 
conic. 

Reciprocally, if two points U and V are non-conjugate 
with respect to a given conic, that is, neither lies on the 
polar of the other, to every line a passing through one of 
these p<nnts, U, there is one and only one line a' passing 
through the other, F, which is conjugate to it. For the 
line o is conjugate to lines through its pole and to no others, 
and there is but one of these which passes through F. 

The potas of conjugate lines in C/ and F form projective 
pencils of rays which generate a curve of the first or second 
coder according as the line C/V is or is not self-conjugate; 
that is, according as f/F is or is not tangent to the given 
eonic. 

Briefly it may be stated that the ranges of eonjogate 
points on two non-oonjugate lines and the pencils of conju- 
gate rays through two non-oonjugate points are {oojeetive. 
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11$. CoAli^Eatie Poliits on the Sides of an Insctibed 
Tcianjgle. 

ThbORKM. If a triangle is insaribed in a conic, the lines 
joining pairs of conjugate points on two of the sides are con- 
jugate to the third side; that is, they pass through the pde of 
the third side. 

For since no two sides of the inscribed triangle are con- 
jugate relative to the conic, and since the point in which the 
two chosen sides intersect; namely, one vertex of the triangle, 
is self-conjugate (Fig. 64), the lines joining pairs of conjugate 
points in them will pass through oite point (§ 114). Two of 


A 



these lines are the tangents at the other two vertices of the 
triangle and they intersect in the pole of the third side. 
Hence all lines joining pairs of conjugate points in two sides 
will pass through the pole of the third side and, consequently, 
will be conjugate to the third side. 

The converse to this theorem may be stated as follows. 

The:ob£m. If a triangle is inscribed in a conic, any line 
conjugate to one side, relative to the conic, cuts the other two 
sides in conjugate points. 

Also, the following theorem is converse. 
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Tsmaam. If <* p&ird ia <&e po2e one aide of a 
Mimfle, ndatwe fo a conic through the oppoeite vertex, and Unee 
ffaoughthepokifUereedtheotImttooirtdeainimgugatepoirUa, 
the triangle is ineenbed in the conic. 

The redproeal theorem takes the following form. 

Theobioi. // a triangle ie circumaeribed to a conic, the 
points of intersection of pairs of corrugate lines through (too of 
the vertices are conjugate to the third vertex, that is, they lie on 
the polar of the third vertex. 

proof oi this theorem follows from the proof of the 
pooeding one by reciprocation. The converae theorem may 
be stated as follows. 

Theohsm. If a triangle is drcumscrSted to a conic, the 
points of the polar of one vertex are projected from the dher two 
vertices by lines which are conjugate relative to the conic. 

lid. Conks thtoagh Four Pdnts or Touching Four Lines 
have a Common Sdf-Polar Triangle. If the points 
A, B, C, D are the vertices a complete quadran^e in* 
scribed in a conic (Fig. 59) and the lines a, h, c, d, tangents 
at these vertices, are the sides of a complete quadrilateral 
drcumsoribed to that conic; the diagonal points, P, Q, R, 
the inscribed quadrangle are the vertices of a triangle which 
is self-polar with respect to the conic, and the diagonals of 
the drcumscribed quadrilateral are the sides of the same 
self-pcdar triangle (§ 109). Consequently, the self-polar 
trian^ determined by four points of a conic is the same as 
the seif-polar trianide determined by the tangents at those 
pmnts. Moreover, this triangle is self-polar with respect 
to any amo throi^ the four points A, B, C, £>, and also 
vdth respect to any conic to which the four lines, a, b, c, d, 
are tangent. 

Two <a more oonire, therefore, which intersect in four 
{MxlntB A, B, C, D, have a common self-polar triangle whom 
veitiflea are the three diagonal points of the ocunplete quad- 
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nuai^ A, B, C, D, inaoribed to aS the ooides; and, t^ or 
more eoides havii^ four tangents, a, b, e, d, in ecunmon, have 
likewise a eonunon self-polar triangle whose sides are the 
three diagonals of the complete quadrilateral o, b, e, d, 
drcumsctibed to all the conics. 



117. The Common Self-Polar Ttiaiq^e of two Conics 
may be determined either by their Common Points or 
by their Common Tangents. Two conics may intersect in 
four points and at the same time may have four tangents 
in common, and it remains to be seen that the self-polar 
triangle determined by the four common tangents is the 
same as that determined by the four points of intersection. 

Suppose two given conics h and kt intersect in the points 
A, B, C, D (Pig. 65), and have four tangents, x, y, z, w, in 
common. The diagonals p, q, r of the complete quadri- 
lateral X, y, z, w, are the sides of a triangle PQR which is 
self-polar with respect to both conics (f 109). The vertex 
P is therefore harmonically separated from any point of its 
polar by either conic (§ 103). If the secant AP is drawn 
cuttiiig the polar of P at the point M, the conic h a 
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Bocood: tinw at Ct, axui ki at C$, the aets (d pcdiits, A, P, Ci, 
M, and A, P, Ca Mt are both harmooio. Therefore, Ci and 
C| srast cdndite, and the eecant AP paraes through C, a 
oommon point the two conies. Similarly, BP passes 
through the intersection D of the two conics. That is, AC 
and BD pans through P; also, AB and CD pass through Q; 
and AD and BC pass through R. 



Ckmsequently, the self-polar triangle PQR whose sides are 
the diagonals of the quadrilateral zyxw, circumscribed to 
both conics, is identical with the self-polar triangle whose 
vertioes are the diagonal points of the quadran^e ABCD, 
inscribed to both conics. 

118. Two intmecting Conics have only one Self-Polar 
Tiiaiq^e in Conunon. The conics ki and kt (Pig. 65) 
intersecting in four ptdnts A, B, C, D, can have no triangle 
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■df-polwr rdative to both of them, other than PQB whose 
vertices are the diagonal points of the complete quadranide 
ABCD, For if any point P' different from P, Q, or E is a 
vertex of a triangle self-polar relative to both conics, its polars 
relative to ki and ht must coincide. Of the lines P'A and 
P'S, one or both, say the former, intersects the two conics 
a second time at different points, Ci and Ct; the harmonic 
conjugate of P* relative to A and Ci lies on the polar of P' 
relative to ki, and the harmonic conjugate of P' relative to A 
and Ci lies on the polar of P' relative to ka. Since Ci and C* 
do not coincide, the harmonic conjugates of P' relative to 
A and Ci, A and Ct, do not coincide, and therefore the polars 
of P' relative to the two conics cannot coincide. Conse- 
quently, P' cannot be a vertex of a common self-polar tri- 
anjide for the two conics. 

Similarly, we can show that two conics ha\ing four com mon 
tangents can have but one self-polar triangle in common. 

119. Two Quadrangles having the same Diagonal Points 
may be Inscribed in one Conic. 

Theorem. If tvH> complete qtutdrangUs ABCD and A'B' 
CD' have the same diagonal points P, Q, R, the eight vertices 
lie on one conic, or else they lie, four by four, on two straight 
lines. 

Suppose the pairs of sides of the two given quadrangles 
AB and CD, A'B' and C'D', intersect at P (Fig. 66); AC 
and BD, A'C and B'D', intersect at Q; AD and BC, A'lP 
and B'C', intersect at R. 

Then, if any three points, as A, B, A', lie on one straight 
line, B' must Uo on that same line, since AB and A'B' both 
pass throtigh P. Also, PQ and PR are harmonically sepa- 
rated both by AB and CD, and by A'B' and C'Jy (§ 33). 
Since AB coincides with A'B', CD must coincide with C'D', 
and the eight vertices lie on two lines through P. 

If, however, no three vertices are coUinear, a conic may 
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W i»88ed tluiwi^ «ij five of them, say thnNii^ At B, C, D, 
a&fi for this eooie the ttiaogle PQ£ is self-ix^. Itie* 
imiliu to show that C', IK, lie oo this oooio* 



Join PA* catting QR at E and cutting the conic a second 
time at Bi. I^ce QR is the polar of P with respect to the 
conic, P, A', B, Bi, are harmonic points. But the rays 
Q{PA*EB') are harmonic (5 33). Hence PA'EB' are har> 
monic pdnts, and Bi must coincide with B\ That is. S' 
lies on the conic determined by A, B, C, D, A'. 

Similarly, by joining A* successively with Q and R, we 
can show that C* and Z>' lie on the conic; that is, all eight 
vertices are on the conic determined by any five of them. 

Hie redprocal theorem, which may be demonstrated in an 
entirely analogous manner, is as follows. 

THEonsic. 1/ two complete gxiodrilaierals, abed and a'Vcfd', 
home the etme diagonaU, p, q, r, the eight sidee are tangents 
to one conic, or else they pass, four by four, through two points. 

120. A QuadrattoTransfOnnation arising from the Themy 
of Pde and Polar. As an illustration of the S4>plication of 
the the<»y of poles and polars to so-called qua^tio trans- 
formations in a plane the following theorem may be stated. 

Tskobek. IfaidraightUnevandapointU,natthep<deaf 
»emd not lying one, are gwen in the plane cf a ^seed oonic, and 
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m 0 ack ray (hroityh U then i$ ihrmtgk each point c/ p there u 

determined that point tokich is drawn that ray which is conju^ 

con^ngakf rdative to the fixed gcde, rdatim to the fixed coniCf 

eoniCf to the intersection of this to the line joining this poM 

ray with Vf all such conjugate with U, all such conjugate rays 

points lie on a conic* are tangent to a conic* 

This conic passes througii t/, This conic touches the line p, 
through V, the pole of v, and also the line w, the polar of U, 

through the points of contact and the tangents at the two 

of the tangents, if any, which points of intersection, if any, 

can be drawn from U to the of the given line v with the 

fixed conic. fixed conic. 

If V should pass through one If V lies on one of these tan- 
of these points of contact, that gents, that is, if u and p inter-^ 
is, if l/F should be tangent to sect on the fixed conic, the 

the fixed conic, the locus is a locus is a pencil of rays of the 

range of points of the first first order instead of a system 
order instead of a conic. of tangents to a conic. 

In the tbeorern on the left, if any ray a through the given 
point V (Fig. 67) intersects the given line e at a point A, 
the polar of A relative 
to the given conic is a 
ray o' through V the 
pole of IK Tins ray a' 
intersects a at a point 
A\ conjugate to A, and 
it is the locus of A' to 
which the theorem 
refers. 

The range of points 
A on the line p is pro- 
Jective to the pencil of 
polars through V (§ 110), and the locus of A' is the conic 
generated by the projective pencils of rays U and F. 

If Tt and T* are the points of contact of rays through V 
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tftogent to the given cooie, they are ocatjugate to the points 
in which these tangents intersect v and hence are points 

the locus. The locus of conjugate points is then a conic 
through the two centers U and V and through the points 
of contact Ti and Tt of tangents from V to the given conic. 

In case the line p passes through Ti or Tt, the pole V lies on 
one or the other of the tangents from T and the line UV in 
the two pencils is sclf-corrosponding. The locus in this 
case is a straight line, or a range of points of the first order. 

The theorem on the right is the reciprocal <rf that on the 
left and is proved analc^ualy. 

In the theorem on the left, again, to any line v of the plane 
there corresponds a particular conic passing through the 
fixed points U, Ti, and Tt, the points of the line correspond- 
ing, one to one, to the points of the conic. To all lines of 
the plane, there corresponds, therefore, the system of conics 
passing through three fixed points. 

Similarly, in the theorem on the right, to the lines through 
any point U of the plane there corresponds the system of 
tangents to a conic, and all such conics whose tangents 
correspond to rays through points U of the plane have three 
tangents in common; namely, the line p and the tangents to 
the fixed conic at the points where v cuts it. 

121. The Locus of Mid-Points of Chords throi:^ a Fixed 
Point. A special case of the theorem on the left (§ 120) 
is presented in the foUoa’ing theorem. 

Tbxorem. The mul-poirds of the chords of a ffioen conic 
draum through o fixed finite point of the plane lie on a second 
cmie. 

The line v in this case is the infinitely distant line of the 
plane and the conjugate point of the intersection with v of 
any chord t hrough the fixed point U is the mid-point of that 
chord, rinoe it is harmonically separated frcmi the infinitely 
distant pdnt of the duwd by the given o(»iie. 
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122. A Second Qttadimtic TnmsfOTmntion. The follow- 
ing oonaideratioQS present a second illustration of quadratic 
transfonnations arising from the polar theory. 

Given two conics in a plane, any point A of the plane has a 
polar with respect to each conic. If these polars intersect in 
A', the prants A and A' are conjugate with respect to both 
conies. The polars of A\ likewise, intersect in A, and the 
relation between the two points A and A' is mutual. Simi- 
larly, any straight line of the plane may be correlated to an- 
other line to which it is conjugate with respect to both conics. 

If the two given conics are hi and kt and the point A 
moves along a fixed line m, the polar of A relative to the 
conic ki will rotate about Afi, the pole of m with respect to 
that conic, and the polar of A relative to the conic h will 
rotate about Afa, the pole of m with respect to that conic. 
The pencil of rays M\ is projective to the pencil M», each 
being projective to the range of points m. Hence the two 
pencUs, in general, will generate a conic which is the locus of 
A' and wiiich passes through the poles Mi and Mt. 

For the point in which the line m intersects a side p of the 
common self-polar triangle of the two conics, the bomol- 
(^ous rays in Mi and Mt will both pass through the opposite 
vertex P oi the self-polar triangle, and similarly for the 
other two sides. Hence the conic generated by Mi and Mt 
passes through the three vertices of the self-polar triangle. 
In such a correlation, then, we have the following relations. 

The points of a straight line The lines through any point 
are correlated, in genersJ, to of the plane are correlated, in 
the points of a conic which general, to the rays of a pencil 
passes through the vertices of of the second order to which 
the common self-polar triangle belong the sides of the common 
of the two given conics. self-polar trian^e of the two 

given conics. 

Ihe lines of the plane, there* The lines through all points 
foie, are correlated, in general, of the plane, therefore, are cor* 
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to the oonioB Gtrooi^ l^uw idatod in geamtl to the pencils 
fixed points. of rays of the second order en« 

veloping conics which touch 
three fixed Unee. 

If the line m passes through a vertex P of the seif>polar 
triangle, the poles Mi and Afi will lie on the opposite side p 
of the self-polar trian^e, and the two pencils Mi and Mt in 
that <»se will generate a range of points of the first order, 
since in them the common ray p is self-corresponding. In 
this particular case, for the point in which the line m inter- 
seets the side p of the self-polar triangle, both polars pass 
through the vertex P, which is therefore a point of the 
resulting range. 

Tte polars of a vertex of the self-polar trian^e, relative 
to the two given conics, coincide in the opposite side of that 
brian^e, and hence any point of a side of the self-polar tri- 
angle is correlated to the opposite vertex. Similarly, any 
line through a vertex of the self-polar triangle is correlated 
to the opposite side of that triangle. 

To the points of a straight line passing through a vertex P 
<rf the self-polar triangle will correspond the points of the 
opposite sde of that triangle and of another straight line 
through the same vertex P. In this case, the conic corre- 
sponding to the line may be said to degenerate into two 
straight lines; namely, a side of the self-polar triangle and a 
line through the opposite vertex. 

£fimilarly, to the lines through any point of a side of the 
sdf-polar triangle will correspond the lines through the 
opposite vertex and the lines through another point of that 
aids. In this case, the pencil of rays of the second order 
degenerates into two pencils of rays of the first order; 
namely, the pend! whose center is the opposite vertex of the 
self-pdar trianid® another whose center lies on the 
dhosenside. 
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BXSRCtSSS 

U II two tiiogenits to A givon conio vary ao that their chord of eon* 
ta<^ envelops a Becoxul conic, their point of intersection will trace a 
third conic. 

2 * Two triangles which are self-polar with reiqsect to the same conic 
are inscribed in a second conic and are circumscribed to a third conic. 

BuooicsTiow. If PiQiBi and are the given triangles, it follows 

{§ 114) that Pt{QxRiQM 7 KPt(RtQtB^t)^ Also (§60), Pt(RiQiRAt) 
TzPmiRtQM- Hence, PtiQiRiQ^t) 7 ^ Pt(QiRtQJi^ and the six 
vertices lie on a conic. Beciprocally, the six sides are tangents to 
a conic. 

3. If Is a self-polar triangle for a given conic, and ABC is a 
triangle inscribed in that conic, such that two of its sides, AB and AC\ 
pass through R and <?, respectivcsly, the third side will pass through P, 
and each side of the inscribed triangle is cut harmonically by the conic, 
the vertex of the self-polar triangle through w’hich it passes, and the 
opposite side of that triangle. Moreover, the triangles ABC and PQR 
are j^erspective, the center being a point of the conic. 

4. If two conics Intersect in four points, the eight tangents at those 
points are tangent to one conic, or else they pass, four and four, through 
two points; and, reciprocally, if two conics have four tangents in com- 
mon, the eight points of contai^t lie on a conic or else they lie, four by 
four, on two straight lines. 

SuooEiSTiON. The tangents form two quadrilaterals {§ 119) w^hich 
have the same diagonals; namely, the sides of the diagonal triangle of 
the complete quadrangle whose vertices are the points of intersection 
of the two conks. 

5* If two conics intersect in only two actual points and have two 
tangents in common, show that of the common self-polar triangle one 
vertex and the opposite side can be constructed. 

Construct the self-polar triangle common to two conics w^hich 
have four actual tangents in common but no actual points in common. 

7. All conics for which a given triangle PQR is self-polar and which 
pass through a given point A, pass also through three other 0xed points 
P,C,J) (Cremona 1 468). 

8. Construct a conic throui^ two given points for which a given 
triangle Is sdl-polar (Cremona f 269). 
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DIAMETERS AITD AXBS-ALGBBRAIC SQUATIOIIS 
OF CONICS 

123^ The Diameter of a Cooic Defined. In the geninral 
theory of poles and polars it was found that if, through any 
point in the plane of a conic, secants are drawn to the conic, 
and the harmonic conjugate of the point, relative to the 
curve, is found on each secant, all those harmonic conjugate 
points lie on a straight line, the polar of the point with re- 
spect to the curve (§ 103). 

If the chosen point is infinitely distant (Hg. 68), the se- 
cants tlirough it are parallel and 
the htoTOonio conjugate points 
become the mid-points of the 
parallel chorda. The polar in 
this case is called a dUtmeter of 
the conic. 

Depinitcon. a diameter of a 
conic is the polar of an infinitely 
distant point relative to the conic. 

A diameter bisects a system of parallel chords of the 
conic, each of which is conjugate to the diameter since it 
passes through the infinitely distant pole of the diameter. 

124. Extremities of a Diameter. By definition, a dia- 
meter is the unlimited polar of an infinitely distant point, 
but it is sometimes convenient to speak of it as a chord of 
the conic, in which case its extremitie$ are the points of 
intmeection with the curve and its length is the measure cd 
the line-segment intercepted between the extremities. 

Buce the polar <d a pcdnt relative to a conic passes 
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throijgfa tbe poiiitia of contact of the tangents drawn from 
the point ($ 101) thetang^ts at the extremities of a diam- 
eter are pardlei to each other mid to the chords bisected 
by that diameter. The tangents at the extremities of any 
chord of a conic intersect on the diameter to which the 
chord is conjugate. 

125. The Center of a Conic. Any two diameters of a 
conic intersect in the pole of the infinitely distant line since 
each diameter is the polar of an infinitely distant point 
with respect to the given conic. This intersection is called 
the center of the conic. 

Dewnition. The center of a conic is the pole of the in- 
finitely distant line with respect to the conic. 

All diameters of the conic pass through the center, since 
their poles lie on tlie infinitely distant line, and any line 
through the center is a diameter since its pole is infinitely 
distant. All chords through the center of a conic are bi- 
sected at the center. 

126. Conjugate Diameters. Among the chords conju- 
gate to any diameter and bisected by it, one is a diameter. 
To any diameter, therefore, there is a conjugate diameter. 

The tangents at the extremities of any diameter are paral- 
lel to the conjugate diameter. 

If two diameters are conjugate, each bisects chords paral- 
lel to the other and each passes through the infinitely distant 
pole of the other. The diameters and their conjugate diam- 
eters form two projectively related pencils of rays with the 
same center. 

Any two conjugate diameters of an ellipse or hyperbola 
form, with the infinitely distant line of the plane, a triangle 
which is self-polar with respect to the conic. 

Every chord parallel to one of two conjugate diameters is 
bisected by the other. Hence to construct the diameter 



ISO PROJECTIVE PCfaS GEOMETRY 

fiCMojuffite to any given diameter it is neoeeeary only to draw 
the line throni^ the mid-pObate of two chords parallel to 
that diameter. 

127. IJiametera of a Panbola. If the given conic hi a 
parabda, the infinitely distant line of the plane is tangent 

to the curve (§ 72) and its pole 
is the infinitely distant point oi 
contact. All diameters pass 
through the point of contact of 
the infinitely distant line and 
are therefore parallel (Fig. 69). 
The center of a parabola lies on 
the curve and is infinitely 
distant. 

A diameter of a parabola has 
only one accessible extremity. 
The tangent at this extremity is parallel to the chords con> 
jugate to the diameter. To a diameter of a parabola there 
is no conjugate diameter. 

128. XHameters of an Ellipse or a Hyperbola. If the 

given oonio is an ellipse, the infinitely distant line of the 
plane lies wholly outside the curve (5 72) and the center of 
the ellipse, consequently, lies inside the curve. Every 
diameter of an ellipse intersects the curve at two points, and 
to every diameter there is a conjugate diameter which like- 
wise intersects the curve. 

If the conic is a hyperbola, the infinitely distant line cuts 
it at two points (§ 72) and the center lies outside the curve. 
To each diameta* there is a conjugate diameter, and of these 
one intasects the curve while the other does not (§ 107). 

The asymptotes of a hyperbola (S 72) intersect at the 
center and are harmonically separated by all pairs of conju- 
gate diameters ({ 107). 
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129. CSuntfs which Msect each other are Diameters. 
If two chords of a central conic (an ellipse or a hyperbola) 
bisect each other, their point of intersection is the center of 
the curve. For the harmonic conju^te of this point on 
either chord, with respect to the curve, is infinitely distant 
and the polar of the point is the infinitely distant line of the 
plane. The point, therefore, is the center of the curve. 
From this it follows that two chords of a parabola cannot 
bisect each other. 

130. Conjugate Diameters in Relation to Inscribed and 
Circumscribed Parallelograms. Since the diagonals of any 
parallelogram bisect each other, the diagonals of a parallelo- 
gram inscribed in a central conic (Fig. 70) are diameters, 
their point of intersection being 
the pole of the infinitely distant 
line and consequently the center 
of the conic. 

Con\-er8eIy, if A and A' are two 
points of a conic oollinear with the 
center, and likewise B and B', the 
figure ABA'B' is an inscribed paral- 
lelogram since the pairs of opposite 
aides of the quadrangle so formed 5 >jq tq 

intersect on the polar of the center. 

Moreover, the tangents at A and A', B and B', also inter- 
sect on the polar of the center and are pairs of opposite 
sides of a circumscribed parallelogram whose diagonals pass 
through the center and are disunetera parallel to the sid^ 
of the inscribed parallelogram (§ 93). 

Each of these diagonals (diameters) bisects chords of the 
omdc parallel to the other; that is, they bisect the sides of the 
inscribed paraUel<^ram and are therefore conjugate diam- 
eters. These relations are stated in the following theorem. 
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Thsoveil The 4ktg<nudaofapcer<!^l0hgrmi<d^ 
toactmMta^eanjvgaUdimwters<>ftit6c<mieandtheai^ 
paeraStdofftoM tiucribed to a eomeare'pamUd to a pair of eon- 
fngate diameters. 

131. Chords Parallel to Coirlugato Diametmt. If any 
point of a central conic is joined to the extremities of a 
diameter not passing through it, the chords so dravn are 
parallel to a pair of conjugate diametera. For the diameter 
parallel to either of these chords bisects the other chord, and 
of the two diameters so drawn each bisects chords parallel 
to the other. 

If the parallelogram is completed, of which these two, 
chords are adjacent sides, the fourth vertex lies on the curve 
at the extremity of the diameter drawn through the given 
point. 

From this it follows that having given one point of a cen- 
tral conic and a pair of conjugate diameters in position, 
though not in length, three other points of the curve may be 
found, and if two pairs of conjugate diameters are given in 
position, five other points of the curve may be found and 
hence the curve can be constructed. 

132. Axes of a Conic. Definition. Conjugate di- 
ameters of a conic which are at right angles to each other 
are called the axes of the curve and their extremities 
are the vertices of the curve. 

An axis of a conic therefore bisects the chords perpendicu- 
lar to it. 

A parabola baa only one axis, namely, that diameter 
which bisects the chords perpendicular to the common 
directloD of all diameters. 

133. Only a Circle has more than one Pair of Axes. 

TBXSORXai. If a contc has more than one pair of axes, it 

mid be a circle. 
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For if ft given conic hae two pairs of conjugate diametos 
at right angles (Fig. 71), and if A is any point of the conic, 
A' being tlto other extremity of the chameter through A, 
two rectangles can be construe* 
ted on the diameter AA' with 
sides paralld, respectively, to the 
pairs of conjugate diameters. 

These rectangles will be inscribed 
in the conic (§ 131) and will de- 
termine six points of it. But a 
circle can be described through 
these same six points. Hence 
the circle and the given conic 
must coincide (§ 67). 

134. Construction of die Axes, 
an ellipse or hyperbola, let A A' be any diameter of the given 
conic and on it as diameter descrilx* a circle (Fig. 72), which 
in general will cut the given conic at 
A and A\ and at two other points, 
Band 5'. The chords BA and BA' 
are therefore parallel to a pair of 
conjugate diameters of the curve 
(§ 131) and they are at right angl^ 
to each other sin<» they lie in a semi- 
circle. Hence the diameters parallel 
to these chords are axes of the given 
conic. 

It is only in case the tangents to the conic at the extrem- 
ities of AA' are perpendiculax to that diameter that the 
drole will not cut the given conic. But in that case AA' is 
itself an axis. 

An ellipse is cut by both its axes; hence it has four 
vertieea. A hyperbola has but two vertices and a parabola 

haa Kii4 nno anf.iial varfav 
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To determine the axes of 
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Since an asda Mseotf the chords peipendioular to it, each 
axis divides the curve into two symmetrical parts. 

The ax»s of a hyperbola and the asymptotes am a set of 
harmonic rays (§ 107) of which one pair are at right an|^ 
Hence the axes of a hyperbola bimot the anglOB between the 
asymptotes (§ 38). 


13S. Rectangular Hyperbolas. DEnKiTtow. A rectm- 
ffuter hjfPerbola is one whose asj'mptotcs are at right angles. 

Any pair of conjugate diameters and the asymptotes of a 
hyperbola form a set of harmonic rays {§ 107), and the 
angies between two conjugate diameters of a rectangular 
h3nperbo!a are, consequently, bisected by the asjnnptotes 
(§ 38). Hence, if one of two conjugate diameters of a 
rectangular hyperbola rotates about the center in cither 
sense, the other diameter will rotate about the center in the 
opposite sense. The two pencils of rays formed by these 
rotating diameters are equiangular and oppositely projeo- 
tive, the pairs of corresponding rays always making equal 


angles with eithtsr asymptote. 

Since the lines joining any point of a central conic to the 
extremities of a diameter are parallel to a pair of conjugate 
diameters (§ 131), a point P of a 
rectangular hyperbola (Pig. 73) is 
projected from the extremities <rf a 
diameter A A' by rays making equal 
angles with either asymptote. As P 
moves along the hyperbola, the rays 
AP and A'P will rotate about A and 
A', respectively, in opposite senses, 
generating pencils of rays in which 
the ani^e between my two rays of the one pencil is equal 
to the angle between the homologous mys of the otter. 
Hence we have the following themem. 
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l^BSOKBlf. A rectangvlar hyperbola is projected from the 
exIfemUies of any diameter by equal and oppositely prqjective 
pencils of rays. 

Conversely, two equal and oppositely projective pencils 
of rasns in the same jidane, which are not perspective, generate 
a rectangular hyperbola of which the line joining the centers 
of the pencils is a diameter. The two pairs of homologous 
rays in the two pencils which are parallel (§ 72) have the 
directions of the asymptotes of this hyperbola. 

It may be of interest to note that two equal and directly 
projective ptenoils of rays in the same plane generate a 
circle. If pairs of homologous rays in the two pencils are 
at right angles, the centers of the generating pencils are 
the extremities of a diameter. 

136. Two particular Pencils of Rays generating a Rec- 
tangular Hyperbola. 

Thkobeh. The lines drawn through a given point in the 
plane of a central conic perpendicular to the diameters of that 
conic, intersect the conjugate diameters in points of a rec- 
tangular hyperbola. 

For the conjugate diameters of the given conic k form a 
pencil of rays projective to the diameters (| 126) and hence 
projective to the rays through the given point S perpendicu- 
lar to those diameters. In these two pencils there are two 
pairs of homologous rays parallel to each other; namely, the 
ray through S perpendicular to either axis of k and its 
homologous ray, the other axis. 

The locus of intersections Is therefore a hyToerbola fcj, and 
ainoe the pairs of homologous rays determining the infinitely 
distant points of Jbt have the directions of the axes of k, 
the asymptot©! of h are at right angles to each other and the 
hyperbda is therefore rectangular. This hyperbola passes 
through S and through the center of k. 
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137. N^MinalstoaCimtc. DBvmrriQN. The nDrmof to 
a curve at a given point is the line throui^ that pctot per- 
pendicular to the tangent at the point. 

A normal to a <»>nic at a f^ven point P is normal therefore 
to the diameter conjugate to CP where C is the center <rf 
the conic. 

In the two conics k and ki (§ 136), of which the latter is a 
rectangular hyperbola dependent on the position of a given 
point S, if P is a point of intersection of these two conics, the 
line SP is normal to the conic k, for SP is normal to the 
diameter of k conjugate to the diameter through P. On the 
other hand, if Q is any point of k not common to k and h, 
the line SQ cannot be normal to k since it is not normal to the 
diameter conjugate to CQ, where C is the center of k. Since 
k and ki can have at most four points in common, there are 
at most four normals to k which pass through the point S; 
that is, there are at most four normals to any conic which 
pass through an arbitrary point. This property was known 
to Apollonius. 

138. The Nonxuls to Rays fluough a Point 

Envdop a Parabola. In the plane of a given conic, a point 
S is chosen, not on an aas, and to each ray through S there 
is drawn that ray through its pole, with respect to the given 
conic, which is normal to it; that is, its conjugate normal is 
drawn. These conjugate normal rays envelop a parabola of 
which the polar of S and the axes of the given conic are 
tangents. 

If through any point Si, not on the pc^ of S, rays are 
drawn perpendicular to the rays of S, they constitute a 
pencil of rays projective to the pencil S, and hence projective 
totherangeof polesonthe polarof A'{§ 110). The conju- 
gate ncumals join the poles of the rays of 5 to corresponding 
pefnts of the range on the infinitely distant line determined 
bythependlfii. They constitute, therefore, a pencil of rays 
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of tite seeood order to which the polar of S and the infinite^ 
distant line belong. The pencil of conjugate normals, there- 
fore, envelops a parabola. Moreover, to the ray of 8 paral- 
lel to either axis of the given conic, the other aids is the 
conjugate normal; hence, the axes of the given conic are 
rays of the pencil of the second order; that is, they are 
tangents to the parabola enveloped by the pencil. 

Any tangent to the parabola is conjugate to its normal 
ray through 5, and if a tangent to the parabola is tangent 
also to the given conic, the conjugate normal through S must 
pass through the point of contact on the given conic since a 
tangent to the given conic is conjugate only to rajrs through 
its point of contact. The conjugate normal through S to a 
tangent common to the parabola and the given conic is, 
therefore, normal to the given conic, and since there are at 
most four tangents common to the two conics, there are, 
again, at most four normals to the given conic passing 
through the arbitrary point 8. 

139. Construction of a Conic by use of the Ruler only. 

Let Si and St be the extremities of a diameter of a central 
conic (Fig. 74), and wj and be straight lines in the plane of 
the conic, parallel to a pair of 
conjugate diameters. If the 
points of the conic are projec- 
ted from 8i and Sg on Ui and tr*, 
respectively, the ranges of 
points «i and w* are similarly 
projective, that Is, the infin- 
itely distant point of ut corre- 
sponds to the infinitely distant 
point of Us. For if P is a variable point of the conic, when 
8iP is parallel to Ut, SsP is parallel to ti* (§ 131). Hence 
homologous segments of ui and uj are proportional (§ 74). 
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From this property there is derived ft simple eoastntetloa 
fer ftft ellipse or a hyperbola by use of the rolw only. 

Unis, if ui and wt are two straight lines on which propcnv 
tionat segments, Au Bi, Ci, Dt, • • • and rij, Bt, Ct, ft, • • * 
are marked out, and the points At, Bt, ft, ft, • • • and A», 
Bt, Cl, Dt, * • • are projected from centers St and 8t, re- 
spectively, so chosen that the line StSt is not parallel to either 
«! or ut, the intersections of jjairs of homologous rays wiU 
lie on a conic of which SiSt is a diameter and for which 
% and ua are parallel to a pair of conjuimte diameters. 

If the center 8% is chosen as the infinitely distant pctot of 
«ii, that is, if the lines through At, Bt, Ct, * ” are drawn 
parallel to ut, the intersections of pairs of homdogous rays 
will lie on a parabola through St of which ui is a diameter. 

140. The Segments of a line Intercepted between a 
Hyperbola and its Asymptotes are EquaL Any chord of a 
hyperbola parallel to one of two conjugate diameters is 
bisected by the othtjr (§ 126). Also, since conjugate diam- 
eters <rf a hyperbola are harmonically separated by the 
asymptotes (§ 128), the segment of a line parallel to one of 
two conjugate diameters and intercepted between the 
asymptotes is bisected by the other diameter. 

Hence, if KK' (Pig. 75) is a 
chord of a hyperbola parallel to a 
diameter p, and LL' is the seg- 
ment of the same line intercepted 
between the asjTnptotes of the 
hyperbdh^ both KK' and LL' are 
bisected by the conjugate diam- 
eter p'. Therefore the segments 
KL and K'L' are equal; and if LL' 
is tangent to the hyperbola at P, 
the B^ments LP and L'P are equal Hence we have the 
following them^m. 
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TteEOBXic. On any draight line cutling a hyperbola and it» 
emymptotee, the two eegmente intercepted between the aeymptotee 
and ^ curve are equal; and on any line tangent to a hyp&hola, 
the eegmeni intercepted between the owymptotee ie biseded at the 
point of contad. 

lliib theorem fumisheB a very simple construction for a 
hyperbola of which one finite point and the asymptotes are 
l^ven. For if any secant is drawn through the given point, 
it intersects the asymptotes in two points which are equally 
distant from the points of the curve lying on the secant. 

141. The Triangle formed by tire Asymptotes of a Hyper- 
bola and a Variable Tangent From Brianehon’s theorem, 
it is known that the diagonals of a simple quadrilateral 
circumscribed to a conic and the lines joining the points of 
contact in pairs of opposite sides pass through one point 
(5 93). 

Suppose the given conic is a hyperbola (Fig. 76), and the 
aeymptotes, intersecting at O, the center of the curve, are one 
pair of opposite sides of a circum- 
scribed quadrilateral, while AB 
and A'B', tangents to the curve at 
P and P't respectively, are the 
other pair of opposite sides. 

Then AA', BB', and PP' must be 
parallel, since they have a point 
in common with the infinitely dis- 
tant line joining the points of 
contact of the asjrmptotes. 

The triangles ^ving a common base BB* and vertices at 
A and A*, respectively, are equal in area From these take 
away the common triangle BOB' and the remaining areas 
AOB and A'OB* are equal. Since AB and A'B* are any 
tangents whatsoever, the fediowing theorem may be stated. 
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TasikaaML 2%e triangU farmed by the agympMet <f a 
hyperboia and o varieble tangent *s o/ eonetani ana. 

Mweomr, dnoe AOA' and B'OB are eqaiaugular tii« 
a&{^ we liAve the rdatioa 

OA OB - OA'-OB^. 

In other words, the prodoot of the s^^ents of the asymp> 
totes .Of a hyperb^ cut off by a variable tangent is constant. 

142. Bguatton of a Hypertuda Referred to its Asymptotes 
as Axes. From the property of § 141 the algebraic equation 
of a hyperbola, refex^ to its asymptotes as axes, is readily 
found. 

The pc^t P (Fig. 76) may be any finite point of the 
hyperbola since it is the point of contact of any tangent AB. 
From P draw PQ parallel to one asymptote to meet the 
other asymptote at Q. Then, since P is the mid*point of 
AB (S 140), we may write 

QP - i OA, 

sod 

OB. 

Designatiag OQ x and QP by y, we have by multiplication 
thereupon 

xy ^lOA-OB. 

Since OA 'OB is constant for any given hyperbola (§ 141), 
the algebraic equation oS a hyperbda referrM to its asymp* 
totes as axes talces the form 

xy at a constant. 

143. Equation a Central Conic Referred to a Pair of 
Coo|iigate Diameters. In analytic geometry, the algebraic 
equations d the dhpee and hyperbola are commonly de- 
duced by referring the conies to a pair of conjugate dianob- 
eters as coordinate axes. 
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S' conjugate diametOTs, OX and OY, ci an dOlpae or a 
liyparbola aie chosen as codrdinate axes, at feast one of 
tibem, OX say, must out the curve at pdnts A and A'. 
Tangents at these points are paralld to each other and to 
the conjugate diameter, OY. 

Let P bo any point of the conic (Pig. 77), and through P 
draw the tangent to the curve cutting the tangents at A and 
A' in B and S', respec- 
tively, and let any fourth 
tangent out the tangents at 
A and A' in D and D', re- 
spectively. Then we have 
the relation 

AB A'B' « AD A'iy, 

For, first, BB'D'D is a 
quadrilateral circumscribed 
to the conic, and hence Biy 
and B'D intersect on the 
line A A' joining the points 
of contact in a pair of opposite sides, say at 8. Then from 
the similar triangles ASB and A'SD', we have the relation 

AB AS 

A'ly “ A'S ' 

Also, from the similar triangles, ASD and A'SB", we have 
the relation 

AD AS 
A'lr " A'S ' 

Tirndoxe 

AB AD 



<» 


AB-A'ff - AD‘A'iy. 


aea projectivi; Pitre oEOiiBTRT 

If the curve is m dlipae and the tangtmt DIP is drawn 
{Hutailei to the diameter AA\ it is readily seen that the 
produet AD -A'iy is equal to the square of half the diameter 
corrugate to AA'. Representing the length of this semi- 
conjugate diameter by b, we have the relatirm 

AB A'B^ - h* - AD‘A'D'. 

If the curve is a hyperbola (Fig. 78), the segments AB 
and A'B', also AD and A'D*, are measured in opposite 

directions from A and A' and 
their product should be con- 
sidered negative. The tan- 
gent DIP may take the posi- 
tion of an asymptote, in which 
case we have the relation 

AB A'B' - AD A'Ey « -b*, 

where b is the length of the 
segment on the tangent at A 
(or A') intercepted between A 
(or A') and an asymptote. 
This value b is defined to be the length of the semi-conjugate 
diameter in a hyperbola. 

For either conic, the tangents at A, A', and P form a 
circumscribed triangle. Hence, the lines joining the points 
of contact the sides to the opposite vertices meet in one 
point (1 89); that is to say, AB', A'B, and the line through 
F parallel to AB meet in a point R (Rg. 77). Let PR inter- 
sect AA' at Q. 

From the simple quadrangle ABA'B' in which one pair of 
opposite sides intersect at R, the other pair at infinity, one 
diagonal passes through Q snd the other through P, the 
ptAuAio Q, R, P, <», are harmomo and hence JB is the mid- 
point of QP, a relation which may be proved also from simi- 
lar trian^s. 




DUMETEBS AND AXES 


163 


Dei the oodrdiimtee ci the arhitraiy point P of the ocHiie, 
r^erred to the conjugate diameters OX and OY as axes, be 
» and y, in which case OQ x, QP y, and QR » vl2. 
If, then, the semi-diaineter OA is denoted by a, we have 

A'Q *» o + * 

and 

QA => o — ar. 

TTierefow 

A'Q'QA - o * - ** 

From the similar triangles A'QR and A'AB we have the 
relation 

A'Q A'A 
QR “aF’ 

and from the similar triangles QRA and A'B'A we have the 
relation 

QA A'A 
W “ A’ S' ' 

Combining these results by multiplication, we find that 

A'QQA A’A* 

QR* “ AB A'B’ ' 

Substituting the values indicated above and remembering 
that AB'A'B* equals +&* or —6* according as the conic is 
an elhpee or a byperbda, we obtain the relation 

a* — ar* . o* 

-pr-- 

which reduces readily to the form 



This is, therefore, the equation of an ellipse or a hyperbola, 
the plus sign bet^ used for the former and the minus sign 
for the latter, o and b being the lengths of the semi-conjugate 
diameters whddi were chosen as codrdinate axes. 
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If the ocHiie tuuier eomitjbmtioa ie a drole or a rectangalar 
lorperbola, a and b are eqoid and the equation reduces to 
the form 

»• db y* -■ a*. 

I^noe i>ain of ootqugate diametera in a rectangular hyperbola 
are equal, the curve is frequently called an eqtdloferel 
hfpnhoUu 

144. Equation of a Parabola. In deducing the algebraic 
equation of a parabola, it is customary to choose as coordin- 
ate axes a diameter of the curve and the tangent at its 
extremity. 



Let OX (Fig. 79) be any diameter of a parabola and OY be 
the tangent at its extremity. Let P and /*' be any points of 
the paraixda for which the coordinates measured along the 
diameter OX and paralle] to the tangent OY are (x, y) and 
C**. tfO* respectively. 

Let PQ and JP'O' pandlel to OY meet OX at Q and O'. 

Draw the tangents at P and P' intersecting at A and 
meetingOF at Eand P'. 

Ilie tangents at the pdnts, P, 0, P’, and the infinitely 
dtetant point the curve, form a circumscribed quadri- 
lateral which the diagooih) are a line through B paralle} 
to the taiqgent at P* and a line throui^ J9' parallel to the 
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tangent at P. These diagonab and the lines jdidng tlw 
points of contact on opposite rides, namely, the line PP' 
and the diameter throng 0, intersect in one point S (( 89). 

The quadrangle ABSB' is therefore a parallelogram, and 
the triangle BPS is similar to both the trianglre APP' and 
B'SP'. Also, the triangles PQS and P'Q'S are rimilar. 
Hence we have the relations 


V PQ PS BP BP 
and 

y PQ PS BS AB' 

P “ PQ' ” PS “ B'P “ B'P ' 

If the diameter through A is drawn, meeting BB' at K and 
PQ' at T, XT ” OQ', and from similar triangles, we have 
the relation 

AK AB' y 

Also, from rimilar trian^es, we have 
OQ BP y 

aa: “ IS ” y' ‘ 


Combining those results by multiplication, we obtain the 
relation 

OQ y* * 

This equation is usually written in the form 

y* « 2pz, 

where 

2p » y'V»'» 
a constant for any given parabda. 



PEOJECTIVE PURE QEOMETEY 

14S. Tknsmts to « Pmbola crt Cot BrcfwtfaHMlIy by 
Ottmr Tuigents. From the prooew of § 144, it appears 
iiioi<leiitally that 

BP Aff 

aB^WF* 

istiioe each of these fractioios equals y//. That is to say, two 
tangents of a parabola are cot proportionally by a third 
tangenti and since the third tangent was chosen arbitrarily 
we have the property that any two tangents of a parabola are 
eut proportionadly by the remaining tangents, a property 
whi<^ was deduced otherwise in § 74. 

KZintCXSBS 

1. l^ow that the line the pole ol any chord of a parabola to 

the mid'point of the chord is a diameter of the parabola and the mpxmii 
between the pole and the chord is Haecftod by the curve (Apolloiuu»). 

2, If a line is drawn through a given point of the plane, }>arallel to an 
asymptote of a hyperbola, the segment of the line intercepted l>etween 
the point and its polar with respect to the hypc^^bola is bmected by the 
etirm 

3« Prove that if the points ol contact of the sides of a parallelogram 
dbrcuinsaribcd to an ellipse or hyperbola are joined in order, the insoribed 
hgtire is also a parallelogram. 

4. Fixkd the center of a conic of which only five points or five tangents 
aregtvaoL 

Draw Che chord of a given conic whidh is bisected at a given point 
within It 

fi. Prove diat the chords of a given conic which are bisected by a 
given chord envelop a parabola* 

7. Given three points of a parmboia and the direction if its dbuiosylm 
constmet the paiv^la and find Its aads. 

a If It is a given conic, I and m redprocaJ conics in the plane, relative 
to kf show that m is a hyperbola, a pandiola, or an ellipse aemding 
m the center of k lies osetside, on, or inside, the conic I 
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9. U AiAt mA BiBt «re ecmjtigate diiuaaeteni of tk conic «ii6 Q i» 
Any point of tlie conic, the myn AiQ and AAi are laterseoted by aiiy 
Hue paralle] to B%Sm in conlugate pointa* 

10« If AiA% ia a dkmeier of a conic of which Q is any point, the 
diametm parallel to At<? and ^isQ are conjugate. If ihw diameters 
intenseci the tangents at Ai and At in Kt and Xi, respectively, the 
line KiKt is tangent to the conic. 

11. Parallel imm ui and are drawn through fixed points At and Af> 
and a third line u intersects them in points Bx and Bt> If the line u 
movei parallel to itself, the pencils of rays AxBt and A$Bt generate a 
hyperbola of which A%At is a diameter and BiB$ has the direction of the 
conjugate diameter. If AtAi >» 2a and BiBt <« 2h, the equation of the 
hyperlxda referred to these conjugate diameters as axes is 

12. If two triangles are inscribed in a conic, their six sides are tan- 
gents to a second conic; and conversely, if two triangles are dream- 
scribed to a conic, their six vertices lie on a second conic. 

Bu<k»»i«tion. Given the triangles AiBiCi and A*B*Ct mscribed in a 
conic ki and let the sides BiCi and B/Jt, or at and Ot, intersect the re- 
maining sides Itti c% and hi, C|, respectively of the other triangle, in the 
points B%\ C/ and iii', CV. Projecting the sets of points on these two 
sides from At and At w© liave Ai(CiBiB/Jt)y^At(BtCtCtBt) or 
K BiCiCfBt. Joining pairs of homologous points in these 
two ranges we have four sides of the given trian^es tamgent to a conic 
kt to a*hich the sides Ot and a» are also tangent. 

The eonvense theorem is proved aiudogously. 

Suppose, now, in the direct theorem, a third triangle A«BiCt is 
inscrilied in the conic h of which the sides h» and c* are tangent to the 
conic kt* The third side a« is also tangent to h since the sides Oi, hi, ci 
and a», ha, €» are all tangent to some conic and five of them are tangent 
to ht* 

Hence the following theorem: 

THBOEm. If two conics arc so situated that a triani^e can be 
inscribeti In on© of them which is circumscribed to the other, there is an 
unlimited number of such triangles (Poncclet, Frpj. Prop, { fifiS). 



CHAPTER Xn 


PROJBCnVELY RELATED FORMS OP THE SBCORD 

ORDER 

146. Hannonlc Rda:Soa:is in Forms of t!i«. Second Order. 
Four pointe of a conic are defined to be harmonic when they 
are projected from a fifth point ti» conic by harmonic 
nys, and four tangents to a conic are harmonic when they 
are cut by a fifth tangent in harmonic pmnts. Moreovex, if 
four points of a conic are harmonic, the tai^nte at those 
points are likewise harmonic (§ 95). 

Similar relations exist in other forms of the second order. 
For example, harmonic rays of a cone of tlw second order are 
projected from a fifth ray of the cone by harmonic planes. 

Harmonic planes of a pencil of the second order are cut 
by a fifth plane of the pencil in harmonic raj^. 

Harmomc rays of a regulus of the second order are cut by 
any director ray in harmonic points and are projected from 
any director ray by harmonic planes. 

If four rays of a cone are harmonic, the planes tangent to 
the cone along those rays are likewise harmonic; and if four 
rays a regulus are harmonic, the points of contact of planes 
projecting those rays from any director ray are likewise 
harmonic. 

147. Forms of the First and Second Order In Pwapectiva. 

The definition of perspective correlation may be exten<fed to 
forms of the first and second orders as follows. 

(a) If the points of a conic (5) Similarly, a pencil of rays 
are projected from any point of of the second order and the 
the conic by a pencil of rays of range of points in which it is 

16g 



paomcnvE forms of the second order las 


the fimt otder and each point 
it correlated to the ray of the 
pencil peesing through it, the 
conic and the pencil of rays are 
rdated perspecUvely. 

. The center of the pencil is 
correlated to the tangent of the 
conic at that point. 

(c) A cone of the second 
<Htier is related perspectively 
to the pencil of planes of the 
first order projecting it from 
any one of its rays, if to each 
ray of the cone is correlated the 
plane of the pencil passing 
through it. 


cut by any one of its rays are 
related perspectively when to 
each ray of the pencil is corre> 
lated the point of the range 
lying on it. 

The ray of the pencil on 
which the range of points lies is 
correlated to the point of con- 
tact in that ray. 

id) A pencil of planes of the 
second order is perspective to 
the pencil of rays of the first 
order in which it is cut by any 
one of its planes, if to each 
plane of the pencil of the sec- 
ond order is correlated the ray 
of the pencil of the first order 
lying on it. 


A regulus of the second order is perspective to the pencil 
<rf planes of the first order projecting it from any director 
ray, or to the range of points of the first order detei> 
mined by it on any director ray, if each ray of the regulus 
is correlated to the plane of the pencil passing through it, 
or to the point of the range lying on it. 

Two forms of the second order lying in one another may 
also be related perspectively, if to each element of the one is 
correlated the element of the other lying on it or passing 
through it. For example, a conic lying on a cone or on a 
regulus d the second order is perspectively related to the 
form on which it lies if to each point of the conic is corre- 
lated the ray of the cone or of the regulus which passes 
throu^ it. A pencil of rays of the second order is related 
perspectively to the curve d the second order enveloped by 
it, If to each ray of the peneii is correlated the point of the 
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oom l^jrixtg on it, that if to each lay of the pencO is ooiv 
i<dlated the point of contact in that ray. 

In a similar manner, perspective relations may be 
established between a pencil of planes of the setKmd order 
and a pencil of rays or a regulus of the second order which it 
projects; and, in general, a perspective relation may be* 
establisbed between any two forms of the second order in 
lidiich one form is a section or a projection of the other, or in 
which one form envelops the other. 

148. Forms o$ the Second Order Projectively Related. 

As in the case of primitive forms of the first order (§ 60), the 
following definition may be set up. 

Definition. If two forms of the second order are so 
correlated that to every set of harmonic elements in the one 
there corresponds a set of harmonic elements in the other, 
the two fcMtns are said to be correlated projectively. 

A form of the first order and a form of the second order 
are also related projectively if to a set of harmonic elements 
in the one there oorresponda always a set of harmonic 
elements in the other. 

Any two forms perspectively related are likewise pro- 
jectively related. 

As a consequence of the above definition, a sequence of 
elements in dthm* of two projectively related forms corre- 
sponds to a similar sequence of elements in the other (| 51). 

14P. Mediod <d Correlating Projectively two Fonns of 
tile Second Order. Two forms of the second order may be 
eomdated projectively by establishing a projective relaticm 
between two forms tte first order perspective to them. 
For exmnpie, two ranges of points cf the second order, that 
fa^ tile pc^ts on two or corves of the second onkr, 
may be oonelaied projectiv^y by establishing a {nojective 
relatitm b^ween two pendls of rays of the first ordw per- 
apeotive to them. 



PEOJECTIVB FORMS OP THE SECOND ORDER 171 

In esfcabHfihiiig such a projective relatictn, three rays of one 
pendl and the corresponding rays of the other may be 
choeen at random {§ 67), and consequently, three points on 
cm conic and the corresponding points on the other may be 
choeen at random. 

If a projective relation is to be established between the 
ranges of points on the two conics fci and kt, for example, the 
points ill, Si, Cl, on h may be correlated to any three points 
At, St, Ct, on ht (Fig. 80), and if these are projected from 



any points S, and St of the respective conics, the problem 
reduces to the establishment of a projective relation between 
the pencils of rays Si and St in which three pairs of hom<d- 
ogous rays are given. 

The problem is simplified if the centers Si and St are 
chosen as the points in which the line joining a pair erf homol- 
ogous pennts, Ai and At, meets the conics a second time, for 
then the pencils of rays Si and St are in per8pecti\'e relation 
since their common ray is self-corresponding. If Si and St 
are so chosen, pairs of homologous rays intersect in points erf 
a straight line. 

To determine the point of kt corresponding, in the re- 
quired projective relation, to any fourth point Di of ki, if 
SiJBi and StSt, SiCj and StCt, intersect in pdnta, 3 and C, 
<rf a line «, the ray SiDi will determine on the line it a pdnt 
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2> sadi tli»t tlw Use 8J) will interseei is the raqnfnd 
point Ai. 

Bj this asettss, to every point of the oosio h a (xxne* 
epondisg pdst of hi ouy be ^termined and the two ranges 
d pdnts on the conics will be protectively xelsted, since 
any set of harmonic points of the one will coirespond to a 
set of harmonic points of the other. 

The problem of relating other forms of the second order 
projectively may be reduced to that of two conics, i^oe any 
form df the second order may be related perspectively to a 
conic. 

In the solution of this problem the following relations 
are evident. 

That is to say, hi and kt, when related projectively, are the 
first and last of a series of forms in perspective; and, con- 
versely, if two forms are the first and last of a series of per» 
spectivities, they are projectively related. 

150. Projective Forms Identical if more than Three 
Elements are Self-Ctnresponding. Two conics, hx and kt, 
in the same plane having a pcrint 5 in common, may be 
projected from that point and so be perspective of the same 
pendl of rays. They are thus projectively related, pairs of 
homologous points lying on the same ray of the pencil. 
The point Siiikx will correspond to the posnt of hi in wiuch 
the tangent to ki at S intersects ki] and similarly, the point 
BiAki will <XHm»spond to the point of kx in which the tangent 
to itt at intersects kx. 

The conics may have three additional points in common 
adiid} in this correlation vdll be seil^eonespoading. If the 
point S is also self-^orreqxmding, the two conics must have 
a common tangent at 8 and, consequently, must odndde, 
having four points and a tangent at one of them in conuiMm. 
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Txsobku. If too eonic$ are Tamsjm. Iftmeometare 

pngediudyrtliUed and ham four projedivdyrdaied and ham four 
e^’Oerreepondiny points, the sdf-oorrespondiny tangents, the 
eonies are identical and all conies are identical and all 
poitds are sdf-aorresponding. tangents are self-corresponding. 

If a oonic is {aojectively related to a cone or to a regulus 
cl the aeoond order, and more than three points of the conic 
lie on the rays of the cone or regains corresponding to them, 
the oonio is perspective to the cone or re^us and to the 
section of that form made by its plane. 

ISI. Rays of a Pendl of the First Order and Points of a 
Conic Pro jecdvely Related. 

TtrEORSU. If a pencil of rays of the jixsi order lies in the 
plane of a conic to which it is projectim, but not perspective, 
at least one ray of the pencil passes through the paint of the 
conic corresponding to it, and at most three rays. 

For if S is the given pendl of rays and Si is any pmioil 
of rays of the first order perspective to the given conic k, the 
center of Si lies on k (Fig. 81) and the two pencils 8 and St 
generate a conic ki different from k, passing through the 
two centers. The conics k and ki intersect at Si and neces- 
sarily at one other pmnt A, or possibly at three other pcwts 
A, B, and C, but not more than three. At the points of in- 
tersection of k and Jti other than S\, a ray of S passes 
through the point of k cor- 
responding to it. If the 
conics should have a com- 
mon tangent at 8i, oik of 
the points, A, B,C, would 
ootndde with Si which 
would tiben lie on the corre- 
sponding ray of E. If the 
Idven conic is tboui^t of as 
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bdag feamsM tivo projeottve pendls ta^ this 
tbeffiRon talt»8 the loUomog fonn. 

THXoiuai. If in a pUme them are gimn three prefedwdp 
related pmeite of rays, no two of which are perspective, there are 
at nu»t three points of the plane, and at least one, tn which 
homologous rays of the three pencils intersect. 

The redprooal theorem, of which the proof is analogous to 
tirat of the direct theorem, may be stated as follows. 

Thbokem. If a range of points of the first order lies in 
the plane of a pencil of rays of the second order to which it is 
prr^eclwe but tud perspective, at least one point of the range 
will lie on the ray of the pencil corresponding to it, and at 
most three points. 

If the pencil ol rays of the second order is generated by 
two jHojective ranges of points of the first order, we have 
the following theorem. 

Theorem. If in a plane there are given three projedwely 
rdaied ranges of points, no two of which are perspective, there 
are at most three straight lines of the plane, and at least one, on 
vddeh homologous points of the three ranges lie. 

152. Pendls of Rajrsand Plane Carves of the Third Order. 

The theorems <rf § 151 lead to other interesting forms gener- 
ated by projectively related tonos of the first and second 
oid^ ai wUch the following are illustrations. 


Theorem. If a range of 
points of the firH order and a 
range if points of the second 
order He in ^ same plane and 
are projecHody rdated, hut not 
perspective, the lines joining 
pairS' if homelogous points in 
ths two ranges form a pencil of 
roysef vddek at least one rtsy and 
at most three paee through any 


Theorem. If a pencil of 
rayt of the first order and a pen- 
cil of rays of the second order lie 
in the same plane and are pro- 
jectively reUded, but not perspec- 
tive, the points of intersetHon of 
pairs of homdogous rays form a 
curve or range of points if which 
at kast one point and at most 
thne lie on rnty Hne efthepkme. 
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point of the pltm. The peneU The eum $o genentei it eaid to 
of myt to generated it taid to be be of the third order, 

ef da third order. 

In the theorem on the left, let 5 be a pencil of rays per- 
spective to the given range of points of the first order, «, and 
consequently, projective to the given curve of the second 
order, k, the center S being any point whatsoever <rf tl» 
plane not lying on u or k. Then, at least one ray of S will 
pass through the homologous point of k, and at most three 
{§ 151). In other words, at least one ray jmning homol- 
ogous pdnts in u and k will pass through an arbitrary 
point S of the plane, and at most three rays joining pairs of 
homologous points in the two given ranges will pass 
through that point. 

Similarly, on the right, if u is any section of the given 
pencil of rays of the first order, there are at most three rays 
of the given pencil of the second order, and at least one, 
which will pass through the homolc^us points of u (§ 151). 
That is, on any line u of the plane there are at most three 
points of the curve generated by the two forms, and at least 
one. 

153. Space Curves and Pencils of Planes of the Third 
Order. 


Thxobsm. a pencil of 
planet of the firtt order and a 
ame or a regtdue of the tecond 
order, pr<^ecimly related, gener~ 
ate, in general, a cwne of which 
at least one point and at moH 
three lie in any plane. Such a 
curve it etUled a gauche or 
tw/ieted curve of Ute third order. 


Theorsm. a range of 
points of the first order and a 
pencil of raye or a regulus of du> 
eecond order, projectivdy re- 
lated, generate in general a pen- 
cil of planes o/ which at least one 
plane and at most three past 
through any poinL Such a 
pencil of planet it taid to he of 
the third order. 
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On the left, an arbitrair plane interaecta the given penoil 
of idanes and the cone or regulua oi the second order in a 
penc^ of rajs and a conic, projectively related, of which at 
least one and at most three rays of the pencil pass throuidi 
the homc^ogous points of the conic (§ 151). In such 
points, a plane the given pened intersects its homolc^ous 
ray of the cone or the regulua Hence, at least one and at 
most three points of the curve generated by the two forms 
lie in this plane. 

If the cone or the regulus of the second order is thought of 
as generated by two projectively related pencils of planes of 
the first order, the twisted curve of the third order appears 
as the lociut of points in which three homologous planes in 
the three projective pencils intersect. 

On the right, the given pencil of rays or the regulus of the 
second order is projected from an arbitrary point S by a pen- 
cil of idanes of the second order (§ 82), and a plane contmn- 
ing the given range of points intersects this pencil of planes 
in a pencil of rays of the second order, projective to the 
l^ven range of points, and such that at most three rays of the 
pencil, and at least one, pass through the homologous points 
of the given range (§ 151). Hence at most three planes, and 
at least one, determined by points of the given range and 
the hcundlogous rays df the given pencil or regulus of the 
second mder pass through an artatrary point S. 

If the pencil of rays or the regulus of the second order is 
thoo^t of as generated by two projectively related ranges 
of pewts the filrst order, the pencil of planes of the third 
mrder appears as the locus of planes throu^ three homd.- 
OgouB points of the three projective ranges. 

tS4. Projsctivity on a Conic. Two projectively related 
ranges of pdnts of the second order may lie on the same 
conic and f(»m what is called a proj^ctiv^ on the conic. 
Three dements of the one range and the ooireeponding 
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elements of the other may be selected at random and so 
determine the projectivity. 

Suppose Aa; Bi, JB»; C|, Ct, are pairs of homologous 
points in a projectivity on a conic (Fig. 82) in which it is 
required to determine other pairs of homologous points. 

Ibe points of the first range .di, Bi, Ci, projected from a 
p(fint il} of the second range, and the points Aa, Bt, Ct of the 
second range, projected from the corresponding point di of 
tile first range, give pencils of rays Ax(Ai, B,, Ci) and Ai{At, 
Bt, Ct) which are projectively related, and since the common 
ray AiAt is self-corresponding, the two pencils are per- 
spective. Pairs of correspond- 
ing rays in the two pencils will 
therefore intersect on the line u 
determined by the intersections 
of AiBt and AtBi, AiC’t and djCt. 

The point homologous to any 
given point Di in the projectiv- 
ity, can then be detennined by 
joining AtDi, finding the inter- 
section with w, and joining that point with d.i. The line so 
drawn will intersect the conic at the required point D*. 

The figure AiBtCiAtBiCt is a simple hexagon inscribed in 
the conic, and by Pascal’s tlicorem, the pair of opposite 
sides BiCt and BtCi will intersect on the line u determined by 
the intersections of AiBt and AtBi; AiCt and .4 tCi, from which 
it follows that the line « is independent of the pair of homol- 
ogous points chosen as centers of the projective pencils of 
rays. AU pairs of lines in the projectivity, such as A 1 B 2 and 
AtBu AtJDa and AtDi, BiDt and BtDi, CjN,and CtKi, joining 
homologous points alternately, will consequently inter- 
sect on the line u. The line u so determined is called the 
axb of the projectivity. 

If the atis interaeots the conic in the points M and N, 
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tbeM iwi&ts axe Ml£‘>oc»xe8|)(mdii^ in tlw lat^eotivi^, and 
ainoe the axia may intersect the ocmio in two p(^ts, may be 
tangent to the conic, or may lie whdly outdde the conic, 
the projeotivity may have two 8elf«oorreeponcUng elements, 
Of one, or none; bat idways two if the projective ranges of 
points traverse the conic in opposite senses. 

15S. Brojectivity in a Pencil of Rays of die Second Order. 
A projectivity in a pencil of rajra of the second order may be 
estal^shed in a manner whdly analogous to that of $ 154. 



Three ra 3 ^ of the pencil, oi, bi, ci, and their homologous rays 
ot, 5i, Cl (fig. 83), may be chosen at random and the pro* 
jeetivity is then fully determined. To any ray di, the cor- 
responding ray dt nrny be found and the lines joining pairs of 
intersections (oihi) and (ajbt); (oici) and (o«ci); and 
and all lines simjlarly drawn, pass through one pdnt U 
called the crafer the projectivity. The rays of the given 
pencQ, if any, which pass through U, are self-corresponding 
elements in the projectivity, and there are two such self- 
cozimqKiiiHiiitg eJemcmts, one, or none, according as lies 
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outride^ 00, or iadde the eonie oovdoped by the peacil at 
nyB. 

Bism ^ taageixtB to a ooide form a pendl of rays of the 
eeooDd <»der and the points of a conio are related project* 
ively to the tangents at those pdnts (§ 94), a project^vity 
on a conic may be transferred directly to a pendl of rays, 
and in case the projectivities relate toaconic and its tangents, 
the axis of the projectivity on the conic is the polar cl the 
center of the projectivity in the pendl of raya In fact, these 
two projectivities may be considered as a dn^e projectivity 
connected with the c<»ue, and of this the line u is the axis and 
its pole U is the center. 

156. Projectivitjr in Other Forma of the First or Second 
Order. A projectivity on a conic may be transferred to 
other forms of the first or second mder by simple projection 
and section. For example, the projectivity on the conic k, 



in whidh Ai, Bi, Ci, Dt, and At, Bt, C», Dt, are homdogons 
pmnts and in which M and N are double points (Fig. 84), 
may be transferred to a straight line by projecting it from 
any point S of ^ conic. When so project^ on the line, 
we have such relations as the fdlowixig; 

At'BxVi'Di* X At*Bt'Cn'Dt% 

Ai'Ci'Af'A' K At’Ct'M’Dt', 

At'Di'MW K A/A'AfW'. 
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Tbft pdttt 8 is ihi» ^ oe&ter oi two supetposed {nojectiwe 
peao^ of mys in wMeh iSAi sod SA%, SBi and 5ft, • • • axe 
{tairs of ooneepmdiog rays, and SM and SN axe self-ooiy 
lespfHKfing rays, ^milarly, a projsctivity m a oonio may 
be transferred to a cone or a legulus or to a pencil of fdaiun 
of tbe second order of wldoh tbe conic or its system of 
tangents i$ a section. 

157. Projecthdties of Special Fonns. Special forms of a 
projectiivity on a conic arise according as tbe points ^i, 
Bi, Cl and ^s, ft, C*, determining it, are chosen in one way 
or in another. If A i and At ccandde, for instance, this point 
is one of the double elements in the projectivity, and if ft 
and Bs also coincide, the double elements, the axis, and the 
center, of the projectivity are determined. If all throe 
points Ai, Bi, Cl coincide, respectively, with their bomolo* 
gous points At, ft, Ct, the projectivity is identical and alt 
pdnts on tbe oonio are Belf<oorrespouding. 

158. Xhojecthdty of Doubly Corresponding Elements. 
In the choice of points Ai, ft, ft and At, ft, ft, determining 
a projectivity on a oonio, let us suppose that the point At 
coincides with ft and that ft coincides with ^i, while ft 
and ft are any other pair of homologous points tbe two 
ranges on the conic. The two points of the conic At(Bt) 
and dlt(ft) in this case are said to correspond to each other 
doutAn; that is, they are homologous points whether con* 
ffidered as pmnts of the one range on tbe conic or as pmnts of 
tbe other range. 

if the lines diift and A/Hi (Fig, 85) intersect at P, ftft 
and B^i intersect at Q, the Une PQ is tiie axis of the pro- 
jeetivity determined ty the three pairs of homologous 
points, and if any other point Ki of the first range on the 
ocHSio is i^ven, its hmnologous point Kt is found by joining 
iateneeting the axis at B and drawing A tB cotthig tlm 
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conic at K%, bomologoos to Kt, since KiAt and K^Ai inter* 
sect on the axis. 

H the point Ct of the first range is Dt, say, of the second, 
the homologous point of the first range is found by joining 
BiDt intersecting the axis at P, and drawing BtP cutting the 
conic again at Di, or by joining AiDt intersecting the axis at 
Q and j<dning cutting the conic at A. But in dther 



case, A coincides with Ct', that is, the points of the conic 
C](A) and Ct(A) are doubly corresponding. In the. same 
way, it may be shown that if any point Ki of the first range 
on the conic is A of the second range, then the homologous 
point Kt coincides with the homologous point A. 

From the theory of poles and pdars with respect to a 
conic, it is known that the lines AiAt (or A A), CiC* (or 
AA), KiKt (or A A) ... all pass through a point U, the 
pole of the axis PQ relative to the conic and from this we 
have the following theorem. 

Thsohem. In a projedwity m a conic, if there ia one pair 
cf doubly eorreeponding points, aU pears of homologous points 
are doubly corresponding, and the lines joining pairs of such 
homologous poinis ifdersed in one point, the pole of the axis ef 
prqjectivity, Temgents to the conic at pairs of homedogous 
points intersed on the axis. 
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tSf. oi Pwlod in the ehaion 

of points i&i, Su Cu and thedr homologous points A», B», C%, 
on the oonio, suppose A% ooinddes with Bi, Bt with Ct, and 
Ct with (fig. 9A), so that th«o is a cyclic lehition among 
them. Then,itt determining the axis of projeotivityfrom the 
paiis of lines and ditBi and lines similariy drawn 

AiBi is the tangent at Bu B(Ci is the tangent at Cx, and 
CtAi is the tangent at Ax, so that the axis is the line on 
which the sides of the inscribed triangle AiBxCi (or AtBtC^ 
intersect the tangents at the opposite vertices (§ 89). 


R 



If Pi is nny other point of the range Ax, Bx, Ct, ■ * * on the 
conic, to determine the homc^ogous point Dt we join DxAt 
intemecting the axis at S, and join SAx cutting the conic a 
second time at the required point D». 

Suppose, now, this pmnt Df of the second range on the 
conic is Bt of the first range. Since the points Ct and Ai 
edndde, also Dt and Ex, the line AiPi is the line CtEx cutting 
the axis at S, Then to determine the homologous point Et, 
draw CiiS cutting the conic at the required point Et. 

Agmn, let Et of the second range be Bi of the first range, 
and it is required to find the hmndogous point Ft of the 
second range. 8tooeCiandi^o(Mnoide, also £« and Bi, the 
line BtFx is the line CiJ« intersecting the axis at the point 8. 
Henee BxFt passes through 8 and coinoides with AtDx. 
Thevdore Ft eoineides with Di. 
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From tliii it appears that If At, B%, Ci, and At, Bt, Ct, 
homologoua points of a projectivity on a oonic, are so related 
that they are the vertioes of an inscribed triangle taken in 
cydio order, any other triad of homologous points, Dt, Ei, 
Ft, and Dt, Et, Ft, will have the same relation and will be 
the vertices of a second inscribed triangle. Moreover, in 
the triangle DtEiFi (FtDtEt) the three sides and the 
tangents at opposite vertioes intersect in points of the axis 
of projectivity, aa do the sides and tangents at opposite ver- 
tices of the triangle AiBtCi (CtAiBj). The points of the 
conic are thus grouped in sets of three which are cyclicly 
projective, and of such sets there is an unlimited number. 

Such a projectivity on a conic may be called a cyclic 
projectivity of period three. The projectivity of § 158 is, 
then, a cyclic projectivity of period two. 

160. Cyclic Projectivity of Period Four. If four points 
on a conic have a cyclic correspondence in a projectivity on 
the conic, so that the points At, Bt, Ct, D, are homolc^us 
to the points Bt, €%, Dt, respectively, and At coincides 
with Bt, Bt with Ct, Ct with Dt, and finally Dt with iij, it is 
clear that the four points cannot be chosen at random, since 
three points of one range and the homologous points of the 
other are sufficient to determine the 
projectivity. 

Suppose the four points and their 
homologous points in a projectivity 
on a conic are cyclically related as 
here defined (Pig. 87). Then AtDt 
and AtDi intersect on the axis of 
projectivity, as do also BiCt and BtCt. 

But AtDt is the tangent at At, also 
BtCi is the tanipnt at Ci, while AtDt 
u>d BtCt are the same line, not the axia Consequently, 
the tangents at At and Ct, and the line BtDi, pass through 
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^ ime i>dal of tb« axis; xuuiM^, tlm>ugti the pde M 
Ee&oe 4iCi and RiA are oonjoeste lines, and the points 
At, Bt, Cl, I>i, are harmonic points on the conic (§ 107). 

Conversely, the four pc^ts of a conic in which a pair of 
conjugate Ihies intersect the conic are points of a cyclic 
projectivity of period four. 

For four such points, iti, A, Ci, A, are projected from a 
fifth point P of conic by four harmonic rays (§ 107), and 
if At, Bt, Ct, A are pmnts homologous to Ai, Bi, Ct, A> 
respectively, in a projectivity on the conic, we have the 
relation, 

PiAu Bi, Cx, A) A PiAt, Bt, Ct, A). 

But, by S 34, 

P(Ai, Bi, Cl, A) IR P{Bi, Cl, Bt, At). 

Therefore 

P{At, Bt. Ct, A) A PiBt, Ct, A, ^i). 

If then At ccrinddes with Bt, A with Ct, and Ct with A, A 
must coincide with At, and the projectivity is cyclic. 

XXERCISBS 

1. If a pencil of rays of the fiivt ordn' is projectively related to a 
conic, and more than three ray* of the pencil pam through the pointo 
of the conic oorreepondiiig to them, toe center of toe pmmil must lie on 
the conic and the two fonns are in perapective poidtian. 

2. Given the two double elements and a pair of homologous points 
of a ptojectmty on a conic, determine for any given point of the conic 
its homologoas point. 

3. A ptrojectivity between two conics is determiaed by three tangents 
of one and their homologous tangnats of the other. Construct the 
tangent homologoas to any fourth tangent. 

4. Oonstmct the projectivi^ on a conic of whito tiuae are given the 
axis and one pair vi hmnolog^ pdnts, toe axis bnng the infiniteiy 
diSUmt Une cf toe idane. 

5. Qmatmel a eyelioprojeotivity of period three on a given eonio, the 
axis dpsojeetivity bring toe infinitely distant line. How many p^ts 
M andi a pnjeetivity nmy be rimssn at randomf 
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THE THEORir OF INVOWmoiT 


161. An Involution Defined. If there are given two pro- 
jective ranges of points Uj and on the same straight line, 
every point of the line is an element of each range, and if 
the points Pi of Ui and Qi of are the same point of the 
line, ordinarily the corresponding points Pt of th and Qi 
Ui (Fig. 88) are ditierent points <rf the line. If, however, 
they should ooinoide, as in Fig. 89, the two points of the 
line correspond doubly (§ 158), and if all points of the line ate 

*1 0 f‘ n ?* 

At Qt Pt 

Fi<3. 88 

n, ^ ^ 

“» At Qt P» 

Fro. 89 

similarly associated in pairs, the two ranges uj and uj are 
in invciution, or they form an involution on the line.* We 
may therefore state the following definition. 

Definition. Two superposed projective forms are said 
to be in involution when to each element of their common 
base another element corresponds doubly. 

As an illustration of an involution we may oonader the 
pairs of points on any straight line which are polar conju- 
gates relative to a given conic. If Ai, Bi, Ci, • • • is a range 
of points on a given line and At, Bt, C*, • • • are the points 
on the same line conjugate, respectively, to them, the two 

* Th« •tudy of theory of imvolutiotiL li to bo mditod 

to Dwrguiw. to whom tbo tmn inwlulion ia duo. 

m 
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laages oF pctots aro pTttjeotive ({ 110), and il any point At 
of the first range coincides with ^ of the second, the conju* 
gate point At of the second range adll coincide with Bi of the 
first (§ 105), and the same is true for all pairs of conjugate 
pointa The two ranges of conjugate pdnts on the line are 
therefore in involution. 

162. An Involution on a Conic. Two projeotively related 
ranges of points on a straight line may be transferred to a 
oonio by projecting them from any 
point of the conic (Pig. 90), and the 
pairs of corresponding points on the f / \\ \ 

conic will have the same relative I / I \\ ) 

positions as on the straight line. 

It has been shown already (§ 158) IcT^^Si \ 

that if two projective ranges of points T * 'a^~ 

on the same conic have one pair of 90 

doubly corresponding points, all 
points of the conic are arranged in pairs which are doubly 
corresponding, and the form so constituted is a cyclic pro- 
jectivity on the conic of period two. Sucli a projectirity on 
a conic is an involution, since it consists of two superposed 




projective ranges of points in which each point corresponds 
to another point doubly; and, conversely, any Invdiuttoti 
a conic is a cyclic projectivlty of period two. 

In an involution on a conic, therefore, the pairs of petots, 
Pi, Pti Qu Q*; fii, fl*; • • - , ^h point of a p^ ooiresptHid- 



THE THEORY OF INVOWJTION 187 

iAg douMy to the other point, are so related that the 
lines joining tbeni (ftg. 91, 92) pass through one point 
(§ liS8), the socalled center of the involution, while the 
lines joining the pobats of two pairs alternately, PiQ* and 
PiQilPiRt and PtRi; QiRt and QtRt; • • • intersect in points 
of one straight line, the axis of the involution. The tan- 
gents at the pairs of points, Pi, Pj; <?,, Qt; Ri, !?*;••• like- 
wise intersect on the axis of the involution. 

163. An Involution on a Straight Line. Transferring a 
cyclic projectivity of period two on a conic back again on a 
straight line by projecting it from some point of the conic, 
we have the following result. 

Theorem. If two superposed projective ranges of points 
on a straight line ham one pair of doubly corresponding points, 
all pairs are doubly corresponding and the form is an invoh*- 
lion. 

In order to determine a projective relation between two 
ranges of points Uj and ut on a straight line, it is necessary 
and sufficient to correlate three points of Wi to three homol- 
c^ous points of t<8 (§ 56) and if two of these points are 
doubly corresponding, the third points are also doubly cor- 
responding as are ail other pairs of corresponding pmnts in 
the projective ranges, and the form is an involution on the 
lino. 

From this it follows that in order to determine an involu- 
tion on a straight line, it is necessary and sufficient to have 
given two pairs of associated or conjugate points <rf the 
involution. 

Suppose there are given two pairs of conjugate points, 
iij and At, Pj and P», of an involution on a straight line, and 
it is required to find the conjugate point in the involution 
for any given point 0% of the line. In other words, the 
probletn is to tod the point of the straight line which is 
hoxnologcms to a given point Ci in the projectivity deter- 
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nkioed by tl» tbree pain of homologoos poiaia ili, Bt, At 
ftod At, St, At, in wUch At and At correspond doubly. 

This may be done most readily by projecting the given 
pdnts (¥lg. 93) from any center 5 on a conic pasdng tbrougdt 
S, into the points At, At, Bi, Bt, Ci. Then the lines 
At At and BiBt will intersect in the center U of the involu- 



tion on the conic, and the line VCt will intersect the conic a 
second time at Ct. This point projected back from 5 on 
the original line gives the required point Ct. 

164. Involutions in Other Forms of the First or Second 
Order. An involution may exist in a pencil of r&ys of the 
first codin’ as well as in a range of points; in fact, the pencil 
of rays projecting an involution on a straight line from any 
center S is such an invcdution since the rays of the pencU are 
asBOdated projectively, each ray corresponding to another 
douMy. Tha pairs of lines passing throuid^ one point which 
are pffiar conjugates with respect to a given conic form an 
invdution in a pencil, just as the pairs of polar conjugate 
pdiita on a str^ht line form an involution on the line. 
Alno, the pidra oi diameters oi an eitipee or a 
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hyperbola form aa involution and ao do the pain df nya 
through a pc^t which are normal to each other. 

Moreover, an involution may exist in a pencil of planes cd 
the first order, as, for example, when the pencil projects an 
involution in a range of points or in a pencil of rasrs. So 
also an invdution may enst among the elements of any 
form of the second order, a pencil of rays, a cone, a pen<^ 
of planes, or a r^lus, just as it may exist on a conic. 

165. Double Elements in an Involution. If the axis of an 
involution on a conic intersects the conic (Fig. d4}, the 
center of the involution is outside the conic, and two 
tangents can be drawn from the center to meet the conic in 
the points in which the axis cuts it. At each of these points. 



Fmj, 94 


Fio. 95 


a pair of conjugate points of the involution coincide and 
form the 8o«c^ed double points of the involution. 

If, however, the axis of the involution does not cut the 
conic (Fig. 95), the center Ues inside, and no tangents from 
it can be drawn. In this case, the double points do not 
exist, or, in the language of analytic geometry, they are 
imaginary. 
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H tilie two pMn df points detennining an invtdution on a 
oonie separate each otiber (Fig. 95), the center of the involu- 
tion is indde tl^ conic, and the double points are imaginary. 
Such an involution is called wWptic. In an elliptic involu- 
tion any two pairB (A. conjugate points separate each otlier. 

If the two pairs of points determining the involution do 
not separate each other {Fig, 94), the center lies outside the 
conic and the double points may be found; in other words, 
the double points are real. Such an involution is called 
tmPerhciic and in it no pair of conjugate points is separated 
by any other pair. 

Any line through the center of an involution on a conic 
is a polar conjugate of the axis of the Involution. Hence, 
in a hyperbolic involution if a line is drawn through the 
center intersecting the axis inside the curve, tlus line and 
the axis cut the conic in four harmonic points (§ 107). 
From this we have the following theorem. 

Theobeu. All pairs of cmjugtUe points of an involution 
on a conic are harmonically separated by the double points 
when these are real 

By projecting an involution on a conic from any point trf 
the conic upon a straight line we obtain the following rela- 
tions. 

(а) An involution on a straight line has real double points 
if the two pairs of conjugate points determining it do not 
separate each other. In this case, the involution is hyper- 
bolic and no pair of conjugate points is separated by another 
p^. All psurs of conjugate points are harmonically sepa- 
rated by the double points. 

(б) Ajx involution on a straight line has no (real) double 
points, or we may say the double points are imaginary, if 
the two pairs of conjugate points determining it separate 
each other. In this case, the involution is elliptic and every 
pair cd conjugate points is separated by every other pair. 
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IM. Tb«C«iit«rof fmInvol«&monaStz«igbtII^ To 
eveiy point ol an involution on a straight line there is a 
conjugate point. The point of the line conjugate to the 
infiudtely ^stant point is called the cerUer of the involu- 
tion.^ When the double points of the involution are real, 
the oentor is midway between them. 

167. ^ Points at a line in Involution. Three pairs of 
pdnts on a straight line, Ai^t; Ct,Ct, are said to 

be in involution when the third pair, Ci, Ct, belongs to the 
invdution determined by the other two pairs; that is to 
say, when the sixth point C$ is the conjugate of Ci in the 
involution determined by Ai, A^, and Bi, Bt. 

It the three pairs of points are in involution, any fotir of 
them are projective to their four conjugates. For example, 
among other relations, we may write 

AiBiBfCi A AtBtBiCt, 

and also 

AtBiCiCt A -difijCfCi. 

If M and N are the double points of this involution, each 
of them is its own conjugate, and we have the relations 

AtMBiCi Tv AtMBtCt, 

BiMCtN A BtMCiN. 

Conversely, if three purs of points on a straight line, Ai, At; 
Bi, Bsi Cl, Ci, are so related that four of the points involving 
all three pairs are projective to their four conjugates in order, 
the points of one p^ in the projective forms being thus 
doubly corresponding, the six points form three pairs cl an 
involution. 

For example, if AiBsCiCt are projective to AiBiCtCi, a 
relation in which Ai is homologous to At, Bt to Ei, Ci to Ct, 

* omim ol in icnroitttkm on • lino mvai not bo oonlutod nritii 

Urn owxtm of m lim»lntioii on m oonio or with tbo oonter of m projoetivity 
of poriod two tm m oonio. 
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aad Ct to Ci; ti»t is, % im>jeetive idatl<m la which the pdnta 
Cl and Ci oonwpond douUy, thenilii^t; fom 

an involoti^ {$ 163). 

168, Metzic Ptopetties. If BiBti Ci,Ct, azepaiis 
of points df an involution on a straight line, we have, among 
other relations, 

AiBtCiCt A AtBiCiCu 

Snee pairs of conjugate points in this projective relation 
ocnrespond doubly, any two conjugate points may be inters 
ohang^, and the projective relaticm will still hold true. 
Moreover, any cross-ratio of the first four pcunts equals the 
similar crosofatio of the second four ($59). That is to say, 

AiBt CxCt _ AtBrCiCi 
AiCr^, “ AtCvBiCi * 

Dividing by CtCt and clearing of fractions we have the 
relation 

AiBt"A]Ct‘BiCi ■* -^AtBi' AiCi' BfCt^ 

Interchanging Ci and C» and reversing certain segments 
gives the formula 

AiBfBiCt'CiA, - 

This formula expiesses a relation which bolds true for any 
three pairs of pdints in involution. 

The preceding relation among the s^pnents determined 
on a strai^t line by three piurs of points in involution may 
be rewritten and reduced to the form 

AiBt CiAt AxCt AiBx + BiCt _ , . AxBx 
AtBvBtCi “ ^ BiC. ■ 

If, now, the pcdnt Ct becomes infinitely distant, its <mnjagate 
p^t Cl is the center cS the involution on the straight line, 
and in this position we idudl designate it by the letter 0. 
Wlmn Ct is at infinity on tiie line, the fraction AiBijBiCt 
becomes indefinitely nmall and the above relation, replaoing 
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Cl by 0, may be written in the f(Mrm 
car 

(^lO + OBt)OAt - “ (AtO + OBi)OBt. 

This relation simplifies into the formula 
OAi’OAt “ OBi'OBt, 

where AuA%; B\,Bt, are any pairs of conjugate points in 
the involution and 0 is the center of the involution. This 
relation is usually taken as the metric definition of an involu> 
tion. 

If M and N are the double points of the involution, any 
pair of conjugate points in this formula may be replaced by 
either M or N, so that we have the relations 

0.4r0^, - OBrOBt - OP, -OP, •= OM* - ON* 

If the involution is elliptic, that is, if the pairs of conju* 
gate points separate each other, OAi and OAt, OBt and OBt, 
and all such pairs of line^gments have opposite signs and 
their product is native, so that OM* has no real mean- 
ing, and the point M does not exist. This result is in accord 
with the statement of § 165. 

169. Co-Axial Circles. Suppose that on the line-segments 
AiAt, BiBi, CiCt, • • • in any involution on a straight line, of 
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wltidt 0 is the oeater, dn^ an de«aifaed with these see* 
meats as chametm. H the ia-vdlutloa is elliptic, ^ Uae* 
segmeats overlap (ilg. 96), any two of the cirdmi intenedi, 
and the pdat 0 h<» inside all of the cirdeB. If, however, the 
iavdution is hyperbolic, the circles do not intersect (Fig. 97) 
and O is outside all of ^ drdea 
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If d is the distance from O to the center of the circle 
described on the segment AiAt, and r is the radius of that 
cirde, then, for either Fig. 96 or 97, we have 


and 

Therefore 


OAi^d- r, 
OAt ■» d H- f . 
OAi’OAt « d* r*. 


If d' and r' are the corresponding distances fw the drde 
whose diameter is BiBt, we have 


OBvOBi - d'* - r'*, 

and similar rdations hold for dl the drdes. 

In an dliptic involution (Fig. 96), d* — f* ie negative 
since OAi and OAt have c^podte signs, but i* — d* bdng 
positive equals the square of the distance from 0 to either 
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of tiu) pdnts itt whieh tbo circle on AtAt ie cut a line 
through O petpendicular to the line of centers. Since 

OAvOAt “ OBi'OBt ■* OCfOCt ■» ••• 
for the sevenU circles, this distance is the same for all 
drcles, and, consequently aO the circles described on the 
seipnents AiAt, BiJ^, CiCt , ' ■ ■ in an elliptic involution, cut 
the line through 0 perpendicular to the line of centers, in 
the same two points. 

If the given involution is hyperbolic (Pig. 97), OAfOAt, 
and dmilar products for the other drcles, is positive, that 
is, d* — r* is positive, d is greater than r, and 0 lies outside 
the circle, as has already been pointed out. In this case, 
if a tangent is drawn from 0 to any one of the circles meeting 
it at T, d* — r* •» OT*. Hence, the tangents drawn from 
0 to the several circles are all equal and the circle with 
center 0 and radius equal to d* — r* passes through the 
points of contact of all such tangents. 

Since OAi • OAt •» OM* “ ON* in the hyperbolic involu- 
tion, d* — r* ■» OM* “• ON* and, consequently, the drde 
whose center is 0 and radius OM (or ON) wUl pass through 
all the pmnts of contact T of the several cirdes on AiA», 
BiBt, • " as diameters and will out all the circles of the 
system orthogonally. 

The two systems cd circle here described are said to be 
co-axidt and the line through O, perpendicular to the line of 
centers on which the involution lies, is called the radical axis 
of any two of the drcles. In case the involution is elliptic, 
the drdos ail pass through the same two points on the radical 
axis. If the involution is hyperbolic, the drdes form nests 
on either side of the radical axis, each nest with a limiting 
point, or drde of sero radios, these being the double ele- 
ments of the involution. The drde with center 0 which 
passes through the limiting points outs the drdos ai the 
hyperbolio system ortht^onaUy. 
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If P wad Q wre the (x^ts on the radical axis in which the 
drdes interseot whose diameters are the segments AiAt, 
BiB%, CtCt, • • » <rf an eHiptio involution, the involution is 
projected from either P or Q by a pencil of rays in involutica) 
in which each ray is normal to its conjugate ray. From this 
we have the ft^owing theorem. 

Thsosem. In ihe plane of an elliptic involution on a 
eiraight line, there are two points from which the pairs of conr 
j%igate points of the involution are projected by rays at right 
angles. These points lie on the line through the center of ihe 
invaltdion perpendicular to the line on which the involution 
itse^ lies. 

170. One Pair at Conjugate Rajrs at Right Anj^es in any 
Ihvoliition PeadL If oi, at, and hi, bt, are two pairs of 
conjugate rays in a given involution in a pencil whose center 
is S (Kg. 98), a circle may be described through S cutting 
the pairs <rf rays at points A|, At, and Bj, Bt, respectively, 

and by this means the given 
involution is transferred to 
the circle. The lines 4i.4* 
and BtBt intersect in U, the 
center of the involution on 
the circle, and any line 
through U cutting the circle 
wili determine two points, Ci 
and Cl, on the circle such 
that SCi and SCt are conju- 
gate rays of the given involu- 
tion. The line through U 
which passes also through 
tbs center of the drde will determine points Ki and Kt on 
the circle such that SKi and SKt are conjugate rays oi the 
invdlittion and at the same time are at light angles to each 
oiJier since KiKt is a diameter. 
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The fine KiKt through the center tS the inrcduticm and 
throi^h the center of the circle can alwaya be drawn, to 
that there is always one pair of conjugate rays of the involu- 
tion at tight anedes, but if more than one diameter of the 
circle passes through the center of the involution, this center 
must coincide with the center of the drde and all pairs 
conjugate rays through iS are at right angles. From this 
property we have the following theorem. 

Thboebm. In an involtdion in a pencU cf rays there ia 
altoaye one pair of conjugate raye at right angle* and if there 
is more than one pair of conjugate rays at right anglM, then 
att pairs are at right angles. 

171. An Involution on a Tangent to a Conic. 

Theobeu. If an involution ia chosen on a given tangent 
to a conic and tlte other tangents to the conic are drawn from the 
pairs of conjugate points of this involution, these paira of 
tangents will intersect in points of a straight line and the lines 
joining their points of contact wiU pass through one poinL 

Let us suppose that on a given tangent a of a conic 
(Pig. 99) there is an involution Ai, At; Bi, 3%; Cj, Ci, and 
that from the points of this involution the second tangents 
to the conic are drawn, their points of contact being the 
points Ai', A%; Bi, Bt'; Cf, Ct, respectively. The tbecnem 
states that the tangents at the three pairs of points Ai, At; 
Bt, Bt'; Cl, Ct, intersect in points of one straight lino 
and that the three lines Ai'At, Bi'Bt, Ct'Ct, paas through 
one point. 

Since the points of contact of tangents to a conic are 
projective to the points of intersection of th^ tax^ents 
with a fixed tangent (§ 94), the points Af, At'; Bt',. Bf; 
Cl', Ct, form an involution on the conic and the lines joining 
pairs of homologous pcHBts in this involution pass through 
one p(^t ; namely, tlw center of the invdution on the conic. 
At the same time, the tangents at these pairs of pc^nte 
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intefseet m tlM uds of iho invdatioo on the oonfe (| 16S0» 
the polar of the center. 

If the invdution on the tangent a has double pdnte, the 
corresponding invduticm on the conic will also have double 
pointe and the axis on which pairs of conjuipite tangents 



intersect will cut the conic at these points and the center of 
the involution will lie outside the conic; otherwise, the axis 
will not cut the conic and the center will lie inside. 

172. Ordiogonal Tangents to a Parabola* Asani 4 >plica> 
tion of the theorem of § 171, the following may be stated. 

Thsobeh. The pairs of tangents to a parabola which are 
at right angles to eadi other intersect on a fixed straight line and 
the chords of contact of these tangents pass through one point, 
lines through any point of the piane parallel to these 
tangents form an involution ($ 164) which determines an 
involution cm the infinitdy distant line (d the plane. Hence, 
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the pain of taogenta at lig^t aug^ are drawn from pain of 
homologous points of an involution on the infinitely distant 
tangent of the parabda. These pairs of oonjogate tangents 
wiU therefore intersect in pc^ts of one straight line and their 
chords of contact will pass through one point, the pole d 
that line. 

The straight tine on which the pain of orthogonal tangents 
to a parabola intersect is the directrix of the parabola few 
which a more general definition is given in § 201. 

173. The Sides of a Complete Quadrangle are cut by a 
Straight Line in an Involution. In $ 60 it wbx shown that 
four points on a straight line are projective to any permutar- 
tion of those points in which one pair and also the other pair 
are interchanged. For example, if .4, B, C, B, are any four 
points on a straight line, we have the relations 

ABCD A BADC A CDAB A DCBA. 

By making use of this property, the following theorems may 
be proved. 


Tbsorem. The three paira 
of oppoatle aidea of a complete 
quadrangle are cut by any 
alraight line not paasing through 
a vertex in three paira of poinia 
in involution. 


Theorem. The three paira 
of oppoaite verticea of a complete 
quadrilateral are projected from 
any poird not lying on a side 
by three pairs of rays in involu- 
tion. 


The theorem on the left is due to Desargues^ and the theorem 
on the right is its direct reciprocal. In the theorem on the 
left, if the line u (Fig. 100) intersects the pairs of opposite 
sides of the quadrangle PQRS in the points Ai, At; Bj, B*; 
Cl, Ct, the point O being the intersection of PR and Q8, 
and if we project first from Q and then from 8, we have the 
> WotIu at DeMutoM. edited by Poudre, PmH 18M. va. I. p. 171. 
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telstioQa 

(hAiCiB, C^B Ti CJBJCiU 
Bjr pemuta^on, tro have 

CMtBt 7\ CiBjC^i. 

Therefore 

-R CtBxCtA,. 

1q this projective relation, Ci and C* correspond doubly, 
while Ai corrraponds to At and Bi to Bi. 



Hierefore Ai, At; B,, B,; Ci, Ct, form an involution 
(§ 163). The theorem on the right may be proved analo- 
gously. 

If the line u passes through the intersection of a pair of 
opposite sides the quadrangle, one pair of conjugate points 
in the involution ctnncide and become a double point of the 
involution; if the line passes through the intersections of 
two pairs of opposite sidra, these are the two double points 
and the remaining pair of conjugate points in the involution 
are harmonically separated by them. 

174. Construction for Points in Involution. The left- 
hand theorem of § 173 may be used to determine the conju- 
gate to any fifth pdnt in an invcdution on a straight line 
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wbeD two pairs of conjugate points are ^'en. By such use, 
the requir^ point can be found without projecting the given 
points on a conic as in § 163. 

If Ai, At; Bi, Bt are two pairs of points in an involution 
on a line and it is required to find Ct the conjugate to any 
given fifth point Ci, we may proceed in the foUovring manner. 
Through Ai and At draw a pair of opposite sides PQ and RS 
of a quadrangle (Fig. 100); through Ci draw a diagonal QS; 
through Bi and Bt draw a second pair of opposite sides PS 
and QiZ; and the second diagonal PR will determine on the 
given line the required i>oint C*. 

ITiis construction, however, does not lend itself readily 
to the location of the double points of the involution. To 
find those points resort may be had to § 105 or to the con- 
struction of §40, cither of which yields a unique pair of 
points, if such points exist, which harmonically separate 
both of the given pairs and which consequently are the 
double points of the involution determined by those pairs. 

175. The Mid-points of the Diagonals of a Complete 
Quadrilateral are Collinear. The theorem on the right of 
§ 173 may be utilized for the estabUshment of the following 
interesting general theorem. 

Theorem. In a given complete quadrilateral, if the sides 
of the diagonal triangle are intersected by a straight line in the 
poirUs P, Q, R, and the harmonic conjugates of these points, 
Pi, Qi, Ri, ore found rekUive to the two vertices of the quadri- 
lateral tying on the same side of the triangle, the points Pi, Qi, 
Ri are collinear. 

Suppose At, At; Bt, Bt; Ct, Ct (Fig. 101) are the three 
pairs of opposite vertices of the given quadrilateral and 
that the line u intersects the side of the diagomd 
triangle in the point P, while Pt on the same side is such 
that iii, P, At, Pt are harmonic. Similarly, suppose Bt, Q, 
Bt, Qt and Ci, R, Ct, Rt are harmonic, the points P, Q, R, 



PEOJfiCnVB PURE GEOMETRY 


ao2 

Ijmig on the line u. The theorem states that Pt, Qu Rt 
areooUineiff. 

Let the line PiQi, or «i, intersect the line v at a point 0 
and from 0 project the pmrs of opposite vertices Ai, At', 
fii, Si; Cl, Cl d the quadrilateral by the rays oi, at; bi, 6i; 
Cl, «i, respectively. These pairs of rays are in involution 
($ 173} and since the lines u and ui separate the rays Oi, oi, 
also the rays bi, bt, harmonically, they are the double rays 
of the involution and separate all pairs harmonically ($ 135). 
Hence they separate ci and ot harmonically. Since the rays 
Cl, u, Cl pass through the points Ct, R, Ct, respectively, the 
ray ui must pass through Ri. In other words, P\, Qi, Ry 
are eoUinear. 



From tins genonal property the following theorem may 
be deduced as a epedal case. 

Tkborsm:. In any eomplde quadrUaierci, the mid-poivis 
of the titrm diof/onale lie on one straight line. 

If the chosen line v in the general case is the infinitely 
distant line of the^ plane, the points Pi, Qy, Ry are the 
mid-points of the diagonals of the given quadrilateral. 

1 176. Dcaaigiiei* Theorem on an Insciibed Quadrant^ 
Among the many advances in pure geometry attributable 
to Desatgues, the fdlowing theorem and the theorem on 
perspective trianf^es ({ 24) commonly bear hb name. 
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Tbeobiih:. is a quadrangle ie tnecribed in a conic, any 
$traight line not •patting through a vertex inlereecU the conic 
and the pairs of opposite sides of the quacbtmgle in an invoke- 
Hon. 

Let PQR8 be a quadrangle inscribed in a given oonie 
(Fig. 102) and let a straight line a intersect two pairs oi 
opposite sides of the quadrangle in points At, At and Bi, Bt, 



and intersect the conic in points Ci and C}. Then, Ai, At; 
Bi, Bt", Cl, Ci, is an involution. For, projecting from the 
vertices P and R, we have the relation 


P(CiSC,Q) A RiCiSCiQ). 
Hence, of the points on the Une u, 

CyAiCtB, 7\ CyB^tAt. 
By permutation, we have 

CyAyCtBy 7\ CtByCyAy. 

Therefore 

C,B,C^4, 7, CtByCyAy. 


From this it follows that ^li, At; By, Bt; Cy, Ct, is an involu- 
tion {§ 163). The third pair of opposite sides of the quad- 
rangle, PR and QS, determine another p^ of conjugate 
points in this involution, as does also any other conic div 
eumsciibing the quadrangle. 

177. Conics through Four Points. The involution in $176 
will be hjrperbolio or elliptic according as the line u is drawn 
in one podtion or another relative to the vertices of the 
quadrai^e. If the invdution is hjqierbolic, a pair ci con- 
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jtigate points coindde at each the double pdats and a 
o(HUQ passiag through the vertioas of the quadrangle is 
tangent to u at each of these points. 

If the Une u is so drawn that the involution on it, deter* 
mined by the quadrangle or by any two conics through the 
four vertices, is elliptic, no conics of the system are tangent 
to the line, since in the involution there are no double points. 
If the line passes through one of the vertices of the quad- 
rangle, that is, through one of the four points common to 
the conics, there is one conic of the system tangent to the 
line at that point and none elsewhere, since the line inter* 
sects aU other conics of the system at that point. Bence 
the following theorem may be stated. 

Theorich. Of the system of conics through four points, 
there are, in general and at most, ttoo which are tangent to any 
tiraight line not passing through one of the points. 

Of the conics through four points two are parabolas mnce, 
in general, two of the conics are tangent to the infinitely 
distant line. If, however, the four points are so situated 
relative to each other that one of them lies within the 
triangle formed by the other three, the involution on the 
infinitely distant line determined by the pairs of opposite 
rides of the quadrangle of which these four points are vertices 
is elliptic and no parabolas pass through the four points. 
In fact, ail conics through four points so related are hyper- 
bolas rinoe, no matter how the fifth point may be chosen 
to determine a conic, two of them may be selected as centers 
which will make the generating pencils oppositely projective. 

17$. A QuadrOatmal Circumscribed to a Conk. 

Theoseu. If a quadrilalerci is dreumscribed to a given 
come and tangents to the conic are drawn from any point not on 
a side ef the quadrUatertl, these tangents and the rays through 
the point prcgecting pain of opposite vertices cf the gmdri- 
lateral form an invdution. 
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^ Pt 9t **» t U)3) be the flid«B of the efreumeoribed 
qiudrilateral and let 5 be the point from which tangents 
^ and are drawn to the given conic. If the rays Oi and at, 
bi and bt, are drawn from 8 projecting pairs of oppmdte 
vertices of the quadrilateral, the rays at, 0%; bi, bt; ci, ct, 
form an involution. For the tangents p and r intersect 



the other tangents of the conic g, t, c,, Ct, in ran^s of points 
which are projectively related (§ 66). That is to say, 
QTCiCt are projective to ^T'Ci'Ct. Projecting these 
points from 8 gives 


or 


5(<3TC,C,) A S(Q'rC,'C,') 

OtbiCiCt A hjOsCic*. 


By permutation, we have 


Iherefoie 


hsOjCiCt A aJ>tCtCt. 
ai6tCiCi A a^>tCtCi. 
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la tbR projective rdaticu, tlie mys d aad d wmmpot^ 
douUy. Heaoe d, oi; fri, d, o»t form an involutioo 
(S 163). Tlie roys projectile the third pair of opposite 
vertioee of the quadrilateral from S are conjugate rays in 
this involution, as are diso the pairs of tangents drawn from 
S to any other conic inscribed in the same quadrilateral. 

From this it follows that if a system co:dc8 is inscribed 
in a given quadrilateral, tangents to the sevend conies 
drawn from any pmnt iS, not on a ride of the quadrilateral, 
form an involution to which belong also the pairs of rays 
projecting opposite vertices of the quadrilateral. 

If the point iS is so chosen that this Involution is hyper- 
bolic, two double elements appear in the involution, each 
ot which is a pair of coincident tangents from S to one of the 
inscribed conics. The point 8 therefore lies on two conics 
of the system and to each of these a double ray of the involu- 
tion is tangent. If the point <S is so chosen that the involu- 
tion is elliptie, no conic of the system passes through S. 

Theokem. Of the emica inscribed in a given quadrilateral, 
in general and at most, two pose through a given point. 

179. Pairs ai Opposite Sides of a Complete Quadraniie 
OrthogonaL The infinitely distant line of the plane cuts 
the rides of any ^ven quadrangle in an involution {§ 173); 
hence, if through any point of the plane lines are drawn 
pataDel to the three pito of opposite rides of a complete 
quadrant, they fenrm an involution. If two pairs of the 
lines so drawn are at right angles, the third pair must also 
be at rii^t angles (§ 170), from which we have the following 
theorem. 

Thsobeu. If ttoo poire of appoeite sidee of a compbto 
quadromgle are at right angles, third pair is also at right 
angles. 

’Vtom this theorem it follows immediately that the per- 
pmtdiculars from the vertices of a tiiar^e on the opposite 
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•ides m«et in a pdnt. For if lines from two vertioes of tlie 
triangle are drawn perpendicular to the opposite sides, the 
line throu^ their intersection and the third vertex may be 
taken with the third side of the triangle to form the third 
pair of opposite sid^ of a complete quadrangle of which two 
pairs are at right angles. The point of interaection of the 
three perpendiculars is the orihocenter of the triangle. 

180. Conics through the Vertices and the Ortiiocenter of 
a Triangle. If a point D is the orthocenter of a triangle 
ABC, then A is the orthocenter of the triangle BCD, as are 
also B and C the orthocenters of the triangles formed by the 
remaining three vertices. 

Thbokkm. AU conics through the vertices (tf a triangle and 
its orlhocenier are rectangular hyperbolas. 

Since one of the points necessarily lies within the triangle 
formed by the other three, the conics through the four 
points are hyperbolas (§ 177). The infinitely distant line 
of the plane cuts the system of conics through the four 
points and the sides of the inscribed quadrangle in an involu- 
tion (§ 176) which if projected from any point of the plane 
will give an involution pencil of rays. In this involution aU 
pairs of conjugate rays are at right angles {§ 170). And 
since any pair of conjugate rays of the involution which 
project the infinitely distant points of a conic of this system 
determine the direction of the asymptotes of that conic, the 
asymptotes of each of these hyperbolas are at right angles 
and the hyperbolas are rectangular. 

181. Through Four Points of a Plane there is One Rec- 
tangular Hyperbola. 

Theorem. Through the vertices of any quadrangle in a 
plane, at hast one, and in general only one, rectangular hyper- 
bola can he drawn. 

In the involution determined by lines through a point of 
the plane parallel to the pairs of opposite sides of the given 
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the asymptotes of the hyperbdas in the system ci oonles 
through the vertices of the quadnng^e. Among these 
there is always one pair of conjugate rays at right angles 
{§ 170) and, consequently, there is one rectangular hyperbola 
in the system. If there is more than one pair of conjugate 
rays at ri|d>t angles, all pain are at right angles and idl 
conics through the vertices of the quadrangle are rectangular 
hyperbolas. In this case the pairs oi opposite sides of the 
given quadrangle are at right angles, and each vertex is the 
orthooenter of the triangle formed by the other three vertices 
of the quadrangle. 

182. Properties of the Rectangular Hyperbola through 
Four Given Points. 

THEORiutf. The redanffular hyperbola ihrough the vertices 
of an arbitrary quadrangle passes also through the orthocerders 
of the four triangles determined by these vertices. 

For the rectangular hyperbola through the vertices 
A, B, C, D, of a given quadrangle will have two points Pi 
and Pt on the infinitely distant line and th^ points deter- 
mine the directions of the asymptotes of this hyperbola. If 
K is the orthocenter of the triangle ABC and a second conic 
is drawn through A, B, C, K, and Pt, it is a rectangular 
hyperbola (| 180) of which Pi determines the direction of 
one asymptote, and consequently P» determines the direc- 
tion of the other asymptote. TUs second conic, therefore, 
coincides with the first since it has in common with it the 
pomteA,S,C,PiandjP|. Hence the rectangular hyperbola 
through the four points A, B, C, D, passes also thresh K, 
the orthooenter of the triangle ABC. It likewise passes 
tlnough the orthooenters of the triangles ABD, ACD, and 
BCD. Incidentally, the foQowing theorem may be stated. 

THEOBiaf. If a triangle is inscribed in a rectangular 
hyperbola, its orlhoeenler Uet on the hyperbola. 
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183. Or^oc«aten of Tdangles Formed by Four Lines are 
C ott i n ea r . Tbe three sides of any trian^e and the infinitely 
distant fine of the plane form a quadrilateral of which the 
three p^rs of opposite vertices are projected from the ortho- 
center of the Mangle by pairs of rays at right angles, 
determining an involution (§ 164). If the sides of the 
triangle are tangent to a parabola, the pair of tangents to 
this parabola which can be drawn from the orthocenter be- 
long to this involution (§ 178) and, consequently, they are 
at right angles. The orthocenter, therefore, of any tri- 
angle circumscribed to a parabola lies on the directrix of the 
parabola (§ 172). 

Since one and only one parabola may be inscribed in a 
given quadrilateral, the following theorem may be stated. 

Theorem. The orthocenlere of the four triangles formed by 
the sides of a quadrilateral lie on one straight line; namely, on 
the directrix of the parabola inscribed in the quadrilateral. 

184. Tangents to a Conic from Pairs of Points of an 
Involution. 

Theorem. If in the plane of a conic there is given an 
involution on any straight line not cutting the conic and 
tangents are draum to the conic from the pairs of conjugate 
points of the involution, these pairs of tangetds intersect in 
general an a second conic (compare § 171). 

If Ai and At are a pair of conjugate points in the given 
involution on a fixed line u not cutting a given conic k, from 
each of them there can be drawn two tangents to the 
conic (Fig. 104) forming a circumscribed quadrilateral of 
which the pairs of opposite vertices, other than Ai and As, 
are and Qt, Ri and Rt. From another pair of conjugate 
points of tbe given involution, Hi and Bs, a pair of tangents 
may be drawn to the conic intersecting at S. The rays 
SAi and NAi, SRt and SRt, SQi and SQt, SBi and SBs, are in 
involution (§ 178), and consequently SRi and SRt will inter- 



210 PROJECTIVE PORE OBOMETRy 

fieot the iiite u in points Ci wd C* of the involution 
determmed by X], dt, and £>, Bi, as will also SQt and 80$. 
Conversely, if RiCi and RtCi intersect in S, Ci and Cj being 
any pair of conjugate points of the given involution, the 
tangents to the eonic drawn from S will intersect u in a 
pair of conjugate points of the given involution. 

If now El and Rt are chosen 
as centers of pencils of rays 
and those rays in the two pen- 
cils are correlated which pass 
through pairs of conjugate 
points of the given involution 
on M, the pencils will be pro- 
jectively related and a pair 
of homologous rays RiCi and 
RtC$ will intersKwt in S which 
is also the point of intersec- 
tion of tangents to the conic 
from a pair of conjugate 
Pro. 10* points Bi and Bt in the involu- 

tion. Hence it is the locus of 

iS which is required. 

The pencils of rays Rt and Rt generate a conic ki w'hich 
is the locos of S and which passes through Ri and Rt, also 
throuj^ Qi and Qt, the intersections, respcsctively, of the 
corresponding rays RiAt and RtAt and the corresponding 
rays RiAi and RtAt, This conic &i also passes through the 
edif-conjugate points of the given involution, if such there 
are, and since these self-conjugate points harmonically sepa- 
rate all pairs of conjugate points of the involution, the 
tiieorem of this article may be stated in the following form. 

Tbeokem. The poire of tangents to a cmio which are 
harmmieattg separate by two fixed points intersed, in general, 
on a eecond conk. 
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Tho fedprocal theorem, the proof of which is aDalogous 
to that here given, may be stst^ as follows. 

TfiEOBEM. If in the plane of a conic there is given a pencU 
of rays in irwdlidion whose center lies inside the conic, the 
lines joining iAe points in which pairs of confugate rays inter- 
md the conic, envelop a second conic. 

It the center of the involution lies on the given conic, the 
lines joining points in which conjugate rays intersect the 
conic all pass through one point. This case is reciprocal to 
the theorem of 1 171. 

185. Locns of tile Intersection of Orthogonal Tangents to 
a Conic. In the diagram of § 184 (Pig. 104), if the {mgles 
AiSAi and (C,SCt) arc right angles, as they may be 

(5 169), the involution determined at 5 is rectangular and 
the tangents drawn frf)m S are at right angles. In this case, 
the conic described by S is the locus of the intersection of 
tangents to the given conic, at right angles to each other, 
and is a circle of which liiRt is a diameter; likewise, QiQt 
is a diameter. The figure RiQiRiQi is therefore a rectangle 
circumscribing the given conic k, and the locus of 5 is a circle 
through the vertices of this rectangle. 

If the given conic is a parabola, the discussion of this 
paragraph does not apply, since a parabola has no actual 
tangents parallel to each other and hence no circumscribing 
rectangle; neither does it apply if the given conic is a hyper- 
bola in which the semi-axis b is greater than the semi-axis 
o; that is, if the angle between the as 3 Tnptote 8 in which the 
hyperbola lies is greater than a right angle, for in that case 
the hyperbola has no tangents which are at right an|^ 
to each other. The following theorem may therefore be 
stated. 

Tbeobem. If two tangents to an ellipse or a hyperbola are 
at right angles, the hern of their intersection is a cirde. 

This circle is known as the director circle of the conic. 
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1^ Tbe Director Circle of ca BI%se or a BJsfperbdb. 
The theorem of $ 185 may be given a direct piro<rf as fdlom 

let ABCD be a rectai^de drcumscribed to a given ^pse 
or hyperboki (Rg. 105) and let S be any pdnt on the drtde 
passing throng the vcrtioes of this rectangle. The pain 

lines drawn from 5 to opposite vertices of the rectanide 
and the tangents from 5 to the 
conic form an invdution ($ 178) 
in which the two pairs of conju- 
gate rays to opposite vertices are 
at tight an^ea Consequently, 
the two tangents from 5 to the 
conic; that is, tangents from any 
point of the circle to the conic, 
are at tight angles ($ 170), while 
tangents to this conic from any 
point not on the circle cannot be 
at right angles. This locus of the intersection of orthogonal 
tangents is the director circle of § 185. 

The director circle of any conic is concentric with the 
idven conic, and the square its radius eqtials a* 
where a and b are the semi-major and semi-minor axes of the 
conic. 

187. Inscribed in a Circle and the Circum* 

scribing Hyperbolas. 

Theorem. The hyjmholaa circumscribing a simple quad- 
rangle whim vertices lie on a circle have paraUd axes whose 
dirediima bisect the angles formed by the pairs qf opposite sides 
of the quadrangle. 

Ji lines at and at, hi and hi, are drawn from any pdnt, 
parall^ to tbe pairs of opposite sides of the quadran^e, they 
determine a hyperbolic involution at that point and on the 
iMnitely distant line of the plane. The line m Inseoting 
tbe lesser an^e between the rays oj and a» is perpendicular 
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to the line n lideecting the lesser an|^ between h and hi, 
and th^ two lines harmonically separate both Oi, oa, and 
hi, bi ($ 38). Hence m and n are the double rays of the 
involution determined by Oi, 0 |, and hi, h>. They therefore 
bisect the angles between all pairs of conjugate rays of the 
involution. 

Any hyperix^ through the vertices of the inscribed 
quadran^e cuts the infinitely distant line in a pair of con* 
jugate points (rf the involution determined by Oi, <h, and 
hi, bt (§ 176), and the asymptotes of the hyperlwla pass 
through these points. Hence the lines m and n bisect the 
angles between the directions of the a 83 nnptote 8 of all 
hyperbolas through the vertices of the quadrangle. But the 
axes of a hyperbola bisect the angles between the asymp- 
totea Hence, the axes of all these hyperbolas have the 
same directions; namely, the directions of lines bisecting the 
angles between the pairs of opposite sides of the mscribed 
quadrangle. 


EXERCISBS 

1. If correlated is a pencil of the first order make equal angles 
with a fixed ray, the pencil is in invohituuk and is of the hyperbolic 
type. What are the double elements? 

2. Given two pain of conjugate elements of a hyoerbolic invDluti<m 
oa a straight line; find the double elemmts and tne center of the involu* 
tion. 

3. Two projectively related p«icils of nye or pencils of planes being 
given, bow can they be brought into such position ss to form an involu- 
tion? 

4 . In an ^ptk involution, find a pair of conjugate elements whi<h 
will hannonically aq)siate a given pair of omjugate eianents. Is thers 
more than one such pair? 

5. Throtgdi a gi'ven point there can always be drawn one pair of rays 
at ri^t angles which are polar oonjugatea with reqiect to a givwi eonio. 
nmaa faiaact the angtea b^waen the tangwta to the oonio from the i^ven 
pohit, if aueh ean be (famwa. 
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If m inimliilioa m « <xitiits k pmleokd twm Jiety pobxt of tlit 
ooiiio on tho «xk of Invdlutioii, aliow tb&t the pfliri of conjugato 
pokdtis on tho «pck are polar conjogatee with respect to the coalc« 

7* The vertices of all triangles oiitmmsorihed to a conic whose bases 
lie on a tod tangfsnt to the conk and are bisected at the point of contact 
of that tangent, lie on that diameter of the conic which i^asses throiii^ 
the point of contact, and the line joining the points of contact of the 
sideB of any one of these triangles k parallel to the base. 

ft. The vertices of all isosceles triangles whose l>as6s lie on a tod 
tangent to a parabola and whose sides touch the parabola lie on a tod 
straight line. 

p. Urongh a point P,a line PQ is drawn parallel to the polar of P 
relative to a given parabola. If P moves on a tod straight line, show 
that PQ will envelop a second parabola, 

10. A variable tangent to a parabola intersects a tod tangent at a 
point P at which a normal to the variable tangent is drawn. Show 
that this normal envelops a parabola. 

11. If two planes rotate about two fixed straight lines and are always 
parallel respectively to conjugate diameters of a giv'cn conic, they inter- 
sect in the rays of a regulus or of a cone of the second order on which the 
two fixed straight linos lie. 

12. If circles are described on the throe diagonals of a complete 
quadrilateral as diameters, and two of them intersect, the third will pass 
throi^ their points of intcKreection. The sides of any right angle 
whose vertex is one of these points of intersection will be tangent to a 
conto inscribed in the quadrilateral. 



CHAPTER XIV 

FOCI AND FOCAL PROPERTIES OF CONICS 

188. The Fod of A Conic. DErormoN. A focus of a 
conic is a point of its plane in nrhieh all pairs of pdar con- 
jugate rays are at right angles. 

If a given conic has a focus, it is clear from the definition 
that it cannot lie outside the conic; for from any point out- 
side, two tangents may be drawn to the conic and each of 
these is conjugate to itself and to no other line thrtmgh the 
point. Neither can a focus h'e on the conic for every ray 
through a point on the conic is conjugate to the tangent at 
that point. 

Moreover, if a focus exists, it must lie on an axis; in other 
words, the diameter through a focus is an axis, since an axis 
is the only diameter perpendicular to chords conjugate to it. 

The line joining two foci must be a diameter, for this line 
is conjugate to a chord perpendicular to it at each focus and 
consequently it is the polar of an infinitely distant point. 
Since it is a diameter, it must be an axis. Therefore, if a 
conic has foci, they must ail lie on one axis. 

189. Focus of a Circle. The center of a drde satisfi^ 
the definition of a focus, all pairs of conjugate rays through 
it bdng at right angles. Moreover, the center is the only 
focus of a circle, for through any other point there is only 
one pair of conjugate chords at right angles; namely, the 
pair in which one of them is a diameter. The circle will 
consequently be excluded from the following disousdons. 

190. Detenalaation of the Foci of a Conic. To discover 
if foci cd a general conic exist, we may proceed in the 
fdUowing manner. 
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Qiv^ a (tonic of which the line o is an aids (f1g4 106) . We 
may ttdce on a any point Pi, not the matter, and throu|^ Pi 
draw any chord pi of the conic, oblique to a. I^d pt, the 
conjugate normal of pi, interaecdng a at Pt and pi at <S. 



The points Pi and Pi are non-conjugate and the pencils of 
rays having these points for centers are projectively related 
if to each ray of Pi is correlated the conjugate ray through 
Pi (§ 114). 

If d is the infinitely distant pole of the axis a, the three 
rays, o, pi, Pid, through Pi are perpendicular, respectively, 
to their conjugate rays Ptd, pt, a, through Pi, and conse- 
quently, of the two pencils of raya Pi and Pi, each ray 
tiuough one of the points, is perpendicular to its conjugate 
ray through the other (§ 64). 

By choosing different points Pi, Qi, i£i, ■ • • on the axis 
a, and finding the corresponding points Pi, Qtt Hi, — * the 
points of the axis are ccurelated in pairs Pi, Pi; Qi, Qt’, 
Ru St, ”• such that the rays through one pmnt of each 
pair are normal to the conjugate rays through the other 
point. 

These pairs of points on the axis a form an involution; for 
if the points of the axis are projected from the infinitely 
distant point Ki of pt and also from the infinitely distant 
piunt Kt of Pt, and to each ray of toe pencii Ki is correlated 
its ecNojugate ray in Kt, the two peiuals are projectively 
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relftted ($ 114) ftod tbs rays K^P\ and KJP%, also KiPt 
and KJ*i, are homologous. Hence the two superposed 
ranipt of points on the axis a, sections of the pencils of parsl- 
lei rays Kt and Kt, are projectively rdated and the points 
Pi and Pi correspond doubly. 

In particular, the ray KiC of the pencil Ki, where C is the 
center of the conic, corresponds to the infinitely distant ray 
of Ki, for the pole of KiC is infinitely distant and, joined to 
Kt, it gives the infinitely distant ray of Kt as its conjugate. 
Similarly, the ray KiC is homologoirs to the infinitely distant 
ray of Ki. Hence, in the involution Pi, P*; Qi, Qt; Ri, Ri, 
• • • the center of the conic is homologous to the infinitely 
distant point of the axis a and is therefore the center of the 
involution. 

If this involution on the ans a is hyperbolic, there are two 
points Pi and Pi on that axis, the double points of the involu- 
tion, which satisfy the definition of a focus, for in each of 
them every ray is perpendicular to its conjugate ray. 
The two foci. Pi and Ft, harmonically separate all pairs of 
points Pi, Pi of the involution and are equally distant from 
the center. 

In case the conic under consideration is a parabola and the 
point Pi is the infinitely distant point of the axis o, the pole 
of any chord through Pi is on the infinitely distant line, 
and the conjugate normal to such a chord is the infinitely 
distant line itself. Hence Pt and Pi coincide at the in- 
finitely distant point of the parabola and this point k one 
of the double points of the involution on the axis; that is, 
the infinitely distant point on the axis is one of the foci of 
the parabola. 

If the involution on the axis a is elliptic, as it may be for 
an eUipse or a hyperbola, and consequently has no double 
elements, there are two points, Pi and Ft, on the axis h, 
normal to a through the center of the conic, from which 
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HwiavolvtlQit on o k projeeied ortibogoiud pendloof mjni 
(f 168). la tbk ease, tiin two points, Ft and Ft, m iba axis 
b MiMy the <MDition of a foous, for in ol them 
oonlagate rays are perpen^eular to each other. 

No pcdnts other than Fi and Ft on either axis ol an ellipse 
or a hypertxda satisfy the definition of a focos; consequently 
we drawn the ftdlowing oondonons. 

An m a hyperbola hag two aehud foci. These He on 
one axis and are equally distant from the center. A parabola 
hae one actual focus, the second focus coinciding with the 
infinitely distant point of the conic. 

The axis of an ellipse or hyperbola on which the foci lie is 
called the proKipcd w major axis wd the other is the 
conjugate or minor axis. The major axis of a h3rperbola 
intersects the curve, while the minor or conjugate axis does 
not. In an ellipse, both axes intersect the curve. 

191. Construction for die Foci of an Ellipse or a Hyper- 
bola. In the plane of an ellipse or a hyperbola, if two lines 
are drawn which arc conjugate with respect to the conic and 
normal to each other, they will intersect the major axis of 
the conic in points harmonically separated by the foci and 
will intersect the minor axis in points which are projected 
from either focus by conjugate rays at right an^es (§ 190). 

Suppose, then, there is given an ellipse or a hyperbola and 
its major and minor axes, and it is required to find the foci. 

A right iriangjie may be drawn whose hypotenuse lies on 
the minor axis and whose sides are conjugate with respect to 
the conic. The circle circumsoribing this triangle will inter- 
sect the major axis at the foci. 

For, if ABC is the triangle, C being the right angle 
(Fig. 107), and through A and B lines are drawn paraQel to 
the major axis, through either of these points there are three 
rays conjugate and normal, respectively, to three rays 
thnnightteotber. Henoe,aU pairs of oonjugateraysthrougb 
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tbe iivo poiotB toe »t lii^t angles ($ H), and, converady, 
all pdln of mya timra^ these points whidh are at right 
angles are ooiyt^cate. If Ft and Ft are the points in which 
the drdle about ABC cuts the major 
axis, the pain ai conjugate rays 
through Fi, say, form an invdution 
in which FiA and FiB are at right 
an(^, as are also the aris and nae- 
mal chord through Fi. CJonse- 
quently, all pain of conjugate rays 
through Fi are at right angles (§ 170), 
and the same is true for F*. The 
pmnts Fi and F| are therefore the foci of the conic. 

192. Foci of an Ellipse. To find the foci of an ellipse 
whose major and minor axes are given, the following is a 
method simplej' than that of § 191. 

Draw tangents AtBi and AtBt at the extremities of the 
major axis (Pig. 108) and draw a tangent BiJ5* at one ex- 
tremity of the minor axis. These 
tangents form a circumscribed 
triangle about the ellipse whose 
vertices are Sj, Bt, and the infin- 
itely distant intereection of the 
tangents at Ai and At. Any 
point, therefore, on AiAt is pro- 
1 jected from Bi and Bt by conju- 
gate rays (§ 115). If a circle is 
described on BiBi as diameter, it 
Fic. 106 will intersect the major axis in 

points Fj and Ft in which pairs oS 
conjugate rays are at right angles. Hence Fi and F» are 
the foci of the eilipee. (§ 170.) 

It may be added that a circle whose diameter is the seg- 
ment of any other tangent to the conic intercepted between 
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tlffi tsuofeots at 4i and A» wiO likewise inteneet the major 
axis at the fod. This method of finding the fod of an 
dlipee was known to Apdlonius.* 

193. Fod of a Hyperbola. A simOar eonstruotion for the 
fod of a hyperbola whose major axis and ai^ymptotes are 
given is the following. Let the tangents at the extremities 

of the major axis, Ai and 
At (Big. 100), intersect 
one asymptote at Bi and 
B», respectively. These 
tangents and the asymp- 
tote form a drcumscribed 
triangle and any point ot 
AiAt is projected from Bi 
and Bt by conjugate rays 
(§ 115). If a circle is 
drawn on BiBt as diameter, it will cut the major axis in 
pdnts Fi and Ft which are projected from Bi and Bt by 
conjugate rays at right angles. As in the case of the eUipset 
these points are the fod. 

194. Foots of a Parabola. In § 190 it was pointed out 
that for any conic, the intersections of a pair of conjugate 
normal rays with the major 
axis are harmonically separated 
by the fod of the conic, and 
since for a parabda one focus 
is infinitely distant, the aug- 
ment of the axis intercepted 
between any pair of conjugate 
normal rays is bisected at the 
focus. 

Bmoe, to find the focus of a 
parabola whose axis is g^ven, 

^ ApolUmiui, CmiOk*rum» Bk. III. 




Fig. 109 
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we need oidy to eoDstniot a pair ci conjugate noniud rays 
(Mg. 110) iutereecting the axis at the points Pi and Pt, and 
the mid-point of the segment PiPt is the focus F. 

195. Tlw Tangent of a Conic malms Equal Angles with 
the Focal Badii of its Point of Contact If any point 8 in 
the fdane of a conic is joined to the foci Fi and Ft, the rays 
SFi and 8Ft are called the focal radii of the ptrint. The 
conjugate normal rays through 8 relative to the conic and 
the focal radii of the pc^t 8, therefore, are harmonic, 
({ 100), and the angles made by the focal radii are bisected 
by the conjugate normals (§38). If 8 is a point of the conic 
one of the conjugate normals becomes the tangent at 8 
while the other is normal to the conic. This property, then, 
takes the following form. 

Thxobem. The tangent at any paint of an ellipse or a 
hyperbola makes egtud angles with the focal radii of the point, 
and the normal to the conic at that point biseds the angle be- 
tween the focal radii. 

For a parabola, since one focus is infinitely distant, the 
theorem may be stated as fdlows. 

Theorku. The tangent at any point of a parabola makes 
equal angles toith the focal radius and the diameter through the 
point, and the normal to the curve bisects the angle between 
these lines. 


196. Confocal Conics intmsect at Riglit Angles. If two 
conics have the same foci they are said to be confocrd. 


When confocal conics inter- 
sect (Pig. Ill), the focal radii 
cd a common point make 
equal angles at that point 
with the tangents and with 
the normals to both conics 
(§ 195). The tangent to 
one of the interaecting conics 
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mast therofote be Ibe oonnal to the other and we have 
^ fc^wing theorem. 

TRsomsH. Cortfocal coniet which intermt cut one another 
orthogonaUy. 


197. Taogeata to a Conic malm Equal Aag^s with the 
Focal Radii M their Point of Intersection. If <S is the point 
of intersection of two tangents to a conic, conjugate Mn<e 

through 8 (Kg. 112) and the 
two tangents from S are har- 
' monic (§ 107) ; hence, the con- 

jugate normal lines through S 
bisect the angles made by the 
tangents. But conjugate nor- 
Fia. 112 bisect the anj^es 

made by the focal radii of S 
(§ 196). Consequently, the following theorem maybestated. 

Theokem. The tangents to o conic from any point make 
equal angles with the focal radii of that point. 

For a parabola this theorem takes the following form. 

Thboreh. If from any point two tangents are drawn to a 
panAda, one them makes the same angle with the focal radius 
ofthepoifUastheothermakeswUhthediameterthroughthepoinl. 

A particular case of this theorem arises if the point S from 
which the two tangents are drawn lies on the tangent at the 


vertex the parabola. If A is 
the vertex of t^ parabola, F, the 
focus (Kg. 113), and P, the point 
of contact of the second tangent 
from 8, the angle FSA equals the 
angjie KSP, where SK has the 
direction of the axis. Therefore 
the angle F8P equals K8A, a 
right an^e. From this we have 
the fdlowing interesting relation. 



Ko. 113 
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A. line drawn from the focue of a parabola 
perpeniicidar to a iang&nl intersects it on the tangent at the 
vertex. 

198. Tangent and Nonnal in Relation to the FocL The 
tangent and normal at any point of a conic are conjugate 
lines at right angles. Their intersections with the major 
axis, therefore, are harmonically 
separated by the foci and their 
intersections with the minor 
axis are projected from either 
focus by rays at right angles 
(§ 190). If then a circle is 
drawn through the foci and any 
point of a central conic (Fig. 

114), its intercept on the minor 
axis is a diameter of the circle, 
and the extremities of this diam- 
eter lie on the tangent and nor- Fia. 114 

mal, respectively, of the point. 

The tangent and normal at any point of a parabola inter- 
cept a segment on the axis which is bisected at the focus. 



199. The Focus of a Parabola is on the Circumscribing 
Circle of a Taxigent Triangle. From the theorem of § 197 
as applied to a parabola, the following property is readily 



deduced. 

Theorem. If the sides of a 
triangle are tangent to a parabola, 
the circle through its vertices passes 
through the focus of the parabola. 

If P, Q, R, are the vertices of 
the given triangle (Fig. 115) and 
F is the focus of the parabola, 
the angle which PQ makes with 
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PF equals the an^ which PR makes with the axis of the 
parabola (§ 197). Also, the angle which RQ makes with 
RF equals the an^e which RP makes with the axis. 

Therefore the angle FPQ equals, or is supplementary to, the 
ang^ FRQ, and the pdnts P, Q,R, Fare on the same circle. 

Since tto circle is determined by the points P, Q, R, it 
follows that the foci of all parabolas touching three given 
lines lie on a circle through the intersections of these lines. 

200. Construction for the Focus of a Parabola. To find 
the focus of a parabola of which four tangents, a, b, c, d, are 
given, if o, b, c determine the triangle PQB, and b, c, d 
determine the triangle RST, the circles circumscribing PQR 
and RST will intersect in R and in the focus. 

From this property we have the following theorem. 

Theorem. The circles circumscribing the four triangles 
formed by four given lines pass through one point, 

201. Properties of the Directrix of a Conic. Definition. 
In any conic the polar of a focus is called a directrix of the 
conic. 

An ellipse or a h 3 q)erbola has two foci; consequently, it 
has two directrices. A parabola, however, has only one 
actual directrix. Since a focus always lies on an axis and 
inside the conic, a directrix is perpendicular to that axis and 
lies wholly outside the conic. For a parabola, the segment 
of the axis intercepted between the focus and the di- 
rectrix is bisected by the ciuwe. 

From the definition of a direc- 
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trix the following theorem be- 
comes at once evident. 

Theorem. The intercept on 
any tangent to a conic bettoeen its 
point of contact and a directrix 
subtends a right angle at the eor~ 
responding focus. 
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If ilie tangent at a point T intersects a directrix at A 
(Fig. 116), the pole of this directrix being Fi, the line AFi is 
conjugate to TFi and hence the angle AFiT is a riglit angle. 

202. Tangents to a Parabola from a Point on the Direc- 
trix. 

Theorem. The tangents to a •parabola dratm from any 
point of the directrix are at right angles to each other (see § 172). 

If P is any point on the directrix of 
a parabola (Fig. 117) and tangents from 
it meet the parabola at A and B, the 
chord AB passes through the focus F 
(§ 105). The angle PAF equals the 
angle APC where PC has the direction 
of the diameters of the parabola (§ 197) ; 
also, the angle PBF equals the angle 
BPC; therefore, the angle APB is a 
right angle. 

203. The Tangents from a Point Subtend Equal Angles at 
a Focus. 

Theorem. If a focus of a conic is joined to the points of 
contact of two tangents and to their point of intersection, the 
latter line makes equal angles •with the two former. 



Let tangents to a conic at points A and B (Rg. 118) 
intersect at the point T, and let Fi be one focus of the 
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ooiilo and fi be the ooiresponding directrix. If the chord 
intersects the directrix at P, the line TFi is the polar <rf 
P (§ 105), and the lines TFi and PFi are conjugate rays 
intersecting at a focus. The angle TFiP is therefore a right 
angle. 

Also, P and TFi harmonically separate the points A and 
B, and hence the rays Fi(A, T, fi, P) are harmonic. There- 
fore FiT makes equal angles with FiA and F\B (§ 38). In 
other words, the tangents TA and TB subtend equal angles 
at the focus Fi. 

204. Two Tangents to a Conic are cut by a Variable 
Tangent in Points Projected from a Focus by Equal Pencils. 

To a conic of which Fi is a focus, if there are given two 
fixed tangents meeting it at the points A and fi, respectively 
(Pig. 118), and if a variable tangent meets the conic at the 
point C and intersects the fixed tangents at Ai and fii, re- 
spectively, the angle A\FiC equals one-half the AFiC 
{§ 203) and the angle fiiPjC equals one-half the angle 
BFiC. Therefore the angle AjF\Bi equals one-half the 
angle formed by the fixed lines FiA and Fifi, and is constant. 
Hence the ranges of points determined on the fixed tangents 
at A and fi by the variable tangent at C are projected from 
Fi by rays making a constant angle with each other. We 
may therefore announce the following theorem. 

Theorem. The ranges of points in which two fixed tangents 
to a given conic are evt by a variable tangent are projected from 
a focus by equal and directly projective pencils of rays. 

From this property it follows that if three tangents and 
a focus of a conic are given, any required number of tan- 
gents can be readily found. 

205. Triangle Circumscribed to a Parabola. If the given 
conic of $ 204 is a parabola (Fig. 119), the variable tangent 
in one position may be the infinitely distant line of the plane 
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and the constant angle is the supplement of the angle made 
by the two fixed tangents. A circle may, therefore, be 
circumscribed to the quadrangle 
whose sides are the two fixed 
tangents and the focal rays FAi 
and FBi. In this we have 
another proof of the property 
that the circle through the ver- 
tices of a triangle circumscribed 
to a parabola passes through the 
focus (§ 199). 

206. Triangle Circumscribed to a Hyperbola. If the 
given conic in § 204 is a hyperbola and the two fixed tangents 
are the asymptotes, we have the following theorem. 

Theorem. The two foci of a hyperbola and the points in 
which an arbitrary tangent intersects the asymptotes lie on a 
circle. 

If the foci are Fi and F^ and the points in which the arbi- 
trary tangent intersects the asymptotes are Ai and At (Fig. 
120), the angle A. 1 F 1 A 2 is constant as is also the angle 
A^FtAt (§ 204). 
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If the variable tangent takes the position of the asymp- 
tote on which the point Ai lies, then FiAi becomes parallel 
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to that aQjrmpiote while FiA», also coincides with the 
axis FiFf. The constant angle therefore, is equal to 

one of the angles which an asymptote makes with the major 
axis and the constant angle AiFtAt is equal to the otW 
an^e which the same asymptote makes with the major 
axis. The angles AiFiAt and AiFaAa are, consequently, 
supplementary and a circle may pass through the points 
FiAiF^Ai. 

If 0 is the center of the ^ven hyperbola, the angle AiOAt 
is double the angle AiOFi and therefore double the angle 
AiFtAt; and if C is the center of the circle through Ai, At, 
and the two foci, the angle AiCA^ is likewise double the 
angle AiFtAt. Hence the angles AiOAi and A\CAi are 
equal and a circle may pass through the points Ai, At, 0, C. 
If AiAt is tangent to the hyperbola at the vertex, 0 and C 
coincide, and the angle FiAiFt is a right angle, as is also 

FiAiFt, 

207. The Eccentricity of a Conic is Constant. The 
theorem of § 203 lends itself to the demonstration of the 
following important metric property of conics. 

Theorem. The distance of a variable point of a given 
conic from a focus bears a constant ratio to its distance from 
the corresponding directrix. 

In Big. 118 project the points A and B of the conic by 
lines parallel to TFi, on the corresponding directrix /i, in 
the points Ai and Bi (Fig. 121). Then Ai and Bi are har- 
monically separated by the point P and the line TFi, and 
the rays FiAi and FiBi are harmonically separated by FiP 
and FiT. 

Since TFiP is a right angle, the angle AiFiT equals the 
angle BiFiT. But the angle AiFiT equals the angle FiAiA, 
and the angle BiFiT equals the angle FiBiB. Hence the 
angle FiAiA equals the angle FiBiB. 

Also, tte ang^e AFiT equals the angle BFiT (§ 203). 
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Hence, by eubtraotion, the angle AiFiA equals the angle 
BiFiB, and the triangles AiF\A and BiF^B are similar. 
Therefore 

AFi BFi 

But A A] and BB^ are proportional to the perpendicular 



distances AA* and BB2 of A and B, respectively, from the 
directrix. Hence we have 

AFi __ BFi 
AA2 BBt 

Since A and B are any points whatsoever of the conic, this 
ratio is constant for all points of the curve. The constant 
ratio A/'VAAj is called the eccentricity of the conic and is 
commonly designated by the letter e. 

208. Eccentricity of a Parabola. In a parabola the con- 
stant ratio AFifAAt is equal to unity since when A is at the 
vertex it is equally distant from the focus and the directrix 
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($201). From this property the following defiliitioii may 
^ stated. 

DmmriON. A parabola is the locus of a point which 
moves in a plane so that its distance from a fixed point is 
equal to its distance from a fixed line. 

209. Eccentricity of an Ellipse or a Hyperbola. In an 
ellipse or hyperbola, let the major axis intersect the curve 
at the vertices Fi and F* and Intersect the directrix cor- 
responding to the focus Fi at the point Du Then the 
constant ratio AFi/AAs (§ 207) equals ViFifViDu But Vi 
and Fi are harmonically separated by Fi and Di (§ 103). 
Therefore, considering only the magnitude of the segments, 
FiFi/FiA equals 



In an ellipse (Pig. 122) the ratio F*Fi/F»Di is less than 
unity, while in a h3T3erboIa (Pig. 123) this ratio is greater 
than unity. As in the case of the parabola, these properties 
may be taken as bases of definitions of the two central 
oom<x in the following form. 

Definition. An ellipse is the locus trf a point which 
moves in a plane so that the ratio of its distance from a 
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fixed point to its distwce from a fixed line is constant and 
less than unity. 

DErmmoN. A hyperbola is the locus of a point which 
moves in a plane so that the ratio of its distance from a 
fixed point to its distance from a fixed line is constant and 
greater than unity. 

These metric properties of conics may be summarized 
briefly by saying that the eccentricity of a parabola is 
unity; of an ellipse, it is less than unity; and of a hyperbola, 
it is greater than unity. 


210. Other Metric Properties of Central Conics. An el- 
lipse or a hyperbola is symmetric with respect to either 
axis and consequently the ratio AFijAAt (§ 207) is the same 
whether one focus and the corresponding directrix is used or 
the other. 

Suppose fi and vt (Figs. 122, 123) are the distances of any 
point A of an ellipse or a hyperbola from the foci, Fi and F», 
respectively, and that di and di are the distances of this 
point from the corresponding directrices. Then, in an 
ellipse, di 4- d» is the distance between the directrices and in 
a hyperbola, dt — d», or its negative, is that distance. For 
either curve the distance is constant. 

For either curve, also, ri/di * r*/d* =« e, a constant for all 
points of the curve (§ 207). From this property we obtain 
the following relation. 


n + ra ^ n - ft 
di -i- da di — da 


a constant. 


In an ellipse, di + is constant ; hence n + r* is constant. 
In a hyperbola, di — di is constant; hence ri — ri is con- 
stant. From these relations we have the following theorem. 

Thbobeu. In an ellipae the sum of the distances from any 
point of the curve to the two foci is conMant, while in a hyper- 
Ma Ae d^erence of those distances is constanL 
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These properties, again, fieqaratly serve as metiie 
definitions of the central conics. In either curve this 
constant sum or difference (rj ± rt) is equal to the length 
(2 a) oi the major axis, as readily appears if A is taken at a 
vertex on that axis. Moreover, in an ellipse, the distance 
from an extremity of the minor axis to a focus equals o, the 
semi-major axis, and it follows that o is greater than b, 
the length of the semi-minor axis. No such conclusion 
can be drawn regarding the axes of a hyperbola. 

211. Locus of Points Inverse to a Focus relative to a 
Variable Tangent The inverse of any point with respect 
to a given line is found by drawing the perpendicular from 
the point to the line and producing it an equal distance on 
the other side. With this definition, the following theorem 
may be stated. 

Theorem. The locus of points inverse to a focus of an 
dlipse or a hyperbola with respect to the tangents of the curve is 
a circle whose center is the other focus and whose radius is equal 
to the major axis of the conic. 

In Kg. 124, if 4 is any point of an ellipse (or a hyperbola) 

whose foci are Fi and Ft, and 
AM IB the tangent at A, since 
FiA and FtA make equal 
angles with the tangent (§ 195), 
FtA will intersect the perpen- 
dicular from Fi on the tangent, 
at a point F inverse to Fu 
Also, FtF equals 2 o, the sum 
(or difference) of FtA and FiA 
(§ 210). Hence, the locus of 
F, as A moves along the 
conic, is a circle whose center is Ft and whose radius 
equals2a. 
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212. The Atudliaiy Cixde of a Central Conic. In Itg. 124, 
the point M is the foot of the perpendicular from the focus 
Fi on the tangent at A and is the midpoint of FiF. If M 
is joined to the center 0 of the conic, MO is equal to one* 
half of FiF, and is therefore constant and equal to o. From 
this property we have at once the following theorem. 

Theorem. The hcus of the foot of the perpendicular from 
a focus on a tangent of an dlipse or a hyperbola is a circle on 
the major axis as diameter I 

This circle is called the auxiliary circle of the conic. The 
converse of the preceding theorem may be stated as follows. 

Theorem. If a right angle moves in its plane in such a 
way that its vertex describes a fixed circle while one side passes 
constantly through a fixed point, the other side will envelop a 
conic concentric with the given circle, of which the fixed point is 
one focus. 

The conic is an ellipse or a hyperbola according as the 
given point lies within or without the given circle. 

The corresponding theorem for a parabola which is 
converse to the property proved in § 197 may be stated as 
follows. 

Theorem. If a right angle moves in its plane in such a way 
that its vertex describes a straight line while one side passes 
through a fixed point, the other side will envelop a parabola of 
which the fixed point is the focus and the straight line is the 
tangent at the vertex. 

213. Properties of the Latus Rectum of a Conic. Defini- 
tion. The chord of a conic through a focus perpendicular 
to the axis is called the lotus rectum of the conic. This 
chord is also called the parameter of the conic. 

An interesting metric property of the latus rectum is 
stated in the following theorem. 

< ApoUemiuSr Contcortm, Bk. Ill, pp. 49 and 6(k 
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Thxorsm. The 8emi4atu8 rectum tff a conic ie a harmonic 
mean between the segments determined by the focus on any food 
chord. 

Suppose MiMt is any chord of a given oonio paraing 
thiou^ a foouB (Fig. 125), of which FiL is the semi^latus 
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rectum. Let MiMt intersect the corresponding directrix 
at the point Di. Since the directrix is the polar of the focus, 
the points A, Mi, Fi, Mt, are harmonic, from which it foUomr 
(§ 37) that 

2 1.1 


If perpendiculars MiM/, FiFt, MtMt, are drawn to the 
directrix, these are proportional to the segments DiMi, 
DiFi, DiMt, respectively, and hence 




1 


But we know that 


MiFi _ MtFi _ LFi 

MiMi' “ MiMt' “ Fj? " ' 
the eccentricity of the conic (§ 207). Therefore 
2 1.1 
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ISiis ia to a&y, LF\ ia the hannomc mean between MiFi 
and M^i. 

In particular, if the focal chord is the major axis, we have 
the relation 

J L4. 1 . 

That is to say, the semi-latos rectum is the harmonic mean 
between the distances from a focus to the extremities of the 
major axia 

For a parabola, one of the focal distances AtF\ is infinite 
and we have the relation, LFi = 2AiFi. 

For an ellipse or a hyperbola, denoting the semi-latus rec- 
tum by I and the focal distances of the vertices by o -f c 
and a — c, where o® — c* =* ± 5*, a and b being the semi- 
axes of the conic, and using the positive or negative sign 
according as the conic is an ellipse or a h 3 T)erbola, the rela- 
tion just written takes the form 

2 1,1 _2a 

1 “ 6 *' 

Therefore, considering magnitude only, for either of these 
curves, Ifb «« 6/a, or the minor axis is a mean proportional 
between the major axis and the latus rectum. 


214. Peii»endicalars from the Foci on a Tangent In an 
ellipse or a hyperbola (Figs. 126, 127), 0 being the center of 
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the conic, mt have the relations 

FiAi FiO OAi •> OAi OFi, 
FiAt * FiO + OAi “• (QAi + OFj), 

Therefore 


FiAvFiA, - - (OAi> - OFi*) - =F OB*, 


which is a constant, the positive or negative sign being used 
acc(nxiing as the conic is a hyperbola or an ellipse. More- 
over, 


Fivli*Fi4, = -AiFr AiF, - OB*, 


which is a constant. If, now, 



MiMi and Mi' Mi' (Kg. 128) 
are parallel tangents of an 
ellipse or a hjrperbola and 
FiMi and FiMi are perpen- 
diculars from Fi on these 
tangents, Mi and Mi will 
lie on the auxiliary circle of 
the conic (§ 212); and con- 
sequently 

FiMvFiMi' 

= FiAyFiAi » ± OB*, 


which is a constant. From this we have the following 
iJieorem. 

Theobev. The product of the perpendmdars from a 
focua cf an eUipte or a hyperbola on parallel tangents is constant 
and equci to the square on the minor axis. 

If FiMi and FiMf are the perpendiculars from the other 
focus Fi on these parallel tangents, FiMt equals FiMf and 
we have the following theorem. 

Theobeu. The product of the perpendmdars from the 
fod of an ellipse or a hyperbola on a variable tangent is constant 
and egiud to the square on the minor axis. 
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I* Construct a conic having given one focus, the corresponding 
directrix, and one point or one tangent. 

2* Construct a conic having given the two foci and one point or one 
tangent. 

3. Construct a parabola having given the focus and the directrix, or 
the focus, the direction of the diameters, and one point or one tangent. 

4. The poles of a given straight line with respect to a system of con- 
focal conics lie on a straight line perpendicular to the given line and 
harmonically separated from it by the two foci. 

The proof of the relation here stated leads readily to the following: 

a) In a system of confocal conics there is one and only one conic 
wliich is tangent to a given line. 

b) Through any point of the plane of a ssrstera of confocal conics 
two conics of the system pass and these intersect at right angles. 

5. The angles made by the two tangents from a given point to the 
several conics of a confocal system are all bisected by two fixed straight 
lines; namely, by the tangents to the two conics of the system passing 
through the given point. 

6. Each pair of opposite sides of a quadrangle determined by the 
vortices of a self-polar triangle of a given conic and its orthocenter, is 
harmonically separated by the foci of the conic. 

7. The centers of all circles tangent to both of two given circles lie 
on two confocal conics of which the centers of the given circles are the 
foci. 

8. Ail points of a plane which are equally distant from a circle and 
a straight line lie on one or the other of two parabolas of which the 
center of the circle is the focus. 

9. If from any point of a circle circumscribing a triangle, perpendic- 
ulars are drawn to the sides of the triangle, they will intersect the sides 
in points of a straight line (Simson's line or the Pedal Line). 

10. If one side of an angle of any given magnitude passes through one 
focus of a given conic, while the other side is tangent to the conic, the 
vertex of the angle describes a circle which touches the conic at two 
points; if the given conic is a parabola, the vertex describes a straight 
line tangent to the parabola. 
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IMAOmARY ELBMEirrS— PROBLEMS OF THE 
SECOND ORDER 

215. Disfinctios between Real and Imaginary Elements. 
In Chapter XIII, it was pointed out that an involution in an 
elementary form is fuUy determined when two pairs of 
conjugate elements are known. 

If A\, Att and B\, B%, for example, are two pairs of conju- 
gate points in an involution on a straight line, it is always 
possible from them to determine a point Ct conjugate to any 
point Cl of the line, such that, among other relations, we may 
write 

A1B1A2C1 X AiBiAiCtf 

and 

AiB%BiCi A AtBiBtCi. 

The method employed for such determination was, first, to 
project the two given pairs of points, Ai, Aj, and Bi, B», 
^m any center on a conic passing through that center; 
then the lines joining the pairs of projected points on the 
conic, AiAi and Bi'Bi, intersect in a point U, the so-called 
center of the involution on the conic, and the lines A 1 B 2 , 
At'Bi, and Ai’Bi, At' 8%’ intersect in points of the so-called 
axis of that involution. Pairs of conjugate points in the 
involution on the conic, C/, Ct', lie in a straight line with the 
center V, and when one of them is given the other is deter- 
mined. By projecting the pairs of conjugate points in the 
involution on the conic, from the same center, back on the 
l^ven line, the involution on the line is determined. 

Tbe center and the ans of the involution on the conic can 
{dways be found no matter bow the points Ax, At; Bi, Bt, 

238 
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on tbo given line, and their corresponding points on the 
eonic, are placed in order, and it is only when a question is 
raised as to the existence of self-conjugate or double points in 
the involution that consideration needs to be pven to their 
arrangement. 

If the pairs of conjugate points Ai, Aj, and Bi, B*, on the 
given line, and likewise the corresponding points on the 
conic, do not separate each other (Fig. 129), the center of the 
involution on the conic lies outside the conic and the tan- 
gents from it to the conic determine two points which are 



conjugate to themselves, the so-called double pdnts of the 
involution. When projected back on the straight line these 
double points give rise to points, which are self-conjugate in 
the involution on the line. If, on the other hand, the pairs 
of points Ai, At; Bi, Bs, on the given line, and on the 
conic, separate each other (Pig. 130), the center of the invo- 
lution lies inside the conic and no double elements of the 
involution are found. 

For purpo^ of generality we speak of the involution as 
having double elements in both cases. In the first case, they 
are retd and can be found; in the second, they cannot be 
found and are said to be imaginary. In other words, the 
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double elements in a hyperbolic involution are real and in 
an elliptio involution they are imaginaiy. 

216. ntustrations of Imaginary Elements. No attempts 
are made in pure geometry to construct imaginary elements 
or to represent them by diagrams. Their consideration 
grows out of the acceptance of the principle of continuity 
and a desire for generality of expression. For example, we 
may make the following statements. 

1. Two superposed projective forms of the first order 
have two self-corresponding elements, real or imaginary. 

2. Two pairs of points on a straight line are harmonically 
separated by the same third pair, real or imaginary, accord- 
ing as the two given pairs do not or do separate each other. 

3. In an involution on a straight line determined by two 
pairs conjugate points, there are always two double 
elements. These elements are real or imaginary according 
as the two chosen pedrs of points do not or do separate each 
other. 

4. Among the pairs of points on a straight line which are 
polar conjugates with respect to a given conic, there are two 
points in which conjugate pairs coincide. These are real 
if the line intersects the given conic and imaginary if it does 
not. 

6. Every line in the plane of a conic intersects the conic 
in two points, real or imaginary. 

6. iWiugh any point of a plane two tangents to a conic 
may be drawn. Hie tangents are real if the point lies out- 
side the conic, and imaginary if it lies inside. 

7. Through any line passing through the vertex of a cone 
ci the second order, two planes intersect which are tangent to 
the cone. These planes are iml if the line lies outside the 
cone, and imaginary if the line lies inside. 

8. Any plane through the vertex of a cone of the second 
order contains two rays of the cone, real or imaginaiy. 
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In the above etatements, the two real elem^ts or the two 
imaginary elements may coincide in a single real element. 
The two points <rf intersection of a straight line and a conic, 
for instance, coincide if the line is tangent to the conic; and 
the two points on a straight line which are polar 8elf>conju> 
gates relative to a conic coincide under the same condition- 

imaginary elements always occur in pairs, the two being 
spoken of as conjugate imaginaries. Whenever one imagin- 
ary element arises, there is a conjugate imaginary. 

Moreover, from what has been said it will readily appear 
that two conjugate imaginary points always lie on a real 
line and two conjugate imaginary lines in a plane intersect in 
a real point. Two conjugate imaginary planes also inter- 
sect in a real line. 

217. Imaginary Elements of the Second Kind. An invo- 
lution may be established among the rays of a regulus of the 
second order by setting up an involution among the points 
of a plane section of the regulus and correlating the rays of 
the regulus to the points of the section through which they 
pass. If the double elements of the involution on the sec- 
tion are real or imaginary, so also will be the double ele- 
ments of the involution in the regulus. Thus, a pair of 
conjugate imaginary rays may arise which neither intersect 
in a real point nor lie in a real plane. Such rays ore said to 
be conjugate imaginary rays of the second kind, to distin- 
guish them from conjugate imaginary rays which lie in a 
real plane and intersect in a real point. 

218. Properties of Imaginary Elements. The addition of 
imaginary elements to the totality of elements heretofore 
considered; namely, real points, lines, and planes of space, 
including the ideal points and lines of a single plane at 
infinity, adds greatly to the difficulty of geometric study by 
projective methods. It is to Von Staudt that credit is due 
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for having foonded the purely geometrio theory of imaginary 
elementa and for having established the fact that such 
dements, arising as defined in the preceding paragraphs, 
obey the same laws of combination as do real elements. 

A first diflBiculty met with in the study of geometric im- 
a^naries is a means of distinguishing between the elements 
of a oonjugate pair which cannot be located or visualized. 
This Von Staudt aocomptished by adding the notion of sense 
or order to the elements of the involution defining a pair of 
imaginaries. Thus, if the pairs of points Ai, At; Bi, Bt, in 
an elliptic involution define a pair of conjugate imaginary 
points, one of them may be designated AiBiAt and the 
other AtBiAi. 

For our purposes, however, it will be sufiicient to deal 
with imaginary elements in pairs of conjugates, and their 
consideration as separate elements need not be extended. 
The following brief summary of properties of imaginaries 
may be given. 

1. Through an imaginary point there passes one and only 
one real line; namely, the line on which its conjugate 
imaginary lies. 

2. In an imaginary plane there lies one and only one real 
line; namely, the line of intersection with the conjugate 
imaginary plane. 

3. On an imaginary line of the first kind there lies one 
and only one real point; namely, the point of intersection 
with the conjugate imaginary line. 

4. On an imaginary line of the second kind there lies no 
real point and through it there passes no real plane. It 
neither intersects nor lies in a plane with its conjugate 
imaginary. 

219. Problems of the Second Order. Problems which 
admit two solutions are spoken of as problems of the 
second order; and the solutions may be real and distinct, or 
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they may ooindde, or they may be oonjogate imaginaty 
solutions. The following will eerve as a first illustration. 

PaoBiiBM. Given five points, Si, Sa, A, B, C, of a conic, to 
find where iJie conic intersects a given straight line. 

Since a conic is the locus of intersections of pairs of 
homologous rays in two projective pencils lying in the same 
plane, the problem reduces to that of finding the points of 
the given fine in which a pair of homologous rays of the 
projective pencils Si{A, B, C, •••) and jSj(A, B, C, •••) 
intersect; that is, to finding the self-corresponding points in 
the two projective ranges AiBiCi • • • and AtBtC» • • • 
determined on the given line by the pencils of rays /Si(A, B, 
C, • • •) and »Ss(A, B, C, • • •). If these ranges of points are 
projected from any center 5 on a conic k passing through 5 
(Fig. 131), we have a projectivity on k whose axis is 
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readily determined (§ 164). If the axis of projectmty in- 
tersects the conic k in two real points, M' and AT', these 
intersections are self-corresponding points of the projectivity 
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on the oonio and when projected from S back on the given 
line, they determine two real aelf-omresponding points of 
the ranges AiBiCi • • • and AtBtCt • • •, and in them jMdre 
of homdogoua rays of the pencils Si and St intersect. They 
are thus the points which the conic determined by Si, St, 
A, B, C, has in common with the given line. 

If the axis of the projectivity on the conic k is tangent to 
k, the points M' and N' coincide, as do also the intersections 
of the given conic with the given line; and if this axis inter- 
sects k in imaginary points, that is, if the axis does not inter- 
sect k in real points, nor is tangent to it, the conic intersects 
the given line in imaginary points. 

The reciprocal problem, which is solved in a wholly anal- 
ogous way, would read as follows. 

Pboblem. Cfiven Jim tangents of a conic, to draw the 
tangents which pass through a given point. 

Other illustrations of problems of the second order 
follow. 

220. Conics through Four Points which are Tangent to a 
Given line. 

Problem. To construct a conic through the vertices of a 
simple quadrangle which is tangent to a given line. 

By Dcsargues' theorem (§ 176) a conic through the 
vertices of the given quadrangle passes also through a 
pair of conjugate points of the involution determined on 
the given line by the pairs of opposite sides of the quadrangle. 
Since a pair of conjugate points of the involution coincides at 
a double point, the conic through the vertices of the quad- 
rangle and a double point of the involution is tangent to the 
given line at that point. Hence, the problem reduces to that 
of finding the double points in the involution on the given 
line determined by the sides oi the quadrangle and construct- 
ing the conic through one of these points and the four 
vertices of the quadran^e. 
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Since, in genmiJ, there are two double points in the involu- 
tion, two conics may be constructed which satisfy the given 
conditions. If, however, the line is so situated relative to 
the vertices of the quadrangle that the involution on it 
determined by the sides of the quadrangle is elliptic, no 
come can be constructed which will satisfy the given condi- 
tions. 

221. Construction of a Triangle Inscribed to one Given 
Triangle and Circumscribed to another. 

Problem. Given two triangles in the same plane, it is 
retired to construct a third triangle whose sides pass through 
the vertices of one of the given triangles and whose vertices lie on 
the sides of the other. 

In other words, we are required to construct a triangle 
which is inscribed to one and circumscribed to the other of 
two given triangles. 

If ABC and PQR are the given triangles (Fig. 132), we 
may require that the sides of the triangle to be constructed 
shall pass through A, B,C, respectively, of the one triangle 
and that its vertices shall lie on the sides p, q, r, respectively, 
of the other. 

From A project the points Pi, P*, P», • • • of the side p 
into the points Qi, Qj, Q», •• • on the side g; from B project 
the points Qi, Qt, Qz, • • • of g, perspective to those of p, 
on the side r; and from C project the points of r in turn back 
into the points Pi, Pt, Pz, • • • on the side p. On the side p 
there are thus two projective ranges of points, p and p', in 
which there are, in general, two self-corresponding points, 
Ki and Kx, and these may be readily determined. 

If JiTi is projected from A into Li on r, and Li is projected 
from B into Mi on g. Mi will be projected from C back into 
Ki on p. 

Thus KiLiMi is a triangle whose sides pass through A, B, 
C, respectively, and whose vertices lie on the sides p, q, r. 
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The point Ki, in the same way, would eearve aa staiting 
point of a tiiangle KtLtJIfa satisfying the given conditions. 

If the self-corresponding points Ki and JTa should coincide, 
there is but one solutioo to the problem, and if they are 
imaginary there is no real trian^e which satisfies the given 
conations. On the other hand, the trian^es ABC and PQR 



may be so situated that the two projective ranges of points, 
p and p% have more than two, and consequently all, of their 
points self-corre^nding. In this case, any point of p may 
be used as starting point, and there is an unlimited number of 
triang^ inscribed to one and circumscribed to the other of 
the given triani^eB. 

The problem of this Article may be made more general if 
stated as followB. 
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Problbu. To conUnust a simple n-point whose vertices 
shall lie in order on n given lines and whose sides shall pass in 
order through n given points. 

In this case, it is not necessary that the points and lines 
shall all lie in the same plane; only that each point and the 
two successive lines shall be co-planar so that the successiTe 
projections are possible. The resulting n-point may thus 
be a skew figure. 

222. A Line intersecting Four Given lines. 

Problem. To find a straight line intersecting four given 
straight lines, no two of which lie in the same plane. 

If a, b, c, d, are the four given skew lines, the pencils of 
planes whose axes are a and 6 may be related perspectively 
to the range of points c, in which case they will mark out two 
projective ranges of points on the line d. These ranges of 
points, in general, have two self-corresponding points, in 
each of which homologous planes of the pencils a and h 
cut the line d. The line of intersection of either of these 
pairs of homologous planes meets all four of the given 
lines a, b, c, d. 

If the self-corresponding points in the projective ranges on 
the line d are real and distinct, there are two real lines which 
intersect the four given lines; if they coincide, there is one 
real line meeting all four, and if imaginary, there is no such 
line. 

Since three of the given lines determine a regulus of the 
second order, the problem as stated is the same as the follow- 
ing. 

Problem. To find the points in which a given line d meets 
the ruled surface of the second order determined by three given 
skew lines a, b, and c. 

If d lies on the ruled surface and belongs to the regulus on 
the surface to which a, b, and c, belong, there is an infinite 
number of lines meeting ail four, and if d belongs to the other 
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TQgolaa, it lies in a jdane with each of the others and, oon< 
eequentlj, itself meets each of the others. 

223. Triaas^e Inscribed in a Conic whose cddes pass 
dirotigh fixed Points. 

Problem. To inscribe a triangle in a given conic, whose 
sides pass through three given points. 

Let iSi, Ss, S^ (Fig. 133) be the three points through which 
the sides oS. the required triangle shall pass, and in this 



problem we shall assume that the points are not oollinear. 
On the given conic choose any three points A, B, C, and 
from S\ project these chosen points into other points Ai, Bi, 
Cl, on the conic. From 5* project di, Bi, Ci, into A», Bt, 
Cl, on the conic, and these in turn project from St into At, 
Bt, Ct, on the conic. 

The points A, B,C, and At, Bt, Ct, determine a projectiv- 
Ity on the conic (§ 154) whose self-corresponding points are, 
say, K and L. Then SiK will determine a point Ki on the 
conic, which joined to 8t determines Kt <m the conic, and 
tibis in tivn jc^ed to St gives a point Kt on the conic, which 
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ooinoideB 'with K. The trian^e KKiK% satiafies the le* 
quired conditioos, and LluLt, sizmlarly determined, is a 
second solution. 

If the double points, K and L, of the projectivity on the 
conic coincide, there is but one triangle which fulfills the 
given conditions, and if they are imaginary, there is no 
solution. 

224. Triangle Inscribed in a Conic whose sides pass 
through Three Fixed CoUinear Points. In the problem of 
§ 223, if the three given points, Si, Ss, S», lie on one straight 
line, the solution takes a different form. 

Desargues’ theorem (§ 176) states that a straight line 
interaects the sides of a quadrangle inscribed in a conic in 
points of an involution, of which its intersections with the 
conic are a conjugate pair. If the quadrangle is reduced to 
a triangle and a tangent at one vertex, the theorem takes the 
following form. 

Theorem. If a triangle is inscribed in a conic, any straight 
line intersects the conic and two sides of the triangle in pairs of 
points determining an involution of which the intersections of 
the line with the third side and the tangent at the opposite vertex 
are conjugate points. 

If the line « (Fig. 134) on 
which Si, S», and S» lie, inter- 
sects the given conic at Pi and 
Pj, two of the given points, say 
and Si S», together with Pi and 
P* determine an involution on 
the line in which the point con- 
jugate to Ss can be determined. 

Let this conjugate point be Ss 
and let tangents from S 4 meet the conic at A and A'. If 
SiA intersects the conic a second time at Ai and SjA inter- 
sects it a second time at As, by the theorem just stated the 
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liXM AiAt win pass through 8 », the third given point. 
Henoe the tiianid® AAiAt is the required triangle. 

By making uee of the pdnt A' in the same way in which 
A was used to determine the triangle AAiAt, a second 
trianidfi A*A\At may be found fulfilling the required oon- 
ditions. 

In this solution it is assumed that the line 8 intersects the 
given conic in real points, and consequently, that in the 
involution the conjugate to 5* can be determined by methods 
already discussed. If the conjugate point S 4 , should fall 
within the conic, no solution is possible. This will happen if 
aQ three of the points. Si, St, S», lie inside the conic, or if 
one of them lies inside and the other two outside. 

225. Conjugate Elements common to two Superposed 
Involutions. 

Problem. Ttoo iiwolvtiom lie on the same hose; it is 
require to find a pair of elemerds which are conjugate to each 
other in both involutions. 

The two given involutions may be assumed to lie on the 
same conic, since every case may be reduced to this by 
projection or otherwise. 

Take any two points A and B on the conic (Pig. 135), 
conjugate respectively to Ai and Bi in the first involution 
and to Ai and in the second involution. Then A and Ai, 
and B and Bi, are two pairs of conjugate points of the first 
involution, while A and At, B and Bt, are two such pairs in 
the second involution. The intersection, therefore, of the 
lines AAi and BBi, or P, is the center of the first involution, 
and the intersection of the lines AAt and BBt, or Q, is the 
center of the second involution on the conic. 

Since all pairs of points are conjugate which are collinear 
with the center of an involution on a conic, the line PQ 
intmects the conic in points which are conjugate in both 
involuriona 
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If either center P or Q lies inside the conic; that is, if 
either involution is elliptic, the line PQ intersects the conic 
in real points and the two points which are conjugate to 
each otW in both involutions are real 



If, however, both involutions are hyperbolic, the centers 
lie outside the conic and the line PQ does not necessarily cut 
the conic. It may cut the conic in two real points; or it 
may be tangent to the conic, in which case the point of 
contact is a double point in each involution; or it may lie 
wholly outside the conic, in which case the doubly conjugate 
points are imaginary. This latter case arises only when the 
axes of the two involutions intersect iiuside the conic; that is, 
when both involutions are hyperbolic and their double 
points are so situated on the conic as to separate each other. 
The following theorem may therefore be stated. 

Theobem. In any two superposed invotutions, there is one 
pair of etements which are conjugate in both inoohdions except 
when the iiwolutions are both hyperbolic and their double 
dements separate each dher. 

If the involutions under consideration are in two super- 
posed pencils of rays of the first order of which one is rec- 
tangular and hence elliptic, the doubly conjugate rays are at 
right angles and we have again the following theorem (see 
§ 170 ). 
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Thbobem. In <my irmhdion in a peneii of rays of the 
fir^ OT^, there is always one pair of red conjugate rays 
at right angles. 

The pairs of conjtigate diameters of an ellipse or a hyper- 
bola form an involution at the center of the conic (§ 164). 
To find the axes of an ellipse or a hyperbola, therefore, when 
two pairs of conjugate diameters are given, it is necessary 
only to construct the doubly conjugate rays in the pencil of 
conjugate diameters and a rectangular involution having the 
same center. 

If two superposed involutions have two pairs of conjugate 
elements in common, the involutions are identical since two 
pairs are sufficient to determine an involution. From this it 
follows that if two pairs of conjugate rays of a pencil in invo- 
lution or two pairs of conjugate points of a range in involu- 
tion are polar conjugates relative to a conic, all pairs of 
conjugate elements in these involutions are polar conjugates 
relative to the conic. 

226. Pair of Conjugate Rays of a Pencil in Involution 
Harmonically Separated by Given Points. 

Problem. In a pencil of rays in involvtion it is required 
to determine a pair of conjugate rays which are harmonically 
separated by two given points of the plane. 

If the given points, M and N, lie in a straight line with 
the center of the pencil S, there is evidently no solution; and 
if SM and 8N coincide with the double elements of the given 
involution, every pair of conjugate rays in the involution 
are harmonically separated by these r&yB. Moreover, 
if one of the points M, N, lies on a double element of the 
involution while the other does not, there is no solution. 

In the more general case, however, suppose the point 
involution on the line MN of which M and N are the 
double elements is projected from S, there will then be two 
superposed involution pencils with center 8, and we need 
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only to determine the pair of doubly conjugate rays in the 
two pencils in order to find the rays of the given involution 
harmonically separated by M and N. These rays will be 
real except when the given involution is hyperbolic and its 
double elements are separated by M and N. 

227. The Conic Circumscribing a Triangle for which 
Pairs of Points of an Involution are Polar Conjugates. 

Problem. Given a triangle and a range of points in involtt- 
tion in the same plane, it is required to construct a conic 
circumscribing the triangle for which the pairs of conjugate 
points of the involution are polar conjugates. 

Let ABC be the given triangle (Kg. 136), and let u be the 
base of the given point involution. It must be assumed 



that u does not pass through any vertex of the triangle and 
that neither docs a double point of the involution lie on a 
side of the triangle, for if either of these relations should 
exist, no conic could be constructed satisfying the given 
conditions. 

Suppose « intersects the sides AB and AC of the given 
triangle at the points Ki and Li, and that the conjugates of 
these points in the given involution are Kt and L*, re* 
spectively; also, let the harmonic conjugate of Ki relative 
to the vertices A and B be Kf, and the harmonic conjugate 
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id In relative to A and C be Lt\ 'HieD, sinee JTa Is the pohu* 
conjugate of Kt vrith respect to the required conic and Kt is 
on the polar of Ki relative to any conic through A and B, 
KtKt* is the polar of Ki with respect to the required conic, 
and similarly, LJLt is the polar of Li. 

If the line BLx is drawn to intersect the polar of Li at Li, 
the required conic will pass through the point B', the 
harmonic conjugate of B relative to la and Li (§ 103). 
Also if CKi is drawn to intersect the polar of Ki at Ki, the 
reqiiired conic will pass through the point C\ the harmonic 
conjugate of C relative to Ky and Ki'. 

For the conic through the five points A, B, C, S', C', 
there are two pairs of conjugate points, Ki, Kt, and la, Lt, 
of the given involution, which are polar conjugates and, 
consequently, all pairs of conjugate points of the involution 
are polar conjugates (§ 225). This conic, therefore, ful* 
fills the conditions of the problem. 

It will be observed that the construction here given for the 
required conic does not depend on whether the double points 
of the given involution are real or imaginary. If the double 
points are real, the required conic passes through them 
since they are self-conjugate, and the same may be said if 
the double points are i m aginary. The problem may then 
be stated as follows. 

PaoBLEH. To eongtrud a conic passing through five given 
points, three of which are real and the remaining two are the 
double points, reed or imaginary, of a given involution on a 
straight line. 

228 . Conic throui^ live Given Points of which one, at 
Least, is ReaL 

Pboblem. To construct a conic through Jive given points, 
of which one, at least, is real and the others, in pairs, are the 
dodble points, real or imaginary, of two given involuUons on 
intersecting straight lines. 
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This problem may be stated equally well in the following 
form. 

PnoBLEat. Through one real point, to condnut a conic 
wiUi resped to which the pairs of conjugate points of two given 
inedutions on intersecting lines are polar conjuaates. 

Let P be the given real point and suppose the given 
involutions lie on the straight lines u and u' intersecting at 
A (Fig. 137), and that the involutions are determined by 
two pairs of conjugate points At, At; Bi, Bt, and Aj, At) 
Bj, Bi, respectively, Ai and Aj coinciding at A. 



The given involutions are projected from the point P by 
two involution pencils of rays in which there will always 
exist one pair of real rays conjugate to each other in both 
involutions (§ 225).* Supposse these doubly corresponding 
rays are ci and cj, intersecting the lines u and u' in points 

exception to this statement arises in case both given involutions 
are hyperbolic with double points Jlsf, and M\ N\ respectively, and the 
rays projecting the pairs of double points from P separate each other. 
This case can be avoided and the solution here presented be made applicable 
by constructing two different involutions on straight linos of which M, 
and AT, N\ are the double points, respectively. In these involutions the 
pairs of rays projeoting the double points from P will not separate each oth«r 
and the pair of common conjugate rays through P will be iW. Xu this case, 
moreover, the five given points are real and no special construction la 
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Cl aad Cl , Ct and C*', respectively. Then Ci and C* are 
polar oonj^Bates tritb respect to the required oonio, as are 
also Cl' and C»'. 

Sinoe the point A is conjugate with respect to the required 
conic, to both A* and At, the line AiAt is the polar of A, 
Let this polar intersect the rays ci and ct at points Q and B, 
respectively. Then Q and R are points of the required conic 
to which .4Q and AR are tangents. 

For since A is the pole of one side of the triangle PQR 
relative to the required conic, and lines through A intersect 
the other two sides in conjugate points with respect to that 
conic, the triangle PQR is inscribed in the conic (§ 115), 
and AQ and AR are tangents at the two vertices. The conic 
is, therefore, fully determined, three points of it and the 
tangents at two of them being known. 

229. Conics Circumscribing a Triangle for which Pairs of 
Conjugate Rays of a Pencil in Involution are Polar Conju- 
gates. 

Let ABC be the given triangle and let S be the center of 
the given involution (Fig. 138). It is evident that the re- 
quired conic cannot pass through S; also that S cannot 
coincide with any vertex of the given triangle, for in that 
case all rays of the given involution would be conjugate to a 
sin^e ray; namely, the tangent to the conic at that point. 
There are, therefore, at least two sides of the given triangle, 
AB and ^iC, say, on which <8 does not lie. 

Moreover, the double rays of the given involution are 
self-conjugate with respect to the required conic; that is, 
they are tangents to the conic, and if the double rays are 
real and either of them passes through a vertex of the given 
triangle, the problem reduces to the construction of a conic 
tangent to a given line and passing through three points at 
one of which there is a given tangent. In this form the 
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problem is a special case of that sdved in § 220. If both 
real double rays of the given involution pass through 
vertices of the triangle, the required conic will have given 
three points and the tangents at two of them, and it is 
therefore fully determined. 



To solve the more general problem, we determine in the 
given invdution the pair of conjugate rays, pi and p*, 
which are harmonically separated by the points A and B 
(§ 226), and let these rays intersect the side AB in the 
points Pi and Pj, respectively. Also, in the given involu- 
tion, determine the pair of conjugate rays, gi and ga, har- 
monically separated by A and C, and let them intersect the 
side AC at Qi and Qa. These pairs of conjugate rays are 
real except, for the first pair, when the given involution 
is hyperbolic and the double rays separate A and B, and, 
for the second pair, when the double rays separate A and C. 
In either of these cases, no conic can be constructed satisfy- 
ing the given conditions. 

For any conic through the points A and B, the pcdar of P, 
passes through Pa, and vice versa (§ 103) ; also, for any conic 
through A and C, the polar of Qt passes through Qi. Con- 
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struct the conic throu^ the vertices of the pven tiiai^e 
ABC, for which the given point 8 is the pole of the line P\Qi 
(Chap. IX, Ex. 7, page 134). For this conic, the polar of Pi 
passes through both P* and 8, hence pi and p% are conjugate 
rays. Also, for this conic the polar of Qi passes through 
both Qi and 8, hence 91 and gs are conjugate rays. Since 
two pairs of homologous rays in the given involution are 
polar conjugates with respect to this conic, all pairs are 
polar conjugates (§225), and the conic satisfies the given 
conditions. 

The conic through the points A, B,C, for which 8 is the 
pole of the line PiQt, or for which 8 is the pole of the line 
P»0i, or the line PiQi, would likewise satisfy the given condi- 
tions, for in any of these cases pi and pi, gi and 92 , are conju- 
gate rays relative to the conic. 

There are thus four conics which circumscribe a given 
triangle for which the pairs of homologous rays in the given 
involution are polar conjugates. The uniqueness of the 
construction throughout makes it clear that there are not 
more than four conics satisfying the given conditions. 

Since the double rays of the involution in the given pencil 
are self-conjugate relative to the required conic and, conse- 
quently, are tangents to that conic, the following theorem 
may be stated. 

Theobeh. Through the vertices of a triangle, four, and 
only four, conics may be constructed which are tangent to each 
cf two given lines. These conics are real, provided the given 
lines separate no two vertices of the triangle, . 

If the given involution is rectangular, its center 5 is a 
focus of the required conic (§ 188), and the following theorem 
may be stated. 

Theobem. Through the vertices of a given triangle, four, 
and only four, conies may be constructed having a given point 
forfocus. 
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EXERCISES 

1. Qitm a simple plane pentagon, draw a second pentagon wMch is 
both inscribed and circumscribed to the given one. 

2. Circumscribe a triangle about a given triangle so that two of ita 
vertices shall He on two given straight Hues and the angle at the third 
vertex shall be of given magnitude. 

3. Through a given point draw two straight lines which will intercept 
equal segments on two given lines. 

4. Choose a point in each of two given straight lines such that the 
line joining them subtends a right angle at either of two given points. 

5. On a given straight line determine a segment which subtends a 
given angle at either of two given points. 

6. Given an involution on a straight line, find in it a pair of conjugate 
points equidistant from a given point of the line. 

7. In two projective ranges of points on the same straight line find a 
pair of homologous points which are a given distance apart; or, in two 
concentric pencils of rays projectively related, find a pair of homologous 
rays w’hich make a given angle with each other. 

8. A conic has in general one pair of conjugate diameters parallel to a 
pair of conjugate diameters in another conic in the same plane. If both 
conics aie hyperbolas and the directions of their asymptotes separate 
each other, these pairs of parallel conjugate diameters are imaginary. 

9. In a plane there are given a triangle and a pencil of rays in involu- 
tion; construct a conic touching the three sides of the triangle for which 
the pairs of conjugate rays in the involution are polar conjugates. In 
other words, construct a conic having given five tangents of which three 
are real and the other two are either real or conjugate imaginaries. 

10. Given a triangle and a range of points in involution in the same 
plane, it is required to inscribe a conic in the triangle for which the pairs 
of homologous points of the involution are polar conjugates; or, 

In a given triangle, inscribe a conic which shall pass through two 
given points in a plane, real or imaginary. 

U. All circles in a plane intersect the infinitely distant line in the 
same two conjugate imaginary points. 

12. In an elliptic involution on a straight line, there are two pairs of 
ocmjugate points which harmonically separate each other. 



CHAPTER XVI 

THE THEORY OF INVERSION 

230. Polar Rec^rocation Relative to a Circle. The polar 
reciprocal of a plane figure relative to a circle in its plane 
has interesting properties not possessed by its reciprocal 
relative to any other conic, and for this reason polar recipro* 
cation with respect to a circle may well receive special 
consideration. 

In the plane of a given circle whose center is 0 and radius 
r (Fig. 139), the polar of any point P with respect to the 



circle intersects the line OP at right angles at a point P' 
such that (§§ 103, 37) we have 

OP’OP' » r*. 

For any given circle, therefore, the product OP -OP* is 
constant, and as the point P takes up different positions in 
the plane, the vector or radius OP' varies inversely as the 
vector or radixis OP. The point P' is said to be the inverse 
the point P relative to the given circle, and, similarly, the 
pmnt P is the inverse of the point P'. The straight line 

260 
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joining two inverse points in the plane passes through the 
center of the circle and the product of their distances from 
the center is constant. 

Since the radius OP' equals a constant multiple of the 
reciprocal of the radius OP, the plotting of pairs of points 
inverse to each other relative to a given circle is sometimes 
called the process of reciprocation, or the process of inversion, 
and the line-segments OP and OP' are called reciprocal radii. 
The radius r of the given circle is the radius of inversion, 
the center 0 is the center of inversion, and the given circle is 
the circle of inversion. 

To any point of the plane there is an inverse point relative 
to a given circle. A point of the circle of inversion is its own 
inverse ; to a point outside the circle, a point inside is inverse, 
and vice versa; the infinitely distant points of the plane are 
all inverse to the center of inversion. If the point P de- 
scribes a figure in the plane, the point P' describes the in- 
verse figure. 

231. The Inverse of a Straight Line. If P and Q are any 
two points of the plane, the angle POQ equals the angle 
P'M^ where P' and Q' are the inverse points of P and Q, 
respectively, and M is the point of intersection of the polars 
of P and Q; that is, M is the pole of the line PQ relative to 
the circle of inversion. 

If, then, the point P moves along a fixed line PQ, or m 
(Pig. 140), its polar rotates about M the pole of m and 
describes a pencil of rays such that the angle between any 
two rays is equal to the angle made by the homologous rays 
in the pencil described by OP about the center 0. More- 
over, homologous rays in these two pencils are perpendicular 
to each other and intersect at the point P', the inverse 
point of P. The point P', therefore, describes a circle of 
which OM is a diameter. From this we may state the 
following theorem. 
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Theobbm . The ineerse of a given atmigU line r^ive to a 
fixed circle in the same plane ie o circU whidi passes tkroxigh 
the center 0 of the fixed circle and of which OM is a diameter, 
where M is the pole of the given line relative to the fixed circle. 



The inverse of a line tangent to the circle of inversion 
at any point K is a circle on OK as diameter; the inverse of a 
line cutting the circle of inversion at two real points is the 
circle through these points and the center of inversion; the 
inverse of a line through the center of inversion is the same 
line, every point of the line being inverse to another point 
of it. Conversely, the inverse of a given circle through the 
center of inversion is a straight line. 

232. Inverse Figures in a Plane are Isogonal. If a is any 
given line of the plane and o' is the circle inverse to it, 
relative to a fixed circle whose center is 0, the center of o' 
lies on the perpendicular from 0 to the line a, and hence the 
line through 0 parallel to a is tangent to the circle o'. If 
then a and b are any two lines of the plane, the angle 
between them is equal to the angle made by the circles in- 
vetm to them at the center 0, and also equal to the angle at 
their second point of intersection Oi, the point inverse to the 
intersection of a and b. A triangle whose sides are a, b, c, 
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is egaiaogular to the inverae tiiaagle ABC whose sides are 
arcs fA the drcles inverse to the lines a, b, c. Indefinitely 
small triangles in the plane inverse to each other, therefore, 
are equiangular, and the plane is transformed by inversion 
into Itself in such a manner that corresponding small por- 
tions of homologous figures are similar. Such a transforma- 
tion of the plane is said to be isogonal. 

233. Systems of Lines Inverse to Each Other. The in- 
verse of a given figure relative to a circle will vary in size, 
but not in shape, with a change in the radius of the circle of 
inversion, and in case magnitude is not an essential factor 
in the inversion, the radius of inversion is not significant; 
only the center of inversion needs to be taken into account. 
Inversion relative to a given point, therefore, is frequently 
referred to, though in fact the reciprocation is relative to a 
circle of which the given point is the center. 



Fig. 141 


The inverse of a straight line relative to a point is a circle 
passing through the point, and the inverse of a system d 
lines through a fixed point is a system of circles through 
two points, namely, through center of inversion and the 
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inveirse of the point common to the given lines. Paim of 
diwles in the inverse sji^m will intersect at angles equal 
to those made by the lines to which they are inverse. 

A system of parallel lines reciprocates into a system <d 
drdes tangent to each other at O, the center of inversion. 
The centers of these circles lie on the line through 0 perpen- 
dicular to the system of parallel lines. If there are given in 
the plane two systems of parallel Unes at right angles (Fig. 
141), they transform by inversion into two systems of circles 
through the center, the circles of each system being tangent 
to all the others of that system at the center of inversion 
and intersecting the circles of the other system at right 
angles. 

234. Peaucellier’s Cell. The inversion of small areas of a 
plane may be effected by a simple mechanical device, a 
linkage invented in 1873 by Peaucellier, an officer in the 
French army. This linkf^ consists of rods as in Fig. 142, 

freely jointed at the points 0, 
A, B, P, P', such that OA equals 
OB and AP, PB, BP', FA, 
are all equal. 

The points 0, P, F, are col- 
linear in whatever position the 
linkage may be placed, and the 
product OP -OP' is constant. 
Hence, if 0 is the fixed center 
of inversion, P and F are 
inverse points, and as P describes any figure, P' will de- 
scribe the inverse figure. 

Suppose a point C is chosen in the plane of the linkage 
such that CO equals CP, and the point P moves subject to 
this restriction, that is, P describes a circle with center C 
passing through 0. Then F describes a straight line, the 
inverse the circle described by P. With this instrument. 
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tfaerefoie, a straight Une may be drawn without the use of a 
ruler, assuming only the fixed length CP and the fixed 
points C and 0. 

235. Cross-Ratios are Unaltered by Inversion. 

Theorem. The cross-ratio of four points on a Haight line 
equals the similar cross-ratio of their inverse points. 

If the given points are on a line through the center of 
inversion, the points inverse to them lie on the same line 
and on the polars of the given points relative to the circle of 
inversion. They are therefore conjugate to the given points 
and the cross-ratio of the four inverse points equals the 
similar cross-ratio of the given points {§ 110). The two 
sets of points form an involution on the line. 

If the line on which the given points lie does not pass 
through the center of inversion, the four inverse points are 
on the circle inverse to the given line and they are projected 
from M, the pole of the given line, by the polars of the given 
points. The cross-ratio of these polars equals the similar 
cross-ratio of the four points. 

In particular, if four points on a straight line through the 
center of inversion are harmonic, their inverse points on the 
same line are harmonic, and if the line on which the given 
points lie does not pass through the center of inversion, the 
inverse points are projected from any point of the circle 
inverse to that line, by four harmonic rays. 

236. The Inverse of a Circle. 

Theorem. The inverse of a given circle relative to a fixed 
circle is again a circle. 

If the center of the fixed circle, that is, the center of inveiv 
sion, lies on the given circle, the inverse is a straight hne, 
as was seen in § 231. Otherwise, let 0 be the center of 
inversion (Fig. 143), and let C be the center of the given 
circle of which P and Q are any two points eollinear with 0. 
Let P' and Q' be inverse to P and Q, respectively. 
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lliea OP-OP* r®, where r ia the radius of the circle (rf 
Inversion. Also, OP-OQ P, a otmstant for any points P 
and Q of the given circle, collinear with 0. Hence 

OP* r* , 

0Q~ 

where ik is a constant. Through P* draw P*C* parallel to 
QC, to meet OC at C'. Then the trian^es OP'C' and OQC 
are similar, and 

OF . OC’ C’F 
OQ^ OC’^W 

Since CQ is constant, C'F is constant. Also, OC is con> 
stant, and hence, OC' is constant. The locus of P', there- 



fore, is a circle of which C'F is a radius and the fixed point 
C" is the center. The radius of the inverse circle, C'F, 
equals k times CQ, the radius of the given circle, and the 
distance OC’ equals k times OC. If the points P and Q 
coincide at T, so that OT is tangent to the given circle and 
CQ is perpendicular to OT, since C'F is parallel to CQ, C'F 
will be perpendicular to OT and, consequently, OT is 
tangent also to the inverse circle at T'. Now 

OP-OQ » OT* « P, 

and 


OP-OF - OQ-OC^ - r*. 
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Heooe 

OF-OQ' « ^ - or* 

Therefore OT-OT' — r*, and T and T' are inverse points as 
might have been inferred. 

If the line of centers 0, C, C (Fig. 143) intersects the given 
circle and its inverse at M, N, and M\ N', respectively, 
M and M', N and N' being inverse points, M, C, iV, » are 
harmonic points and to these the harmonic points M', Ci, 
N', 0 are inverse, where Ci lies on the polar of C relative to 
the circle of inversion (§ 235). The points Ci and C do not 
in general coincide, so that the center of the inverse circle 
is not, in general, inverse to the center of the given circle. 

237. Center of Similitude of Two Circles. In Fig. 143, 
C'P' was drawn parallel to CQ and, consequently, 

PC' C'P' _ C'Q' 

PC ~ CQ CP' 

Hence, the triangle OC'Q' is similar to the triangle PCP, and 
C'Q' is parallel to CP. 

Similarly Q'T' and P'T' are parallel, respectively, to PT 
and QT. Moreover, 

00' C'Qf _ OP' 

PP CP PQ' 

and these relations are true for any line through 0 intersect- 
ing the circles. 

The point 0, therefore, is a centre of simiStude for the 
two circles; that is to say, for any line through 0 intersecting 
the circles at A, B, and A', B', respectively, we have the 
relation 

PA PB 
PA' “ W 

Hence, the following theorem may be stated. 
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Theorem. If iwo eirdea are given whose line of centers is 
cut extemattg by their common tangents at a point 0, this 
point is a center of similitude for the circles, and rdative to this 
point each circle is ffse inverse of the other. 

238. Inversion Relative to aa Imagiiuury Circle. Suppose 
now we think of any system (rf points in a plane and their 
inverse points relative to a circle whose center is 0, as lying 
in two ocwcident planes, the original points in one plane 
and their inverse points in the other. Let one of these 
planes, say the plane in which the inverse points lie, be 
rotated in its plane about the center of inversion until each 
pewt of it has described a semicircle. If P and P' are inverse 
points in the original position of the two planes, they are 
coUinear with 0, and will again be coilinear with 0 after 
the rotation. But now OP and OP* are measured in oppo- 
site senses along the line so that the product OP •OP' is 
negative. The radius of inversion, therefore, has become 
imaginary, as has also the circle of inversion, since r* equals 
a negative product. 

In such a case, there are no points of the plane which 
coincide with their inverse points and the inverse of any 
figure may be derived from the inverse for which the radius 
of inversion is teal, by a reflection through the center 0. 
When the radius of inversion is real, a figure and its inverse 
lie on the same side of the center of inversion, and when the 
radius of inversion is imaginary they lie on opposite sides. 

In the case of two circles, each of which lies wholly outside 
the other, there are two pairs of common tangents, one pair 
intersecting the line of centers externally, and the other 
pair meeting the line of centers in a point 0 between them. 
In this latter case, ^h of the given circles is the inverse of 
the other relative to the point 0, but the radius of inversion 
is imaginary. The point is again a center of similitude for 
the two circles and lines through it are out proportionally 
by the ctrdies. 
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239. A Circle Inverse to Itself. 

Theorem. If two points of a cirde are inverse to each other 
rehtwe to a faced point 0, all pairs of points of the circle 
collinear vdth 0 are inverse to each other and the circle is inverse 
to itself. 

In the case under consideration, evidently the center of 
inversion cannot lie on the given circle. If P and P' are 
points of the circle inverse to each other, they are collinear 
with 0 and OP •OP' = k, & constant, positive or negative, 
according as 0 lies outside or inside the given circle. Also, 
any pairs of points of the given circle (Q, Q'), (R, R'), • • • 
collinear with 0, are inverse to each other since 

OP-OP' = OQOQ' = OR-OR' = ... = Jfc, 

and, consequently, every point of the circle is inverse to 
another point of the circle. The theorem may be differ- 
ently stated as follows. 

Theorem. In the inverse transformation of a plane, any 
cirde through two inverse points is invariant, that is, it is 
transformed into itself. 

240. Circles which Invert into Concentric Circles. 

Theorem. Any two circles which do not intersect in red 
points may be inverted into concentric cirdes. 

If ki and kt are the given circles (Pig. 144) intersecting 
their line of centers at Ai, Af, and At, Af, respectively, these 
two pairs of points determine an involution on the line of 
centers having real double points Mi and Mt which har- 
monically separate both Ai, Af, and At, Af, If, then, the 
circles are inverted with respect to any point on the line of 
centers, the points inverse to Ai, Mi, Af, Mt are harmonic, 
as are also the points inverse to At, Mi, At, Mt. If the 
circles are inverted with respect to the point Mi, the inverse 
of Ml is infinitely distant and the inverse of Mt bisects the 
segment determined by the inverses Ai and Af. That H 



270 PROJECTIVE PURE GEOMETRY 

inverse df Mt is the center nf the dMe Inverse to ki. 
Smilaily, the inverse of Mi is the center also of the drote 
inverse to hi. Hence these two inveise drdes are concentric. 
Relative to the point Mt, the circles h. and hi invert into 
concentric circles of which the inverse of the point ilfi is the 
center. IVom this a more general theorem may be stated 
as follows. 



Fio. 144 


Thbobeu. If a system of coaxid circles hatting imaginary 
intersections is imerted with respect to either of its limiting 
points, the resvJt is a system of concentric drdes having the 
inverse of the other limiting point as center. 

A system of coaxial circles having real intersections, P 
and Q, is inverted with respect to one of these intersections, 
P, into a system of straight lines through a point Q' on the 
radi<»I a,xi8, inverse to Q with respect to P, the lines of the 
system being perpendicular to the diameters through P of the 
several drcles. 

241, Illustrations of Riverdon. As illustmtions of how 
the process of inversion may be used to deduce new geo- 
metric properties from known theorems, the following 
examples will suffice. 

1. 11 P,Q, R, Sam any four points of a circle, the angtes 
QPS and QRS are either equal or supplementary. 

ThiB is a well-known property of a drcle from which a 
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property 0 $ two drdeg, not so well known, may be derived 
by inverrion. Suppose the drcle and the inscribed quad- 
^gle are inverted with respect to the point P (Fig. 145), 
and the points inverse to Q, B, 8 , are denoted by O', S', S', 
respectively. The given circle inverts into a strai^^t line 
on which Q'R'S' lie. 




The line QR inverts into a circle P^R', 

The line RS inverts into a circle PR'S'. 

The line PQ inverts into a line PQ'. 

The line PS inverts into a line PS'. 

The angle made by the lines QR and RS is equal to, or 
supplementary to, the angle made by the circles P^Rf 
and PR'S' at their intersection. The angle made by the 
lines PQ and PS is equal to the angle made by the lines 
PQ' and PS'. From this we have the following property of 
two intersecting circles. 

Theorem. If two circles intersed at two points P and P', 
and through one of these points, B', there is drawn any straight 
line intersecting the drdes a second time at O' and S', reepect- 
ixdy, the angle Q'PS' is constant and is equal to, or supple- 
mentary to, the angle of intersection of the two circles. 

2. The perpendiculars from the vertices of a trian^e to 
the opposite sides meet in a point. In other words, if ABC 
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is ai^ tziao^^ and perpendiculars BBi and CCi from two 
vertices to the opposite sides intersect at P, then the line 
AP determined by P and the third vertex is perpendicular 
to the side BC. Invert the triangle with respect to the 
point P (Fig. 146), and denote the inverse points by A', 
B', C', Bx', Ci\ 



The line PB inverts into the line PR' and on this line 
Ues Ri'. 

The line PC inverts into the line PC' and on this line 
lies Cl. 

The line PA inverts into the line PA'. 

Moreover, the line AB inverts into the circle PA' S' and 
on this circle Ci' lies. Since PC is perpendicular to AB, 
PCi is a diameter of the circle PA’B'. Similarly, the line 
AC inverts into the circle PA'C' on which R/ lies and of 
which PBi is a diameter. Also, the line BC inverts into 
the circle PB'C. Now, since PA is perpendicular to the 
line BC, PA' produced through P must be a diameter of the 
circle PB'C'. The following theorem may therefore be 
stated. 

Theobem. If two cirdes, ki and kt, intersect at tvH> points 
P ond Q, and through P there is drawn the diamder PB of ki, 
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imeraeding h% a aeeond time at i2'; o&o, the diameter PS cjf h, 
ifUerseeting ki a second time dt S'; then, of the circle PR'S', 
the Une PQ produced is a diameter. 

242. Inversion in Space. The points of space may be 
subjected to an inverse transformation relative to a point, 
in a manner quite similar to the inverse transformation of a 
plane. In fact, if a plane in which the points have been 
correlated byinversion is rotatedabout a liue passing through 
the center of inversion, and the correlation of inverse 
points is maintained, every point of space except the center 
is correlated to an inverse point relative to that center. 

In such a correlation, any two points P and P' are inverse 
if OP •OP' « f* where 0 is the center and r the radius of 
inversion. If r* is positive, there is a real locus of points 
which are inverse to themselves and these lie on a sphere of 
which 0 is the center and r the radius. Any point outside 
this sphere is inverse to a point inside, and all points of the 
infinitely distant plane are inverse to the center 0. If r* is 
negative, there are no points in space inverse to themselves 
and the inverse of any point P lies on the line OP, but on the 
opposite side of 0. 

In the process of inversion of space configurations, any 
plane through the center inverts into itself, and figures in 
that plane are inverted into other figures in the plane, as in 
the preceding articles. 

A plane not passing through the center is inverse to a 
sphere on which the center of inversion lies and to which a 
plane parallel to the given plane is tangent at the center. 
In other words, if a is any plane not passing through the cen- 
ter of inversion, and M is the point of a at which the 
perpendicular from 0, the center of inversion! lueets the plane, 
whfie M' is the inverse point of M, the inverse of the plane 
et is the sphere a' whose diameter is OM'. For the 
inverse of a line through M perpendicular to OM is a circle 
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on OJlf' 08 diameter (§ 231), and if this configurotion is 
rotated about OJIf, the result just stated follows. The plane 
through 0 tangent to the sphere o' is parallel to a. 

The inverse of any sphere k relative to a center 0 not 
lying on it, is a sphere k', and of the two spheres, k and k', 
the center 0 is a center of similitude. Any circle in space 
may be considered as the intersection of two spheres, and its 
inverse is therefore the intersection of the two invOTse 
spheres, or it is again a circle. 

243. Inversion in Space is Isogonal. If ABC is any 
triangle in the plane a, the points A', B\ C', inverse to the 
vertices of this triangle, will lie on the sphere a' and the 
inverse of the sides AB, AC, BC, are the arcs A'B', A'C, 
B'C\ marked out on the sphere «' by the planes OAB, OAC, 
OBC, respectively. The angle ma^ by the lines AB and 
AC in the plane a is equal to the angle made by the arcs 
A'B' and A'C on the sphere a'. For, if A'Bi and A'Ci, 
lying in the planes OAB and OAC, respectively, are tangents 
to these spherical arcs, they lie in the plane tangent to the 
sphere at A', and this plane and the plane a are equally in- 
clined to the ray OA'A. Similarly, the angles of the tri- 
angle at B and C are equal to the angles made by the arcs 
B'A' and B'C',C'A' and C'B', re-spectively. Corresponding 
angles, therefore, in a plane and on its inverse sphere, are 
equal, and the two surfaces are isogonally related. 

Any two planes of space intersect at the same angle as do 
the splmres inverse to them, for the angle formed by two 
planes is equal to the angle between their normals drawn 
from 0, the center oS. inversion, and these are likewise normal 
to idanes throu|^ 0 tangent to the inverse spheres. Any 
tetrahedron, therefore, is equiangular with the inverse tetra- 
hedron whose faces are the homdogous portions of ^heres 
inverse to the faces d the given tetraheiWn. Thus, in the 
process of space invereton, plane angles and dihedral anejes 
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aze unaltered and, ae a oonsequenoe, polyhednd angles are 
also unaltered except in sense about the vertex. 

244. Map Projection. If a sphere <r is inverted relative 
to a point 0 lying on it, the result is a plane v' (§ 242), and 
all circles on the sphere invert into circles in the plane, 
except that circles on the sphere passing through 0 invert 
into straight lines in the plane. Circles and straight lines 
in the plane intersect at the same angles as do the circles 
homologous to them on the sphere. 

Systems of circles lying on a sphere and passing through 
two points, meridians intersecting at the north and south 
poles, for example, when inverted relative to any point on 
the sphere, are transformed into a system of circles through 
two points in a plane, while circles perpendicular to them, 
parallels of latitude, for example, invert into circles in the 
plane cutting the former circles at right angles. 

In other words, the system of meridians on a sphere 
when inverted relative to any point of the sphere, form a 
system of coaxial circles having real intersections in the 
inverse plane, while the parallels of latitude for that system 
invert into a system of coaxial circles having the common 
points of the first system as limiting points of the second. 
If the center of inversion is at one of the poles, the parallels 
of latitude invert into a system of concentric circles having 
the inverse of the other pole as their center, and the meridi- 
ans invert into straight lines through that point. 

By an extension of this process of stereographic projec- 
tion, geographic maps are constructed in which angles on 
the map in the minuted parts are equal to corresponding 
angles on the globe (Mercator’s projection), while distances 
vary according to a changing scale from point to point. 
In such a projection meridians appear as a i^stem of 
parallel lines, and parallels of latitude appear as parallel 
lines perpendicular to them. 



876 PROIECTIVE PUIffl GEOMETEY 

SXERCX8SS 

1» Any drele thioogh two invme poi&tB outs the oirele of iuymton 
orthogonally. 

2* Show that a oirole may be inverted into itself relative to any finite 
pomt of its plane not lying on the circle, that two circles may be inverted 
into themselves realtive to any point of their radical axis, and that three 
circles may be inverted into themselves relative to one point only. 

3* Prove by inversion that the circles having for diameters three 
chords OA, OBf OC, of a given circle interesot, two and two, in three col* 
linear points. 

4. If P' is the inverse of P with respect to a given circle and AB is any 
chord of the circle through P', prove that PP' bisects the angle APB» 

5. €how that any circle, its inverse, and the circle of inversion are 
coaxial. 

6. Three ^ven circles in a plane are in general cut orthogonally by a 
Angle circle. jShow that if the given circles are inverted with respect to 
any point on this circle, the centers of the inverse circles are coUinear. 

7. GivMi two circles ki and fcj and a straight line intersecting them at 
points A, B, and C, Z), respectively. If 0 is any point on the radical 
axis of and hi, and OA, OB^ intersect the circle h a second time at 
A% B\ and OC, OD intersect the circle hi a second time at C', D\ re- 
spectively, the points 0, A\ B\ D\ lie on a circle. 

8. If two circles cut each of two others orthogonally, the line of cen- 
ters of either pair is the radical axis of the other pair. 

P. If two circles intersect orthogonally, the inverse of the center of the 
first with respect to the second coincides with the inverse of the center of 
tbe second with respect to the first. 

10. Two points P and P' are inverse with respect to a circle A;. IfP, 
P\ and k are inverted with respect to a second circle into Pi, Pi and ku 
show that Pi and Pi are inverse with respect to ki, 

11. If ABC and A'P'C' are inverse triangles relative to a center O, 
the sum or difierenoe of any two homologous angles, A and A', say, is 
equal to the angle subtended at O by the opposite sides BC and BV^. 

12* If two given circles intersect and out a third circle orthogonally, 
their points of Intersection are inverse relative to the center of the third 
cirde. 
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Concentric drcles, inverie of, 269. 

Cone of the second order, 76, 117. 

Confocal conics, intersect at right 
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237. 

two throngh a given point, 237. 
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curve of the second order, 118. 
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tangents from a given point 
form an involution, 206. 

Conics, two, triangle inscribed in 
one and circumscribed to the 
other, 167. 

projoctively related, 170. 

Conics through three points, hav- 
ing a given point for focus, 
258. 

tangent to two given lines, 268. 
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Conjugate elements, of an involu- 
tion, are separated harmon- 
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190. 

common to two superposed in- 
volutions, construction for, 
250. 

Conjugate lines, intersecting in- 
side a conic cut the conic in 
harmonic points, 130. 
intersecting outside a conic are 
separated harmonically by 
the tangents, 130. 
through non-conjugate points 
form projective pencils, 136. 
through two vertices of a cir- 
cumscribed triangle intersect 
on the polar of the third ver- 
tex, 138. 

Conjugate normal rays are sepa- 
rated harmonic«ily by the 
foci of a conic, 218. 
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of a simple quadrangle, 20. 

Diagonal triangle, 20. 
of an inBcribed quadrangle or a 
circumscribed quadrilateial is 
Beif-jK>lar, 131. 

Diameter of a conic, defined, 148, 
of a parabola, 150, 
of an ellipse or a hyperbola, 150. 
bisects system of p«iallel chords, 
148. 

Direction of a line, 7. 

Directly projective forms, 90. 

Director circle, the locus of inter- 
sections of orthogonal tan- 
gents, 211. 

Directors of a regulus, 98. 

Directrix of a conic, defined, 224. 
of a parabola, the locus of the 
interBections of orthogonal 
tangents, 198, 225. 
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Double dieoaente of an Invdutioiit 
189. 

Duality, Principle of, 12. 
in a plane, 12. 
in space, 14. 

in the primitive fonm, 15« 
in the regular solids, 16, 

Eccentricity of a conic, 229. 
of an ellipse is less than unity, 
230. 

of a hyperbola is greater than 
unity, 230. 

of a parabola is equal to unity, 
229. 

Elements, 1. 

Ellipse, defined, 90, 230. 
section of a cone, 120. 
equation of, referred to a pair of 
conjugate diameters, 1^. 
tangent to, makes equal angles 
with foc^ radii, 221. 
sum of focal distances of points 
is constant, 231. 
construction ifor foci, 218, 219. 

Elliptic involution, de^ed, 190. 
is projected from two points by 
pairs of orthogonal rays, 196. 

Envelope of a side of a right angle 
if the vertex moves on a 
straight line or on a circle 
while the other side passes 
through a fixed point, 

Equation of an ellipse or a hyper- 
bola referred to a pair of con- 
jugate diameters, 160. 
of a hyperbola referred to its 
asymptotes, 160. 
of a parabola referred to a 
diameter and the tangent at 
its extremity, 164, 

Equilateral hyperbola, 164, 207. 

Euclid, 1, 7, 24. 

Focal radii, of a point of a conic, 
make equal angles with the 
tangent, 221. 


of the common point of two 
timgenti, make equal ani^eB 
with those tangents, 222* 

Focal radius perpendictdar to a 
tangent at a parabola, in- 
tersects it on t^ tangent at 
the vertex, 223. 

Foci of a hyperbola, concydio 
with the intersections of a 
variable tangent and the 
asymptotes, 227. 

Focus of a conic, defined, 215. 
two, equally distant from the 
center, 218. 

lie on the major axis, 218. 
of an ellipse or hjrperbola, 
construction for, 218, 219, 
222 . 

of a parabola, construction for, 
220,224. 

of a jparabola, lies on circuxn- 
scribing circle of a tangent 
triangle, 223, 226. 

Forms of the second order pro- 
jectively related, 170. 

Geometiy, pure distinguished 
from analytic, 1. 

Gergonne, 12. 

Harmonic forms, defined, 31, 37, 
168. 

conjugate pairs separate each 
other, 34. 

conjugate of the mid-point of a 
line-s^ment is at infinity, 40. 
on a straight line, metric rela- 
tions among segments, 42, 43. 
rays at right angles bisect 
angles between conjugates, 44. 
relation unaltered by projectioa 
or by permutation, 36, 38. 
in geometry and algebra identi- 
fied,^. 

Harmonic properties of the com- 
l^ete quadrangle and the 
complete quadi^terai, 37. 
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Harmonio points of a curve or rays 
of a pencil of theeeoond order, 
117, 168. 

Homologous elements, sequence of, 
in projective forms, 57. 

Hyperbola, defined, 90, 231. 
generated by two oppositely 
projective pencils, 90. 
center lies outside, 150. 
conjugate diameters are har- 
monically separated by the 
asymptotes, 150. 
difference of focal distances for 
points is constant, 231. 
equation referred to asymptotes, 
160. 

referred to a pair of conjugate 
diameters, 160. 

section of a cone of the second 
order, 120. 

construction for the axes, 153, 
252. 

constructionforthe foci,218,220. 
segments of a secant between 
the curve and its asymptotes 
are equal, 158. 

triangle formed by the asymp- 
totes and a variable tangent 
is of constant area, 159. 
rectangular, 154, 155, 164, 207, 
208. 

H 3 rperbolic involution, 190. 

Hyperbolic paraboloid, 103. 

Hyperboloid of one sheet, 103. 

Imaginary dements, defined, 230. 
properties of, 241. 
of the second kind, 241. 

Infinitely distant elements, 5, 8, 9. 

Inscribed parallelogram, the sides 
are parallel to conjugate 
diameters, 151. 

Inscribed triangle, lines through 
conjugate points on two sides 
arc conjugate to the third 
side, 137. 


Inside of a conic de^ed, 126. 

Inverse figures are isogonal, 262, 
274. 

Inversion, relative to a circle, 260, 
268. 

relative to a sphere, 273. 

Involution, defined, 185, 193. 
determined by two pairs of 
elements, 187. 

double elements harmonically 
separate pairs of conjugates, 
190. 

center of, 187, 191. 
six points in, 191. 
metric properties, 192. 
in pencil of rays, one pair at 
right angles, 196, 252. 
on a tangent to a conic, 197. 
properties of complete quadran- 
gle and quadrilaterial, 199. 
on a secant of a conic and an 
inscribed quadrangle, 202. 
on a secant of a conic and an 
inscribed triangle, 249. 
two superposed, to find conju- 
gate elements common to 
both, 250. 

to find conjugate rays separated 
harmonically by given points, 
252. 

Isogonal transfonnations, 262, 274. 

Latus rectum of a conic, 233. 
is double the harmonic mean 
between the segments of a 
focal chord, 234. 

Line-curve of the second Okder, 
defined, 75, 

line intersecting four skew lines, 
247. 

Line-eegments, major and minor, 
7. 

lines conjugate to one side of an 
inscribe triangle cut the 
other two sides in conjugate 
points, 137. 
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Loeuft, of of chords of o 

oome tkrottgh a fixed polBt» 
144. 

of points inverse to n focus of a 
central conic relative to a 
variable tangent, 232. 
of the foot of the perpendicular 
from a focus on a variable 
tangent, 223, 233. 
of the point of intersection of 
orthogonal tangents, 108, 211. 

Major axis, defined, 218. 

Map proje^ion, 275. 

Metric properties, of hamonic 
forms, 42, 43. 
of projective forms, 69. 
of an involution, 192, 

Mid-points, of chords of a conic 
throui^ a fixed point, locus of, 
144. 

of a system of parallel chords, lie 
on a straight line, 148. 
of the diagoimls of a complete 
quadrilateral are ooUinear, 
201 . 

Newton, Organic development of a 
conic, 93. 

Normal to a conic, defined, 156. 
not more than four through any 
point, 156, 157. 

Opposite sides and vertices of a 
rectilinear figure, 22. 

Oppositely projective forms, 90. 

OiihooaEiter, of a triangle, ^7. 
of a tii^^e inscribe in a 
rectangular hyperbola lies on 
the curve, 208. 

Qrthooentersof the trianglesformed 
by four lines are colBnear, 209. 

Orthogonal circles, 45. 

Orthogonal pair of conjugate rays 
in a pencil in involution, 1^. 

Orthogonid tangents, to an ^pae 


or a hyperbola, locus of the 
tnterseetion, 211. 
to a parabola, locus of the 
intersection, 198. 

Outside of a conic defined, 126. 

Pappus, 72, 121. 

Parabok, defined, 90, 230. 
enveloped by conjugate normals 
to rays through a point, 156. 
equation of, 164. 
focus of, 220. 

locus of points equally distant 
from a fixed line and a fixed 
point, 230. 

tangents are cut proportionately 
by other tangents, 166. 
triangle circumscribing circle 
through vertices passes 
throu^ focus, 223, 226. 

Parabolas, two, through four 
points, 204. 

Parallel lines defined, 7. 

Pascal's theorem, 86, 106. 

Peaucellier's ceil, 264. 

Pedal fine, 237. 

PenoO of planes, of the second 
order, 76, 117. 
of the third order, 175. 

Pencil of rays of the first order, 
defined, 2. 

how to correlate two projeo- 
tivdy, 67. 

three in a plane, projectively 
related, 174. 

Pencil of ra>B of tlm second order, 
how generated, 74. 
bases of the generating ranges 
are rays of the system, 78. 
is out by any two of its rays in 
projective ranges of points, 85, 

Pencil cd rays of the tl^ order, 
174. 

Pentagon, inscribed in a curve of 
the second order, 107. 
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in a pendt of uyn of the second 
order, lOS. 

Berpendioular from a focus, of an 
ellipee or a hyperbola on a 
variable tangent, 233. 

of a parabola on a variable 
tangent, 223. 

Perpendioul^ from a focus of a 
central conic on parallel tan- 
gents, the product is constant, 
236. 

from the foci of a central conic 
on a variable tangent, the 
product is constant, 236. 

Perspective primitive forms, 64, 
56. 

forms of the first and second 
orders, 168. 

Plane curve of the third order, 174. 

Point of contact, in a ray of a pen- 
cil of the second order, 79, 108, 
109. 

in a plane tangent to a ruled 
surface of the second order, 
98. 

Point-curve of the second order, 
defined, 75. 

Points of a curve of the second 
order are projective to the 
tangents, 116. 

Points on a line, two, separated by 
two others, 7. 

Polar, of a point relative to a conic, 
defined, 122, 127. 

the chord of contact of tangents, 
124. 

reciprocity, 128. 

conjugate points and lines, 
129. 

reciprocal of a conic is a conic, 
136. 

reciprocation relative to a circle, 
260. 

relative to a sphere, 273. 

Pole and polar relation, is redpro- 
cal, 127. 


is projective, 132. 

in a cone, 183. 

in a ruled surface, 133. 

Pole of a line relative to a conic, 
defined, 122, 127. 
is harmonically separated from 
the polar by the conic, 123. 

Poncelet, 26, 69, 167. 

Primitive forms, enumerated, 2. 
duality among, 15. 
dimensions of, 17. 
in perspective, 54, 56. 

Principle of continuity, 26. 
of duality, 12, 14. 

Problems cdf the second order, 242, 

Projective relation, defined, 56. 
not altered by permutation, 71. 

Projective forms, the first and 
last of a series in perspective, 
69, 172. 

Projective forms of the first order 
arc identical if three elements 
are self-corresponding, 61. 

Projective forms of the second 
order are identical if more 
than tliree elements are self- 
corresponding, 172. 

Projective pencils of rays or 
ranges of points, when in 
perspective, 63. 

pencils of planes whose axes in- 
tersect, forms generated by, 65. 
pencils of rays, concentric but 
in different planes, forma 
generated by, 65, 
pencils of planes whose axes do 
not intersect, forms generated 
by, 97. 

ranges of points, not in the same 
plane, forms generated by, 95. 

Projective geometry, f^mdamental 
assumption of, 6. 

Projectivity on a conic, 176. 
in a pencil of rays of riae second 
order, 178. 

Pure geometry characterised, 1. 
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Quadmigl^ oofii|ilffse> defined, 19. 
two, in pmpeotiv^e, 28. 
hermomo propettiee 37. 
two, linving itm same diagonal 
points, are inscribed in the 
same conic, 141. 
sides are cut by a straight line 
in an involution, 199. 
pails of opposite sides, ortho- 
gonal, 206. 

simple, inscribed in a conic, 109, 

no. 

inscribed in a circle and the 
circumscribing hyperbolas, 
212 . 

Quadratic transformations, 142, 
145. 

Quadric surface, ruled, 96. 

Quadrilateral, complete, defined, 
19. 

two, in perspective, 28. 
harmonic properties of, 87. 
two, having the same diagonals, 
are circumscribed to the same 
conic, 142. 

vertices are projected from a 
point by an involution, 199. 
mid-*point8 of diagonals are 
colllnear, 201. 

Radical axis of two circles, 195. 

jllange of points defined, 2. 
how to correlate two projeo- 
tively, 66, 

three in the same plane, projeo- 
tively related, 174. 

Batio, harmonic, 42. 
anharmonic or cross-ratio, 46. 

Reciprocal conics, 135. 
ra^, 261. 

Reciprocation, process of, 260. 

Rectangular hyperbola, defined, 
164. 

generated by two equal, op- 
positely projective pencils, 
155. 


generated by the diameten of a 
conic and the normals to the 
conjugate diameters thawn 
from one point, 155. 
throui^ the vertices and the 
orthocenter of a triangle, 207. 
one through any foixr points of a 
plane, ^7. 

through four points, passes also 
through the orthooenters of 
the triangles, 208. 
ortbocenter of an inscribed 
triangle lies on the curve, 208. 

Rectangular paraboloid, 104. 

Regulus of the second order, do* 
fined, 95. 

project^ from a point, 99. 
section by a plane, 99. 

Reye, 1, 39. 

Ruled surface, defined, 95. 
of the second order, how geneiv 
ated, 95, 97. 

also of the second class, 101. 
classification of, 102. 
intersection with a given line, 
247. 

Ruler only, conic constructed by 
use of, 157. 

Section, of a ruled quadric m a 
curve of the second order, 09. 
of a triangle inscribed in a conic, 
249. 

of a quadrangle inscribed in a 
conic, 202. 

Segments of a line, major and 
minor, 7. 

determined by four points, 
metric relation among, 48. 
intercepted between a hyperbola 
and its asymptotes are equal, 
158. 

Self-oorresponding elmentfl^ 56, 
60, 61. 

Self-polar triangle of a conic, de- 
fined, 130. 
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liow situated rabtiye to the 
copie, 131. 

eornmop to two copies is detof^ 
miped by four copppop points 
or four cotnmop tangents, 139. 
but one, common to two conies^ 
140. 

vertices of two lie on a conic, 
147. 

sides of two are tangent to a 
conic, 147. 

Similarly projective fonua, defined 
91. 

Similitude, center of, for two 
circles, 267. 
for two spheres, 274. 

Simple hexagon, circumscribed to 
a conic, 88, 116. 
inscribed in a conic, 86, 118. 
circumscribed or inscribed to a 
cone of the second order, 118. 

Simson's line, 237. 

Space curve of the third order, 175. 

Sphere, inverse of, 274. 

Staudt, von, 1, 241. 

Steiner, 71. 

Superposed projective forms, 

176, 185. 

Tangent to a curve of the second 
order, defined, 79. 
to a hyperbola, intercept be- 
tween the asymptotes is bi- 
sected at the point of contact, 
169. 

to a central conic nmkes equal 
angles with the focal radii, 
221 . 

to a parabola makes equal angles 
with the focal radius and a 
diameter, 222. 

intercept of, between the point 
of contact and a directrix 
subtends a right anide at the 
eoiresponding focus, 224. 
to a hyperbda inteneots the 


m 

asymptotes in points on a 
or^e with the foci, 227. 

Tangent plane of a ruled quadric 
surface, 98. 

Tangent and normal, of a central 
conic, intersect the minor axis 
in points projected from a 
focus by or^ogonal rays, 
223. 

of a parabola, intercept a seg- 
ment on the axis bisected at 
the focus, 223. 

Tangents to a conic, form a pencil 
of rays of the second order, 
114. 

from pairs of points of an involu- 
tion intersect on a conic, 209, 
whicli are polar conjugates for a 
second conic, intersect on a 
third conic, 210. 
whicli are harmonically sepa- 
rated by two fixed points, 
intersect on a conic, 210. 
from an outside point, make 
equal an^es with focal radii, 
222 . 

from the same point, subtend 
equal angles at a focus, 225. 
two fixed, are cut by a variable 
tangent in ranges projected 
from a focus by equal pencils, 
226. 

to a parabola from a point on 
the directrix are at right 
angles, 198, 225. 
to an ellipse or a hyperbola, at 
right angles, the locus of 
their intersection is a circle, 
211 . 

construction for, when three 
tangents and a focus axe 
given, 226. 

Triangle, formed by the asymp- 
totes of a hyperbola and a 
variable tangent is of constant 
area, 159. 
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ixkso^ibed in a 

bola, the orihooenter lies on 
the hyperhoki 2D8* 
inscribed in one and drcunik* 
soribed to another triangle, 
construction for, 245. 
inscribed in a conic, the sides 
passing through points, 
construction lor, 24$, 242. 
TrianglCB, two, in perspective, 24. 
Inscribe in a conic, sides are 


taisigants to a second conic; 
and oonvereciy, 1C7. 
sell-polar relative to the same 
cc^c are inscribed in a second 
conic and droumsoribed to a 
third, 147. 

Twisted curve of third order, 176. 

Vertex ol a cone, 76. 

Vertices ol a conic, defined, 162. 

Von Staudt, 1, 241. 




